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Abstract. In this book I treat linear algebra over division ring. A system 
of linear equations over a division ring has properties similar to properties of 
a system of linear equations over a field. However, noncommutativity of a 
product creates a new picture. 

Matrices allow two products linked by transpose. Biring is algebra which 
defines on the set two correlated structures of the ring. 

As in the commutative case, solutions of a system of linear equations build 
up right or left vector space depending on type of system. We study vector 
spaces together with the system of linear equations because their properties 
have a close relationship. As in a commutative case, the group of automor- 
phisms of a vector space has a single transitive representation on a frame 
manifold. This gives us an opportunity to introduce passive and active repre- 
sentations. 

Studying a vector space over a division ring uncovers new details in the 
relationship between passive and active transformations, makes this picture 
clearer. 

Considering of twin representations of division ring in Abclian group leads 
to the concept of D-vector space and their linear map. Based on polylinear 
map I considered definition of tensor product of rings and tensor product of 
Z?-vector spaces. 
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Preface 



1.1. Preface to Version 1 



Starting a new journey you do not know in the beginning what to expect down 
the road. I started studying noncommutative algebra just out of curiosity. In the 
case of a module over a ring it is impossible to give the definition of basis in the 
way we do it in the case of a vector space over a field. I wanted to understand how 
the picture changes when I use division ring instead of a field. 

I started from the study of systems of linear equations. I started from system 
of two equations in two unknowns. Even I solved system without problem, it was 
impossible to express this solution as the ratio of two determinants. 

I understood that this problem might be interesting not only for me. I started 
to search for the mathematicians, who are interested in the same problem. Professor 
Retakh introduced me papers [7, 8] dedicated to theory of quasideterminants. It 
was beginning of my research in theory of vector space. 

I dedicated chapter 2 to hiring of matrices. There are two reasons why I study 
this algebra. 

Suppose we are given basis in vector space. Then we can describe this transfor- 
mation using a matrix. Product of matrices corresponds to the product of transfor- 
mations. In contrast to commutative case it is not each time possible to represent 
this product as the product of rows of first matrix over columns of second one. The 
same time representation of matrix as 



depends on convention. Without loss of generality we can represent matrix as 



However in this case the algorithm to find product changes. 

Structures like hiring are known in algebra. In lattice we define operations a V & 
and a A b which exchange places when order on the set reverses. The symmetry 
between **-product and %-product is phrased as duality principle. Subsequently I 
extend the duality principle to representation theory and theory of vector spaces. 
Without considering the duality principle the book would be four times its size, let 
alone the fact that endless reiterations would make the text hard to read. 

According to each product we can extend the definition of a quasideterminant 
given in [7, 8] and introduce two different types of a quasideterminant. 
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1. Preface 



The chapter 3 is review of representation theory and is basis for following chap- 
ters. We extend to representation theory convention described in remark 2.2.15. 
Theorem about an existence of twin representations in homogeneous space finishes 
the chapter. 

In the chapter 4 I study a few concepts of linear algebra over division ring D. 
I recall definitions of a vector space and a basis in the beginning. 11 Linear algebra 
over a division ring is more diverse than linear algebra over a field. In contrast to 
vector space over a field, we can define left and right vector space over an arbitrary 
division ring D. To make the definition of a basis stronger I turn to theory of 
an arbitrary system of linear equations (section 4.5) for each type of vector space. 
However, in spite of this diversity statements from linear algebra over a division 
ring are very similar to statements from linear algebra over a field. 

Because I apply statements of this chapter in geometry, I will follow the same 
notation as we use in geometry. To write coordinates of a vector and elements of a 
matrix we follow the convention described in section 2.1. 

We identify the vector and the set of its coordinates relative selected basis. 
However, they arc different objects. To underscore this difference, I returned to 
traditional notation of vector as a; at the same time we will use notation a b for 
coordinates of vector a. 

We use the same root letter for notation of a basis and vectors which form it. 
To distinguish a vector and a basis, we will use notation e for the basis and notation 
e a for vectors which form the basis e. 

Studying theory of vector space we use convention described in remark 2.2.15 
and in section 3.4. 

Chapter 5 is dedicated to the theory of linear representation. 

The studying of a homogenous space of a group of symmetry of a _D* "-vector 
space leads us to the definition of a basis of this Z?**-vector space and a basis man- 
ifold. We introduce two types of transformation of a basis manifold: active and 
passive transformations. The difference between them is that the active transfor- 
mation can be expressed as a transformation of an original space. As it is shown 
in [3] passive transformation gives ability to define concepts of invariance and of 
geometric object. 

Based on this theory I study basis manifold, passive and active transformations 
in section 5.2. I study geometric object of the -D**-vector space in section 5.3. 

We have two opposite points of view about a geometric object. On the one 
hand we determine coordinates of the geometric object relative to a given basis and 
introduce the law of transition of coordinates during transformation of the basis. 
At the same time we study the set of coordinates of the geometric object relative 
to different bases as a single whole. This gives us an opportunity to study the 
geometric object without using coordinates. 

Chapter 6 is dedicate to linear map of vector spaces over division ring. 
This statement is basis for development of theory of twin representations of ring 
D. The notation that I introduced for the theory of vector space seems ponderous. 
However this notation is guided by the existence of twin representations. 

Linear algebra over a division ring is more diverse than linear algebra over a 
field. Noncommutativity compels us to take care about a proper order of factors 



You can see definitions also in [9]. 



1.2. Preface to Version 2 
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in an expression. This leads not only to diversity of concepts, but also helps more 
clear see statements of commutative algebra. 

January, 2007 

1.2. Preface to Version 2 

Any criminal once a while makes mistake. 

When detective discovered my cap on the ta- 
ble, he became furious. Next time there was rain, 
and I left a wet track on the floor. Needless to 
say, I had to start from the scratch again. And I 
started again and again. The Tunguska Cosmic 
Body, an unplanned solar eclipse, ... However, 
finally detective did not find defects in the de- 
sign. 

- Tic-tac-toe, - detective sought sorrowfully. 
- You were not tired to code this game? It is 
time to start something more deep. 

Author is unknown. The art of programming. 
Science research sometimes reminds programming. Complex and large project 
gradually becomes surrounded by code. Everything seems to be simple and clear. 
However, suddenly the bug appears. Fix of this bug demands to alter nearly half 
of the code. As the wise man observed in any software there is at least one bug, 
though. 

When I started the research in the field of vector spaces over division ring, I 
saw that I stepped to terra incognita. The concept of quasideterminant extremely 
lightened my task. The opportunity to solve a system of linear equations made this 
theory very similar to theory of vector spaces over field. This gave ability to define 
basis and extent the concept of geometric object. 

Tensors of order 2 appeared on the scene as dark cloud. Non commutability 
seemed to be putting on the structure of tensor insurmountable constrains. However 
at this time I discovered light in the tunnel. 

The considering of _D**-lincar maps leads to the concept of twin representations 
of division ring in Abclian group. Abelian group, in which we define twin represen- 
tation of division ring D. is called D-vector space. Since we define multiplication 
over elements of division ring D from left, as well as right, then homomorphisms of 
D-vector spaces cannot keep this operation. This leads to concept of additive map 
which is morphism of D- vector space. 1 ' 2 

D-vector space is the best candidate for building of tensor algebra. However 
one more important structure was required here. 

When we study rings, we study not only left or right module over ring, but 
bimodule also. Division ring is no exception. However if we add up the concept of 
the hiring, it becomes obvious that it does not matter from what side we multiply. 

12 Design of additive mapping which I made proving theorem 11.1.4, is instructive methodically. 
From the time when I started to learn differential geometry, I accepted the fact that we can 
everything express using tensor, that we enumerate components of tensor by indexes and this 
relationship is permanent. Once I saw that it was not the case, I found myself unprepared to 
recognize it It got month before I was able to write down expression that I saw by my eyes. The 
problem was because I tried to write down this expression in tensor form. 
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As consequence it appears that bivector space is particular case of direct product 
of D**-vector spaces. We cannot define polylinear map. However consideration 
of polyadditivc maps of direct product of _D**-vector spaces leads to definition of 
tensor product. Such way we can build tensors of arbitrary structure. 

I designed this paper such way that it allows reproduce my not simple and 
interesting adventure in the world of tensors over division ring. 

March, 2009 

1.3. Preface to Version 3 

Quaternion algebra is the simplest example of division ring. This is why I verify 
theorems in quaternion algebra to see how they work. Quaternion algebra is similar 
to complex field and so it is natural to search some parallel. 

In real field any additive map automatically turns out to be linear over real 
field. This statement is caused by statement that real field is completion of rational 
field and is corollary of theorem 9.1.3. 

However the statement changes for complex field. Not every additive map of 
complex field is linear over complex field. Conjugation is the simplest example of 
such map. As soon as I discovered this extremely interesting statement, I returned 
to question about analytical representation of additive map. 

Exploring additive maps, I realized that I too abruptly expanded the set of 
linear maps while switching from field to division ring. The reason for this was 
not a very clear understanding of how to overcome the noncommutativity of the 
product. However during the process of research it became more evident that any 
additive map is linear over some field. For the first time I used this concept when 
constructing the tensor product and the concept took shape in a subsequent study. 

During constructing the tensor product of division rings D\, D n I assumed 
existence of field F such that additive map of division ring Di is linear over this 
field for any i. If all division rings have characteristic 0, then according to theorem 
9.1.3 such field always exists. However dependence of tensor product on selected 
field F arises here. To get rid of this dependence, I assume that field F is maximal 
field that possesses stated property 

If D\ = ... = D n = D, then such field is center Z(D) of division ring D. If the 
product in division ring D is commutative 1 ' 3 , then Z(D) = D. So, starting with 
additive map, I arrive at concept of linear map, which is generalization of linear 
map over field. 

Research in area of complex numbers and quaternions revealed one more in- 
teresting phenomenon. In spite of the fact that complex field is extension of real 
field, the structure of linear map over complex field is different from the structure of 
linear map over real field. This difference leads to the statement that conjugation 
of complex numbers is additive map but not linear map over complex field. 

Similarly, the structure of linear map over division ring of quaternions is dif- 
ferent from the structure of linear map over complex field. The source of difference 
is statement that the center of quaternion algebra has more simple structure, than 
complex field. This difference leads to the statement that conjugation of quaternion 
satisfies to equation 

p= --(p + ipi + jpj + kpk) 



'In other words, division ring is field. 



1.4. Preface to Version 5 



9 



Consequently, the problem to find a mapping satisfying to a theorem similar to the 
Riemann theorem (theorem 10.1.1), is a nontrivial task for quaternions. 

August, 2009 

1.4. Preface to Version 5 

Passenger: ... We will be late at the train 
station! 

Little Engine: ... But if we do not see the 
first lily of the valley, then we will be late for the 
entire spring! 

Passenger: ... We will be too late! 

Little Engine: Yes. But if we do not hear 
the first nightingales, then we will be late for the 
entire summer! 

Little Engine: Dawn! ... every sunrise is the 
only in our life! ... It is time to ride. After all 
we will be late. 

Passenger: Yes. But if we do not see the 
dawn, we may be late for the whole life! 

Gennadi Tsyfcrov, Little Engine from Romashkovo. 

Young man John departed from point A to point B. Two hours later his friend 
Peter went on a bicycle from point B in the direction to the point A. How fast did 
Peter ride, if they met in an hour?.. 

This is the familiar problem of school problem book. But the problem is not 
so simple as it is formulated. When Peter was near the pond he saw swans and 
stopped to make picture. John stopped in the grove to hear the nightingales. There 
they met. 

Very often I tempted to take a look at the end of the problem book. The 
solution is almost there, just a jiffy away. However some uncertainty remains when 
you see the printed answer. I already see in general the theory that I am looking for. 
However I understand that I have a long way ahead of me before I will be able to 
tell about this to others. Besides, my experience tells ne that when you stroll along 
unfamiliar terrain, suddenly see such an amazing landscape that unintentionally 
stay there longer, to explore this place better. 

However, once I could not resist and, in the paper [10], I tried to analyze how 
it may look like geometry over division ring. Although the paper was premature, 
the results formed the basis of my subsequent research. 



In the paper [13], I explored the system of additive equations in fi-algebra 
where the operation of addition is defined. The format of notation of equations 
in [13] is determined by the format of operations in fi-algebra. This format is 
different from format accepted in this book by default. The theory of additive 
equations is generalization of the theory of **D-lincar equations and uses the same 
methods. Different order of variable and coefficient in equation made it difficult 
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to compare results in both books. However it is not important for me whether I 
consider a system of 7D**-linear equations or a system of **Z)-linear equations. This 
stimulated me to edit text of this book and to consider the system of **D-lincar 
equations by default. 

Besides, I realized that the notion of a set of additive mappings is artificial in 
the study of linear algebra over division ring. That is why I removed corresponding 
definitions and theorems from this version. Now I am directly considering a linear 
mapping over a given field. 

The main difference of linear mappings over division ring is that I cannot rep- 
resent a linear mapping as product of element of division ring over variable. In 
papers [12, 13], I found way to functionally separate variable and mapping. This 
allows me to represent a notation of linear mapping in the familiar form. However 
in this book I keep the previous notation. It has several reasons for this. 

First of all, both forms of notation are correct. We can use any of these forms of 
notation choosing the one that seems more appropriate. It also enables the reader 
to compare both forms of notation. In addition, in [13], I consider linear mapping of 
algebras in parallel with their tensor product, since these two topics are inseparable. 
In this book, I decided to follow the same path that I covered when I worked on 
the second version of this book and present the tensor product as distinctive peak 
to ascend at the end of the book. 

However, the road covered after the last version was reflected on last chapters 
of the book. For instance, since division ring is algebra over field, I decided to use 
the standard representation of indexes. The key changes are attributed with my 
perception of D-vector spaces. Let us take a closer look at this subject in greater 
detail since this subject remains outside of the scope of the book. 

D- vector space appeared as corollary of theorem about twin representations of 
division ring in Abclian group (theorems 6.3.2, 6.3.3). Initially I considered D-vec- 
tor space as consolidation of structures of D%-vector space and **D- vector space. 
Correspondingly I considered D%-basis and **D-basis. Against this background, a 
non-trivial presentation of identity mapping like expression (6.4.3) was a complete 
surprise to me. 

There is another interesting statement that I saved for later analysis, namely 
the theorem 6.3.4, which states existence of D%-basis which is not **D-basis. We 
will make a pause here. 

According to the theory of representations of fi-algebra that explored in [11], 
D-vector space is representation of algebra D <g> D in Abelian group. Therefore, 
choice of basis is determined neither by D*-linear dependence or by *D-linear de- 
pendence, but by dependence like in expression 

a s-0 e > a s4 

Therefore, D%-basis is not also basis of D-vector space if it is not **D-bais. How- 
ever, it is easy to see that the set of transformations of basis forms a group. This 
structure of basis leads to the fact that the difference between right and left bases 
disappears. This is why for D- vector space, I use standard representation of index. 

However, even more surprising statement follows from this. Coordinates of 
vector of D-vector space belong to algebra D (g> D. Few questions arise. 
• Can a basis of D- vector space be »*D-basis? 



1.5. Conventions 
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• What is relation between dimensions of D- vector space and **D- vector 
space? 

• What is the structure of 1-dimcnsional D-vector space? 

I intend to explore these questions for free modules over arbitrary algebra. This is 
the main reason why this topic is outside the scope of this book. 

But we can already say that the set of ^D-linearly dependent vectors cannot 
be the basis of D-vector space. Therefore dimension of D-vector space does not 
exceed dimension of corresponding D» "-vector space. Therefore, I gave in this book 
proper description of D-vector space. 

Well, I could not resist, and once again looked at the end of the problem book. 

August, 2010 

1.5. Conventions 

(1) In any expression where we use index I assume that this index may have 
internal structure. For instance, considering the algebra A we enumerate 
coordinates of a G A relative to basis e by an index i. This means that 
a is a vector. However, if a is matrix, then we need two indexes, one 
enumerates rows, another enumerates columns. In the case, when index 
has structure, we begin the index from symbol • in the corresponding 
position. For instance, if I consider the matrix a* as an element of a 
vector space, then I can write the element of matrix as a J. 

(2) I assume sum over index s in expression like 

a s .oxa s .i 

(3) We can consider division ring D as D-vector space of dimension 1 . Accord- 
ing to this statement, we can explore not only homomorphisms of division 
ring Di into division ring D2, but also linear maps of division rings. This 
means that map is multiplicative over maximum possible field. In par- 
ticular, linear map of division ring D is multiplicative over center Z(D). 
This statement does not contradict with definition of linear map of field 
because for field F is true Z(F) = F. When field F is different from 
maximum possible, I explicit tell about this in text. 

(4) In spite of noncommutativity of product a lot of statements remain to be 
true if we substitute, for instance, right representation by left representa- 
tion or right vector space by left vector space. To keep this symmetry in 
statements of theorems I use symmetric notation. For instance, I consider 
D*-vector space and *D-vector space. We can read notation D*-vector 
space as either D-star-vector space or left vector space. We can read nota- 
tion D*-linear dependent vectors as either D-star-linear dependent vectors 
or vectors that are linearly dependent from left. 

(5) Let A be free finite dimensional algebra. Considering expansion of element 
of algebra A relative basis e we use the same root letter to denote this 
element and its coordinates. However we do not use vector notation in 
algebra. In expression a 2 , it is not clear whether this is component of 
expansion of element a relative basis, or this is operation a 2 = aa. To 
make text clearer we use separate color for index of element of algebra. 
For instance, 
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(6) If free finite dimensional algebra has unit, then we identify the vector of 
basis e with unit of algebra. 

(7) Without a doubt, the reader of my articles may have questions, comments, 
objections. I will appreciate any response. 



CHAPTER 2 



Biring of Matrices 

2.1. Concept of Generalized Index 

Studying tensor calculus we start from studying univalent covariant and con- 
travariant tensors. In spite on difference of properties both these objects are ele- 
ments of respective vector spaces. Suppose we introduce a generalized index ac- 
cording to the rule a 1 = a 1 , b % — b'^ . Then we sec that these tensors have the 
similar behavior. For instance, the transformation of a covariant tensor gets form 

b' i = b'T = fT.lbT =f]V 

This similarity goes as far as we need because tensors also form vector space. 

These observations of the similarity between properties of covariant and con- 
travariant tensors lead us to the concept of generalized index. 21 We will use the 
symbol • in front of a generalized index when we need to describe its structure. I 
put the sign ' in place of the index whose position was changed. For instance, if 
an original term was ay I will use notation a,i_ instead of notation a\ . 

Even though the structure of a generalized index is arbitrary we assume that 
there exists a one-to-one map of the interval of positive integers 1, n to the 
range of index. Let i be the range of the index i. We denote the power of this set 
by symbol \i\ and assume that \i\ = n. If we want to enumerate elements ai we use 
notation oi, a n . 

Representation of coordinates of a vector as a matrix allows making a notation 
more compact. The question of the presentation of vector as a row or a column of 
the matrix is just a question of convention. We extend the concept of generalized 
index to elements of the matrix. A matrix is a two dimensional table, the rows and 
columns of which are enumerated by generalized indexes. To represent a matrix we 
will use one of the following forms: 

Standard representation: in this case we write elements of matrix A as 

Aa 

Alternative representation: in this case we write elements of matrix A 
as a A b or b A a . 

Since we use generalized index, we cannot tell whether index a of matrix enumerates 
rows or columns until we know the structure of index. 

We could use notation *-column and *-row which is more close to our custom. 
However as we can see bellow the form of presentation of matrix is not important 
for us. To make sure that notation offered below is consistent with the traditional 

21 Set of commands to use generalized index as well other commands that I use in this and 
following papers you can see in the file Commands.tex. 
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2. Biring of Matrices 




Definition 2.1.1. I use the following names and notation for different minors of 
the matrix A 

A a : '-row with the index a is generalization of a column of a matrix. 
The upper index enumerates elements of *-rows and the lower index enu- 
merates *-rows. 

At : the minor obtained from A by selecting *-rows with an index from 
the set T 

A[ n ] : the minor obtained from A by deleting *-row A a 
A[t] '• the minor obtained from A by deleting *-rows with an index from 
the set T 

b A : *-row with the index b is generalization of a row of a matrix. The 
lower index enumerates elements of „-rows and the upper index enumer- 
ates *-rows. 

s A : the minor obtained from A by selecting *-rows with an index from 
the set S 

WA : the minor obtained from A by deleting *-row b A 

^A : the minor obtained from A by deleting *-rows with an index from 



Remark 2.1.2. We will combine the notation of indexes. Thus b A a is 1 x 1 minor. 
The same time this is the notation for a matrix clement. This allows an identifying 
of 1 x 1 matrix and its element. The index a is number of *-row of matrix and the 



Each form of the notation of a matrix has its own advantages. The standard 
notation is more natural when we study matrix theory. The alternative form of the 
notation makes expressions in the theory of vector spaces more clear. Extending 
the alternative notation of indexes to arbitrary tensors we can better understand 
an interaction of different geometric objects. Using the duality principle (theorem 
2.2.14) improves our expressivity. 

Remark 2.1.3. We can read symbol *- as c- and symbol *- as r- creating this way 
names c-row and r-row. Further we extend this rule to other objects of linear 
algebra. I will use this convention designing index. □ 

Since transpose of the matrix exchanges »-rows and *-rows we get equation 



Remark 2.1.4. As we can see from the equation (2.1.1), it is not important for us 
the choice of a side to place a number of *-row and and the choice of a side to place 
a number of *-row. This is due to the fact that we can enumerate the elements 
of matrix in different ways. If we want to show the numbers of *-row and *-row 
according to the definition 2.1.1, then the equation (2.1.1) has form 



the set S 



a 



index b is number of *-rows of matrix. 



□ 



(2.1.1) 



l {A T y = i a 



2.2. Biring 
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In standard representation, the equation (2.1.1) has form 

□ 

We call matrix 2 2 
(2.1.2) UA = (i-HAi) = ((JAI)- 1 ) 

Hadamard inverse of matrix A = (bA a ) ([8] -page 4). 

I will use the Einstein convention about sums. This means that when an index 
is present in an expression twice and a set of index is known, I have the sum over 
this index. If needed to clearly show set of index, I will do it. Also, in this paper I 
will use the same root letter for a matrix and its elements. 

We will study matrices elements of which belong to division ring D. We will 
also keep in mind that instead of division ring D we may write in text field F. We 
will clearly write field F in case when commutativity creates new details. We will 
denote by 1 identity element of division ring D. 

Let I, |7| = n be a set of indexes. We introduce the Kronecker symbol 

(2.1.3) 

2.2. Biring 

We consider matrices whose elements belong to division ring D. 

The product of matrices is associated with the product of homomorphisms of 
vector spaces over field. According to the custom the product of matrices A and 
B is defined as product of „-rows of the matrix A and *-rows of the matrix B. 
Conventional character of this definition becomes evident when we put attention 
that *-row of the matrix A may be a column of this matrix. In such case we 
multiply columns of the matrix A over rows of the matrix B. Thus we can define 
two products of matrices. To distinguish between these products we introduced a 
new notation. 2 ' 3 

Definition 2.2.1. **-product of matrices A and B has form 

f ASB = { a A c c B b ) 
1 a (A**B) b = a A c c B b 




(2.2.1) 



and can be expressed as product of a *-row of matrix A over a *-row of matrix 
B. 2A □ 



2 ' 2 The notation (' ■ A. 3 _) 1 means that we exchange rows and columns in Hadamard inverse. 
We can formally write this expression in following form 

2 ' 3 In order to keep this notation consistent with the existing one we assume that we have in 
mind * "-product when no clear notation is present. 

In alternative form operation consists from two symbols * which we put in the place of index 
which participate in sum. In standard notation we write operation as 

A,*B = {A-BD 



{A**B)l = A%B x 



h 
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Definition 2.2.2. %-product of matrices A and B has form 

f A\B = ( a A c c B b ) 
\ a {A*,B) b = a A c c B b 



(2.2.2) 



and can be expressed as product of a *-row of matrix A over a ,-row of matrix 
B. 2 - 5 □ 

Remark 2.2.3. We will use symbol **- or %- in name of properties of each product 
and in the notation. According to remark 2.1.3 we can read symbols »* and % as 
rc-product and cr-product. This rule we extend to following terminology □ 

Remark 2.2.4. Just as in remark 2.1.4, I want to draw attention to the fact that 
I change the numbering of elements of the matrix. If we want to show the numbers 
of *-row and *-row according to the definition 2.1.1, then the equation (2.2.2) has 
form 

(2.2.3) \A%B) a = c A a b B c 

However the format of the equation (2.2.3) is unusual. □ 

Set of n x n matrices is closed relative »*-product and **-product as well relative 
sum which is defined by rule 

(A + B) b a =A b a + B b 

Theorem 2.2.5. 

(2.2.4) {A** B) T = A T * *B T 
Proof. The chain of equations 

a ((A**B) T ) b = a (A**B) b 
= a A c c B b 



(2.2.5) 



a {A T Yc{B T ) b 
a {{A T )\{B T )) b 



follows from (2.1.1), (2.2.1) and (2.2.2). The equation (2.2.4) follows from (2.2.5). 

□ 

Matrix <5 = (<5£) is identity for both products. 

Definition 2.2.6. A is a biring if we defined on A an unary operation, say trans- 
pose, and three binary operations, say **-product, %-product and sum, such that 



and can be construed as symbolic notation 

A**B = A„B* 

where we write symbol * on place of index which participate in sum. 

2 '^In alternative form operation consists from two symbols * which we put in the place of index 
which participate in sum. In standard notation we write operation as 

A\B = (A° B b c ) 
{A**B)l = Al B\ 
and can be construed as symbolic notation 

A%B = A*B, 

where we write symbol * on place of index which participate in sum. 
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• * "-product and sum define structure of ring on A 

• %-product and sum define structure of ring on A 

• both products have common identity S 

• products satisfy equation 

(2.2.6) (A,*B) T = A T \B T 

• transpose of identity is identity 

(2.2.7) 5 T = S 

• double transpose is original element 

(2.2.8) (A T f = A 

□ 

Theorem 2.2.7. 

(2.2.9) (A%B) T = (A T )**{B T ) 

Proof. We can prove (2.2.9) in case of matrices the same way as we proved 
(2.2.6). However it is more important for us to show that (2.2.9) follows directly 
from (2.2.6). 

Applying (2.2.8) to each term in left side of (2.2.9) we get 

(2.2.10) {A\B) T = {{A T ) T \{B T ) T ) T 
From (2.2.10) and (2.2.6) it follows that 

(2.2.11) {A\B) T = ((A T **B T ff 

(2.2.9) follows from (2.2.11) and (2.2.8). □ 

Definition 2.2.8. We introduce /-power of element A of biring A using recursive 
definition 

(2.2.12) A ** =5 

(2.2.13) A 71 ** = A n ~ 1 *\*A 

□ 

Definition 2.2.9. We introduce %-power of element A of biring A using recursive 
definition 

(2.2.14) A 0% = S 

(2.2.15) A n '- = A n ' r '\A 

□ 

Theorem 2.2.10. 

(2.2.16) (A T ) n "* — (A n **) T 

(2.2.17) {A T ) n% = {A n '*) T 
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Proof. We proceed by induction on n. 

For n = the statement immediately follows from equations (2.2.12), (2.2.14), 
and (2.2.7). 

Suppose the statement of theorem holds when n = k — 1 

(2.2.18) (A T ) n - u ' = {A 71 - 1 '') 7 * 
It follows from (2.2.13) that 

(2.2.19) {A T ) k ** = {A T ) k ~ 1 »\*A T 
It follows from (2.2.19) and (2.2.18) that 

(2.2.20) (A T ) k ** = (^ fc - r *) T /A T 
It follows from (2.2.20) and (2.2.9) that 

(2.2.21) (A T ) k *' = {A k - 1% \A) T 

(2.2.16) follows from (2.2.19) and (2.2.15). 

We can prove (2.2.17) by similar way. □ 

Definition 2.2.11. Element A~ 1m of biring A is **-inverse element of clement 
A if 

(2.2.22) A**A~ U * =S 

Element A^ 1 * of biring A is %-inverse element of element A if 

(2.2.23) A%A- r '=5 

□ 

Theorem 2.2.12. Suppose element A g A has ^-inverse element. Then transpose 
element A T has % -inverse element and these elements satisfy equation 

(2.2.24) (A T )- 1% = {A- U ') T 

Suppose element A £ A has * ^-inverse element. Then transpose element A T has 
-inverse element and these elements satisfy equation 

(2.2.25) {A T )~ U * = (A- 1 *') 7 

Proof. If we get transpose of both side (2.2.22) and apply (2.2.7) we get 

(A^A-^'f = 6 T = 6 

Applying (2.2.6) we get 

(2.2.26) 5 = A T \{A- U ') T 

(2.2.24) follows from comparison (2.2.23) and (2.2.26). 

We can prove (2.2.25) similar way. □ 

Theorems 2.2.5, 2.2.7, 2.2.10, and 2.2.12 show that some kind of duality exists 
between ^-product and %-product. We can combine these statements. 

Theorem 2.2.13 (duality principle for biring). Let 21 be true statement about 
biring A. If we exchange the same time 

• A e A and A T 

• ** -product and % -product 
then we soon get true statement. 
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Theorem 2.2.14 (duality principle for biring of matrices). Let A be biring 
of matrices. Let 21 be true statement about matrices. If we exchange the same time 

• * -rows and *-rows of all matrices 

• -product and * * -product 
then we soon get true statement. 

Proof. This is the immediate consequence of the theorem 2.2.13. □ 
Remark 2.2.15. We execute operations in expression 

A**B* C 

from left to right. However we can execute product from right to left. In custom 
notation this expression is 

C\B\A 

We follow the rule that to write power from right of expression. If we use standard 
representation, then we write indexes from right of expression. If we use alternative 
representation, then we read indexes in the same order as symbols of operation and 
root letters. For instance, let original expression be like 

A * B a 

Then expression which we reed from right to left is like 

B a *A 

in standard representation or 

a B\A- v * 

in alternative representation. 

Suppose we established the order in which we write indexes. Then we state 
that we read an expression from top to bottom reading first upper indexes, then 
lower ones. We assume that this is standard form of reading. We can read this 
expression from bottom to top. We extend this rule stating that we read symbols 
of operation in the same order as indexes. For instance, if we read expression 

A a **B~ u * = C a 

from bottom to top, then we can write this expression in standard form 

A a *B * = C a 

According to the duality principle if we can prove one statement then we can prove 
other as well. □ 

Theorem 2.2.16. Let matrix A have ** -inverse matrix. Then for any matrices B 
and C equation 

(2.2.27) B = C 
follows from the equation 

(2.2.28) B**A = C**A 

Proof. Equation (2.2.27) follows from the equation (2.2.28) if we multiply 
both parts of the equation (2.2.28) over A -1 * . □ 
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2.3. Quasideterminant 

Theorem 2.3.1. Suppose n x n matrix A has ** -inverse matrix. 2 ' 6 Then k x k 
minor of »* -inverse matrix satisfy 

(2.3.1) (V- 1 -*)./)" 1 * = J A I - J A [I] **(WA [I] y U S^Ai 

Proof. Definition (2.2.22) of **-inverse matrix leads to system of linear equa- 
tions 

(2.3.2) ^A [tl ^(A- u ')j + ^Ax^iA-^^j = 

(2.3.3) J A [ri ^(A- l *')j + J Ai** I (A~ 1 **) J = S 

We multiply (2.3.2) by { [J] A {I] )~ U * 

(2.3.4) m(A- 1 **) J +(M^ [I] )" 1 * SWA I .* I {A- 1 ~*)j = 
Now we can substitute (2.3.4) into (2.3.3) 

(2.3.5) - J A {I] ** ( [J] A [I} y U ^A i ** i (A- 1 *'*)j + j A i ** i (A- 1 **)j = 5 

(2.3.1) follows from (2.3.5). □ 

Corollary 2.3.2. Suppose n x n matrix A has ** -inverse matrix. Then elements 
of ** -inverse matrix satisfy to the equation 2 ' 2 

(2.3.6) i {A~ u *)j = OAi-iAflS ( b "U w ) _1 * ** b U^ 

(2.3.7) * { HA ' u ") i = iA * - jA m** ( b1 ^ra)~ U 

□ 

Example 2.3.3. Consider matrix 

'A, M 2 \ 

2 aJ 



According 


l to (2.3.6) 






(2.3.8) 


1 (A- 1 -*) 1 = ( 1 A 1 - 


X A 2 { 2 A 2 )^ 




(2.3.9) 


2 (A- 1 '*) 1 = ( 1 A 2 - 




2 A 2 )~' 


(2.3.10) 


1 {A~ 1 "*) 2 = ( 2 Ai - 


2 A 2 ( 1 A 2 )" 1 


l A 1 )~^ 


(2.3.11) 


2 (A~ 1 **) 2 = i 2 A 2 - 




l A 2 )~' 




r ((iAi- x A 2 ( 2 A 2 )-i 2 Ai 
~ l( 2 ^ 1 - 2 A 2 ( 1 A 2 )- 1 1 A 1 


r 1 M 2 - 
r 1 M 2 - 


iA l ( 2 A l ) 
2A 1 {iA 1 ) 



- 1 2A 2 )^\ 

1 iA 2 )- 1 ) 



□ 

^•°This statement and its proof are based on statement 1.2.1 from [7] (page 8) for matrix over 
free division ring. 
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According to [7] , page 3 we do not have an appropriate definition of a determi- 
nant for a division ring. However, we can define a quasidetcrminant which finally 
gives a similar picture. In definition below we follow definition [7J-1.2.2. 

Definition 2.3.4. (^)-**-quasideterminant ofnxn matrix A is formal expres- 



2 2 

sion 



(2.3.12) J det (A, = * (~HA 



According to the remark 2.1.2 we can get (^)-**-quasideterminant as an element of 
the matrix det (a, **) which we call **-quasideterminant. □ 

Theorem 2.3.5. Expression for elements of ** -inverse matrix has form 

(2.3.13) A- 1 *" = Hdct(A,,*) 

PROOF. (2.3.13) follows from (2.3.12). □ 
Theorem 2.3.6. Expression for (£)-** -quasideterminant can be evaluated by either 

£ 2 7 

form 

(2.3.14) ^'det^O^^-^w'^w) -1 * ** mA i 

(2.3.15) 3 'det(A,**) i = j Ai- j A [{l **H det ** m A, 

PROOF. Statement follows from (2.3.7) and (2.3.12). □ 
Example 2.3.7. Consider matrix 

f 1 A 1 U 2 \ 



According to (2.3.14) 
det (A,**) = 

det (A, %) = 




- 1 A 2 (M 2 )- 1 2 Ax M 2 - MipAi)- 1 2 A 2 

2 A 2 (M 2 )-! ?A 2 - 2 A 1 ( 1 A 1 )-' 'A 2/ 

iA 2 { 2 A^ zA 1 2A 1 - 2 A 2 ( 1 A 2 )- 1 ,A^ 

A 1 ( 2 A 1 )~ 1 2 A 2 2 A 2 - 2 A 1 (iA 1 )- 1 x A 2 i 



□ 



Theorem 2.3.8. 

(2.3.16) j det (A T , = 1 det (A, ' 



2 ^We can provide similar proof for (£)-* «-quasideterminant. However we can write corre- 
sponding statement using the duality principle. Thus, if we read equation (2.3.14) from right to 
left, we get equation 

i det (A, •„), = Mj - [3 'Ui% (W A M ) _1 * %M W 
J det (A, \). = Mj - WUi-.Wdet %) %M W 
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PROOF. According to (2.3.12) and (2.1.2) 

3 dct(A T ^*y^(.u(A T r u ')T)- 1 

Using theorem 2.2.12 we get 

J det(A r ) /) i = (^((A- 1 --) r )7)- 1 

Using (2.1.1) we get 

(2.3.17) J -det(^ T > ,*) < = (7(^- 1 *-).i)- 1 

Using (2.3.17), (2.1.2), (2.3.12) we get (2.3.16). □ 

The theorem 2.3.8 extends the duality principle stated in the theorem 2.2.14 
to statements on quasideterminants and tells us that the same expression is **- 
quasidcterminant of matrix A and %-quasideterminant of matrix A T . Using this 
theorem, we can write any statement for **-matrix on the basis of similar statement 
for **-matrix. 

Theorem 2.3.9 (duality principle). Let 21 be true statement about matrix biring. 
If we exchange the same time 

• *-row and * -row 

• ** -quasideterminant and * r -quasideterminant 
then we soon get true statement. 

Theorem 2.3.10. 

(2.3.18) (mA)- 1 ** = A^'m' 1 

(2.3.19) {Am)- U * =m- 1 A- u ' 

Proof. To prove equation (2.3.18) we proceed by induction on size of the 
matrix. 
Since 

(mA)' 1 *' = ({mAy 1 ) = {A^m' 1 ) = (A" 1 ) m" 1 = A~ 1 ** mT l 

the statement is evident for lxl matrix. 

Let the statement holds for (n-l)x(n— 1) matrix. Then from equation (2.3.1) 
it follows that 

('((m^r 1 **),;)- 1 ** =V)z- ; Mm.* ( [J W)[/]) _1 * ** [J W)/ 

=m J A I - m J '%]** ( [J1 ^[/]) * m"Vm [J Uj 
=m ] A! - m J A {I] ** ( [J U m ) * ** [J Uj 

(2.3.20) ('(H)- 1 *").;)' 1 -' = m '(A" 1 -*)./ 

The equation (2.3.18) follows from the equation (2.3.20). In the same manner we 
prove the equation (2.3.19). □ 
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Theorem 2.3.11. Let 

(2.3.21) A -(J ^ 



(2.3.22) A -1 * 
(2.3.23) 



'1 1 

v° *, 

'l N 

.0 1, 



PROOF. It is clear from (2.3.8) and (2.3.11) that 1 (A _1 **)i = 1 and 2 (A~ 1 **) 2 = 
1. However expression for 2 (A _1 * )i and 1 (A _1 * )2 cannot be defined from 
(2.3.9) and (2.3.10) since 2 A\ = 1 A 2 = 0. We can transform these expressions. 
For instance 

2 (A~ 1 **) 1 = ( 1 A 2 - 1 A 1 ( 2 A 1 )~ 1 2 A 2 )^ 

= ( 1 A 1 (( 1 A 1 )- 1 1 A 2 -( 2 A 1 )- 1 'A,))- 1 
= (Ca,)- 1 1 A 1 ( 2 A 1 ( 1 A 1 )- 1 x A 2 - 2 A 2 ))- 1 
= ( 1 A 1 ( 2 A 1 ( 1 A 1 )- 1 1 A 2 - 2 A 2 ))~ 1 2 A 1 

It follows immediately that 2 {A~ 1 * )i = 0. In the same manner we can find that 
1 (A- U *) 2 = 0. This completes the proof of (2.3.22). 

Equation (2.3.23) follows from (2.3.22), theorem 2.3.8 and symmetry of matrix 
(2.3.21). □ 



CHAPTER 3 



Representation of Universal Algebra 

3.1. Representation of Universal Algebra 

Definition 3.1.1. Suppose wc defined the structure of f^-algcbra on the set M 
([2, 14]). We call the endomorphism of f^-algcbra 

t: M -> M 

transformation of universal algebra M. 31 □ 

We denote S identical transformation. 

Definition 3.1.2. Transformations is left-side transformation or TV-transfor- 
mation if it acts from left 

u = tu 

We denote *M the set of TV-transformations of set M. □ 

Definition 3.1.3. Transformations is right-side transformations or *T-trans- 
formation if it acts from right 

u = ut 

We denote M* the set of nonsingular ★T-transformations of set M. □ 

Definition 3.1.4. Suppose wc defined the structure of f^i-algebra on the set *M 
([2]). Let A be Oi -algebra. We call homomorphism 

(3.1.1) / : A -)• *M 

left-side or TV-representation of £li-algebra A in f22-algebra M □ 

Definition 3.1.5. Suppose we defined the structure of f^i-algebra on the set M* 
([2]). Let A be fl i -algebra. We call homomorphism 

/ : A M* 

right-side or *T-representation of fii-algebra A in ^-algebra M □ 

We extend to representation theory convention described in remark 2.2.15. 
We can write duality principle in the following form 

Theorem 3.1.6 (duality principle). Any statement which holds for T* -represen- 
tation of Qi-algebra A holds also for *T -representation of Qi-algebra A. 

Remark 3.1.7. There exist two forms of notation for transformation of f^-alge- 
bra M. In operational notation, we write the transformation A as either Aa which 
corresponds to the TV-transformation or aA which corresponds to the *T-transfor- 
mation. In functional notation, we write the transformation A as A(a) regardless 

^•4f the set of operations of C2-algcbra is empty, then t is a map. 
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of the fact whether this is T*-transformation or this is *T-transformation. This 
notation is in agreement with duality principle. 

This remark serves as a basis for the following convention. When we use func- 
tional notation we do not make a distinction whether this is TV-transformation or 
this is *T-transformation. We denote *M the set of transformations of f^-algcbra 
M. Suppose we defined the structure of fii-algebra on the set *M. Let A be f2i- 
algcbra. We call homomorphism 

(3.1.2) / : A -> *M 

representation of Sli-algebra A in 02-algebra M, 

Correspondence between operational notation and functional notation is unam- 
biguous. We can select any form of notation which is convenient for presentation 
of particular subject. □ 



Diagram 



/(«) 

M : >■ M 



A 

means that wc consider the representation of ili-algcbra A. The map f(a) is image 
of a G A. 

Definition 3.1.8. Suppose map (3.1.2) is an isomorphism of the fii-algebra A into 
*M. Then the representation of the fii-algebra A is called effective. □ 

Remark 3.1.9. Suppose the T*-representation of fii-algebra is effective. Then we 
identify an element of fii -algebra and its image and write T*-transormation caused 
by element a G A as 

V = av 

Suppose the ★T-representation of f2i-algebra is effective. Then we identify an ele- 
ment of f2i-algebra and its image and write *T-transormation caused by element 
a G A as 

v = va 

□ 

Definition 3.1.10. Wc call a representation of £7i-algcbra transitive if for any 

a, b G V exists such g that 

a = f(g)(b) 

We call a representation of rii-algcbra single transitive if it is transitive and 
effective. □ 

Theorem 3.1.11. T-k-representation is single transitive if and only if for any a, b G 

M exists one and only one g G A such that a = f(g)(b) 

PROOF. Corollary of definitions 3.1.8 and 3.1.10. □ 



3.2. Morphism of Representations of Universal Algebra 



27 



3.2. Morphism of Representations of Universal Algebra 
Theorem 3.2.1. Let A and B be Qi-algebras. Representation of fii- algebra B 

g: B -> *M 

and homomorphism of algebra 

(3.2.1) h:A^B 

define representation f of fli- algebra A 

A 5>*M 




B 



Proof. Since mapping g is homomorphism of f2i-algcbra B into f2i-algebra 
*M, the mapping / is homomorphism of fJi-algebra A into ili-algebra *M . □ 

Considering representations of Oi-algcbra in £7 2 -algebras M and N, we are 
interested in a mapping that preserves the structure of representation. 

Definition 3.2.2. Let 

f:A-> *M 

be representation of fii-algebra A in fi 2 -algebra M and 

g:B^*N 

be representation of ili-algcbra B in f2 2 -algcbra N. Tuple of maps 

(3.2.2) (r : A—> B,R: M — > iV) 
such, that 

• r is homomorphism of f2i-algebra 

• R is homomorphism of f2 2 -algebra 

(3.2.3) Rof(a)=g(r(a))oR 

is called morphism of representations from / into g. We also say that mor- 
phism of representations of Oi-algebra in 2 -algebra is defined. □ 

For any m £ M equation (3.2.3) has form 

(3.2.4) R(f(a)(m)) = g(r(a))(R(m)) 
Remark 3.2.3. We may consider a pair of maps r, R as map 

F : AUM ^ BUN 

such that 

F(A) = B F(M) = N 
Therefore, hereinafter we will say that we have the map (r, R). □ 
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Remark 3.2.4. Let us consider morphism of representations (3.2.2). We denote 
elements of the set B by letter using pattern b G B. However if we want to show 
that b is image of element a G A, we use notation r(a). Thus equation 



means that r(a) (in left part of equation) is image a G A (in right part of equation). 
Using such considerations, we denote element of set N as R(m). We will follow 
this convention when we consider correspondences between homomorphisms of Q±- 
algcbra and mappings between sets where we defined corresponding representations. 
There are two ways to interpret (3.2.4) 

• Let transformation /(a) map m € M into /(a)(m). Then transformation 
g(r(a)) maps R(m) G N into R(f(a)(m)). 

• We represent morphism of representations from / into g using diagram 



r(a) = r(a) 



M 



R 



N 




(1) 



.4 



r 



B 



From (3.2.3) it follows that diagram (1) is commutative. 



□ 




h : A 



B 



H : M 




Proof. Since / is homomorphism, we have 

(3.2.6) ffow(/(oi),... > /(a n ))=fro/(w(oi > ... > a n )) 
From (3.2.3) and (3.2.6) it follows that 

(3.2.7) H o w(/(ai), /(a n )) = g(h(u(a u ..., a„))) o H 
Since h is homomorphism, from (3.2.7) it follows that 

(3.2.8) H o w(/(oi), f(a n )) = g(u(h(ai), h(a n ))) o H 
Since g is homomorphism, (3.2.5) follows from (3.2.8). 



□ 
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Theorem 3.2.6. Let the map 

h : A >- B H : M N 

be morphism from representation 

f:A-> *M 

of tti-algebra A into representation 

g:B^*N 

of Ox- algebra B. If representation f is effective, then the map 

*H : *M ->• *N 

defined by equation 

(3.2.9) *H(f(a))=g(h(a)) 
is homomorphism of Qi-algebra. 

Proof. Because representation / is effective, then for given transformation 
/(a) element a is determined uniquely. Therefore, transformation g(h(a)) is prop- 
erly defined in equation (3.2.9). 

Since / is homomorphism, we have 

(3.2.10) *H(u(f(a 1 ),...J(a n ))) = *H(f(u;(a 1 ,...,a n ))) 
From (3.2.9) and (3.2.10) it follows that 

(3.2.11) *fT(w(/(oi), /(«„))) = g(h(u(a u .... a n ))) 
Since h is homomorphism, from (3.2.11) it follows that 

(3.2.12) *H(u(f( ai ), /(o»))) = <7M%i), h(a n ))) 
Since g is homomorphism, 

*H(oj(f( ai ), f(a n ))) = cj(g(h( ai )), g(h(a n ))) = u(*H(f( ai )), *H(f(a n ))) 
follows from (3.2.12). Therefore, the map *H is homomorphism of fii-algebra. □ 
Theorem 3.2.7. Given single transitive representation 

f : A^ *M 

of 'fix- algebra A and single transitive T-k-epresentation 

g:B^*N 
of Oi- algebra B, there exists morphism 

h : A B H : M *- N 

of representations from f into g. 
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Proof. Let us choose homomorphism h. Let us choose element m £ M and 
element n £ N. To define map H, let us consider following diagram 



a h(a) 




From commutativity of diagram (1), it follows that 

H(am) = h(a)H(m) 

For arbitrary ml £ M, we defined unambiguously a £ A such that m! = am. 
Therefore, we defined mapping H which satisfies to equation (3.2.3). □ 

Theorem 3.2.8. Let 

f :A-+*M 

be single transitive representation of Q\- algebra A and 

g:B^*N 

be single transitive representation of algebra B. Given homomorphism of Q\- 
algebra 

h : A ^B 

let us consider a map 

H : M ^ N 

such that [h, H) is morphism of representations from f into g. This map is unique 
up to choice of image n = H(m) G N of given element m € M . 

Proof. From proof of theorem 3.2.7 it follows that choice of homomorphism 
h and elements m € M, n £ N uniquely defines the map H. □ 

Theorem 3.2.9. Given single transitive representation 

f : A^*M 

of algebra A, for any endomorphism of fli-algebra A there exists endomorphism 
P : A ^ A P:M *- M 

of representation f . 
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Proof. Let us consider following diagram 



M »- M 

a p{ a ) 




Statement of theorem is corollary of theorem 3.2.7. □ 
Theorem 3.2.10. Let 

f : A^*M 

be representation of £l\-algebra A, 

g:B^*N 

be representation of Oi - algebra B, 

h:C^*L 

be representation of Qi-algebra C. Given morphisms of representations of £7i- 
algebra 

p : A ^ B P:M N 

q:B Q ■ N 

There exists morphism of representations of fli-algebra 

r : A *~ C R:M *- L 

where r = qp, R = QP . We call morphism (r, R) of representations from f into 
h product of morphisms (p, P) and (q, Q) of representations of universal 
algebra. 

Proof. We represent statement of theorem using diagram 




L 
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Map r is homomorphism of fii-algebra A into fii-algebra C. We need to show that 
tuple of maps (r, R) satisfies to (3.2.3): 

R(f(a)m) = QP(f(a)m) 

= Q(g(p(a))P(m)) 

= h(qp(a))QP(m)) 

= h(r(a))R(m) 

□ 

Definition 3.2.11. Let A be category of fli-algebras. We define category T * A 
of T*-representations of Sli-algebra from category A. T*-representations of 
fii-algebra are objects of this category. Morphisms of T*-representations of fii- 
algebra are morphisms of this category. □ 

Theorem 3.2.12. Endomorphisms of representation f form semigroup. 

Proof. From theorem 3.2.10, it follows that the product of endomorphisms 
(p, P), (r, R) of the representation / is endomorphism (pr, PR) of the representation 
/• □ 

Definition 3.2.13. Let us define equivalence S on the set M. Transformation / 
is called coordinated with equivalence S, when f(mi) = f(m2)(modS) follows 
from condition mi = m 2 (modS'). □ 

Theorem 3.2.14. Let us consider equivalence S on set M. Let us consider Ox- 
algebra on set *M . Since transformations are coordinated with equivalence S, we 
can define the structure of U,\-algebra on the set *{M/S). 

Proof. Let h = nat S. If mi = m2(mod5), then h(mi) = h(ni2). Since 
/ e *M is coordinated with equivalence S, then h(f(mi)) = h(f(m2))- This allows 
to define transformation F according to rule 

F([m\) = h(f(m)) 

Let ijj be n-ary operation of Qi-algebra. Suppose /i, /„ S *M and 

F r {[m}) = h{h{m)) ... F n {[m}) = h(f n (m)) 

We define operation on the set *(M/ S) according to rule 

u}(F 1 ,...,F n )[m] = fn)m) 

This definition is proper because u>(fi, f n ) G *M and is coordinated with equiv- 
alence S. □ 

Theorem 3.2.15. Let 

f : A -)■ *M 

be representation of algebra A, 

g:B^*N 
be representation of f2i- algebra B. Let 

r : A ^ B R : M ^ N 

be morphism of representations from f into g. Suppose 

s = rr- 1 S = RR- 1 
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Then there exist decompositions of r and R, which we describe using diagram 



RM 




(1) s = kcr r is a congruence on A. There exists decompositions of homo- 
morphism r 

(3.2.13) r = itj 

j = nat s is the natural homomorphism 

(3.2.14) j(a)=j(a) 
t is isomorphism 

(3.2.15) r(a)=t(j(a)) 
i is the inclusion mapping 

(3.2.16) r(a) = i{r(a)) 

(2) S = ker R is an equivalence on M. There exists decompositions of homo- 
morphism R 

(3.2.17) R = ITJ 

J = nat S is surjection 

(3.2.18) J(m) = J(m) 
T is bijection 

(3.2.19) R{m) = T(J{m)) 
I is the inclusion mapping 

(3.2.20) R(m) = I(R(m)) 

(3) F is T-k -representation of algebra A/s in M/S 

(4) G is T-k-representation of algebra rA in RM 

(5) (j, J) is morphism of representations f and F 

(6) (t, T) is morphism of representations F and G 

(7) (t _1 ,T _1 ) is morphism of representations G and F 

(8) (i, I) is morphism of representations G and g 
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(9) There exists decompositions of morphism of representations 
(3-2.21) (r,R) = (i,I)(t,T)(j,J) 

Proof. Existence of diagrams (1) and (2) follows from theorem II. 3. 7 ([14], p. 

60). 

We start from diagram (4). 
Let mi = m 2 (mod S). Then 

(3.2.22) R(m 1 )=R(m 2 ) 
Since a\ = a 2 (mods), then 

(3.2.23) r ( ai )=r(a 2 ) 

Therefore, j(a\) = ,7'(<z 2 ). Since (r,R) is morphism of representations, then 

(3.2.24) R(f( ai )( mi )) = g(r(ai))(R(mi)) 

(3.2.25) i?(/M(m 2 )) = g(r(a 2 ))(R(m 2 )) 
From (3.2.22), (3.2.23), (3.2.24), (3.2.25), it follows that 

(3.2.26) fl(/(ai)(mi)) - R(f(a 2 )(m 2 )) 
From (3.2.26) it follows 

(3.2.27) /(ai)K) = /(a 2 )(m 2 )(modS) 
and, therefore, 

(3.2.28) J(/(a 1 )(m 1 )) - J(/(a 2 )(m 2 )) 
From (3.2.28) it follows that we defined map 

(3-2.29) F(j(a))(J(m)) = J(/(o)(m))) 

reasonably and this map is transformation of set M/S. 

From equation (3.2.27) (in case a\ = a 2 ) it follows that for any a transformation 
is coordinated with equivalence S. From theorem 3.2.14 it follows that we defined 
structure of f2i-algebra on the set *(M/S). Let us consider n-ary operation to and 
n transformations 

F(j( ai ))(J(m)) = J(/(oi)(m))) i = 1, ...,n 
of the set M/ S. We assume 

w(F(i(ai)), F(j(a n )))(J(m)) - J(w(/( ai ), /(a n )))(m)) 

Therefore, map F is representations of fii-algebra A/s. 

From (3.2.29) it follows that (j, J) is morphism of representations / and F (the 
statement (5) of the theorem). 

Let us consider diagram (5). 

Since T is bijection, then we identify elements of the set M/S and the set MR, 
and this identification has form 

(3.2.30) T(J(m)) = R(m) 

We can write transformation F(j(a)) of the set M/S as 

(3.2.31) F(j(a)) : J(m) -> F(j(a))(J(m)) 
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Since T is bijection, we define transformation 

(3-2.32) T(J(m)) -> T(F(j(a))(J(m))) 

of the set RM. Transformation (3.2.32) depends on j(a) £ A/s. Since t is bijection, 
we identify elements of the set A/s and the set rA, and this identification has form 

(3.2.33) t(j(a)) = r(a) 
Therefore, we defined map 

G :rA^ *RM 

according to equation 

(3.2.34) G(t(j(a)))(T(J(m))) = T(F(j(a))(J(m))) 
Let us consider n-ary operation oj and n transformations 

G(r( ai ))(R(m)) = T(F(j J(m))) i = 1, ...,n 
of space RM. We assume 

(3.2.35) w(G(r(ai)),...,G(r(a n )))(iJ(m)) = T(«(F(j(oi) J ...,i ? (7(oT,)))UM)) 
According to (3.2.34) operation w is defined reasonably on the set *RM . Therefore, 
the map G is representations of f^-algcbra. 

From (3.2.34) it follows that (t, T) is morphism of representations F and G 
(the statement (6) of the theorem). 

Since T is bijection, then from equation (3.2.30) it follows that 

(3.2.36) J(m) =T-\R(m)) 
We can write transformation G(r(a)) of the set RM as 

(3.2.37) G(r(a)) : R(m) -> G(r(a))(R(m)) 
Since T is bijection, we define transformation 

(3.2.38) T-^Rim)) -> T" 1 (G(r{a))(R{m))) 

of the set M / S. Transformation (3.2.38) depends on r(a) £ rA. Since t is bijection, 
then from equation (3.2.33) it follows that 

(3.2.39) j(a)=r 1 (r(a)) 

Since, by construction, diagram (5) is commutative, then transformation (3.2.38) 
coincides with transformation (3.2.31). We can write the equation (3.2.35) as 

(3.2.40) T-\u J (G(r(a 1 )) 7 ... 7 G(r(a n )))(R(m))) = u,(F(j( ai ), ...,F(j(a n )))(J(m)) 

Therefore (t -1 ,T _1 ) is morphism of representations G and F (the statement (7) of 
the theorem). 

Diagram (6) is the most simple case in our prove. Since map I is immersion 
and diagram (2) is commutative, we identify n £ N and R(m) when n £ ImR. 
Similarly, we identify corresponding transformations. 

(3.2.41) g'(i(r(a)))(I(R(m))) = I(G(r(a))(R(m))) 

Lj(g'(r( ai )),...,g'(r(a n )))(R(m)) = /(w(G(r(ai), ...,(3(r(a„)))(ii(m))) 
Therefore, (i, I) is morphism of representations G and g (the statement (8) of the 
theorem) . 
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To prove the statement (9) of the theorem we need to show that defined in 
the proof representation g' is congruent with representation g, and operations over 
transformations are congruent with corresponding operations over *N. 



g'(i(r(a)))(I(R(m))) = I(G(r(a))(R(m))) 

= I(G(t(j(a)))(T(J(m)))) 
= IT(F(j(a))(J(m))) 
= ITJ(f(a)(m)) 
= R(f(a)(m)) 
= g(r(a))(R(m)) 



by (3.2.41) 

by (3.2.15), (3.2.19) 

by (3.2.34) 

by (3.2.29) 

by (3.2.17) 

by (3.2.3) 



w(G(r(oi)), G(r(a n )))(R(m)) = T(u(F(j( ai ), F(j(a n )))(J(m))) 

= T(F(uj(j(a 1 ),...J(a n )))(J(m))) 
= T(F(j(u>( ai ,...,a n )))(J(m))) 
= T(J(f(co(a 1 ,...,a n ))(m))) 



□ 



Definition 3.2.16. Let 



/ : A -> *M 



be representation of fii-algebra A, 

g:B^*N 
be representation of fii-algebra B. Let 

r : A *- B R:M 



N 



be morphism of representations from / into g such that / is isomorphism of fii-al- 
gebra and g is isomorphism of f^-algebra. Then map (r, R) is called isomorphism 
of repesentations. □ 

Theorem 3.2.17. In the decomposition (3.2.21), the map (t,T) is isomorphism of 
representations F and G. 

Proof. The statement of the theorem is corollary of definition 3.2.16 and 
statements (6) and (7) of the theorem 3.2.15. □ 

From theorem 3.2.15 it follows that we can reduce the problem of studying of 
morphism of representations of fii-algebra to the case described by diagram 



(3.2.42) 
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Theorem 3.2.18. We can supplement diagram (3.2.42) with representation F\ of 
VL\-algebra A into set M/S such that diagram 



(3.2.43) 




M/S 



M/S 



is commutative. The set of transformations of representation F and the set of 
transformations of representation F± coincide. 

Proof. To prove theorem it is enough to assume 

F 1 (a)=F(j(a)) 

Since map j is surjection, then InxFi = IraF. Since j and F are homomorphisms 
of f^i-algcbra, then F\ is also homomorphism of Sli-algcbra. □ 

Theorem 3.2.18 completes the series of theorems dedicated to the structure of 
morphism of representations fii-algebra. From these theorems it follows that we 
can simplify task of studying of morphism of representations fii-algebra and not 
go beyond morphism of representations of form 

id: A- 



A 



R:M 



N 



In this case we identify morphism of (id, R) representations of Oi-algebra and map 
R. We will use diagram 




9(a) 



to represent morphism (id, R) of representations of f2i-algebra. From diagram it 
follows 

(3.2.44) R o f(a) = g(a) o R 

By analogy with definition 3.2.11. we give following definition. 

Definition 3.2.19. We define category T '* A T*-representations of Sli-alge- 

bra A. T*-representations of fii-algebra A are objects of this category. Morphisms 
(id, R) of T*-representations of f2i-algcbra A are morphisms of this category. □ 
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3.3. Automorphism of Representation of Universal Algebra 
Definition 3.3.1. Let 

f : A-> *M 

be representation of fii-algebra A in fi 2 -algebra M. The morphism of representa- 
tions of f^-algebra 

(r : A -> A, R : M -)• M) 
such, that r is endomorphism of f2i-algebra and R is endomorphism of f^-algcbra 
is called endomorphism of representation /. □ 

Definition 3.3.2. Let 

/ : A -)- *M 

be representation of f^-algebra A in f2 2 -algebra M. The morphism of representa- 
tions of f^-algebra 

(r:A->A,R:M^-M) 
such, that r is automorphism of fii-algebra and R is automorphism of f^-algebra 
is called automorphism of representation /. □ 

Theorem 3.3.3. Let 

/ : A — > *M 

be representation of Qi- algebra A in fl2-algebra M. The set of automorphisms of 
the representation f forms loop 2t(/) - 3 ' 2 

Proof. Let (r,R), (p,P) be automorphisms of the representation /. Accord- 
ing to definition 3.3.2 maps r, p are automorphisms of fli-algebra A and maps R, 
P are automorphisms of r^-algebra M. According to theorem II. 3. 2 ([14], p. 57), 
the map rp is automorphism of f2i -algebra A and the map RP is automorphism 
of ^2-algebra M. From the theorem 3.2.10 and the definition 3.3.2, it follows that 
product of automorphisms (rp, RP) of representation / is automorphism of the 
representation /. 

Let (r, R) be an automorphism of the representation /. According to definition 
3.3.2 the map r is automorphism of Oi-algebra A and the map R is automorphism 
of 02-algebra M. Therefore, the map r _1 is automorphism of 57i-algebra A and 
the map is automorphism of f22-algebra M. The equation (3.2.4) is true 

for automorphism (r,R). Assume a' = r(a), vnl = R(m). Since r and R are 
automorphisms then a = r~ 1 (a'), m = R~ 1 (m!) and we can write (3.2.4) in the 
form 

(3.3.1) Rifir-Ha'MR-Hm'))) = g{a')(m') 

Since the map R is automorphism of f2 2 -algebra M, then from the equation (3.3.1) 
it follows that 

(3.3.2) /(r-V))(ir V)) = R-\g(a')(m')) 

The equation (3.3.2) corresponds to the equation (3.2.4) for the map (r _1 ,i? _1 ). 
Therefore, map (r _1 ,i? _1 ) of the representation /. □ 

3 - 2 Look [5], p. 24, [4] for definition of loop. 
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Remark 3.3.4. It is evident that the set of automorphisms of fii-algebra A also 
forms loop. Of course, it is attractive to assume that the set of automorphisms 
forms a group. Since the product of automorphisms / and g is automorphism fg, 
then automorphisms (fg)h and f{gh) arc defined. However, it does not follow from 
this statement that 

(f9)h = f(gh) 

□ 

3.4. Representation of Group 

Group is among few algebras that allow somebody to consider the product of 
transformations of the set M in such a way that, if transformations belong to the 
representation, then their product also belongs to the representation. In case of 
group representation we can define homomorphism (3.1.1) either as 

f(ab) = f(a)of(b) 

or as 

f(ab) = f(b) o f(a) 

We should remember that order of maps in product depends on order of maps on 
diagram and how these maps act over elements of the set (from left or from right). 

Definition 3.4.1. Let *M be a group and 8 be unit of group *M. Let G be group. 
We call a homomorphism of group 

(3.4.1) /:<?-► *M 

covariant TV-representation of group G in set M if map / holds 

(3.4.2) f(ab)u = f(a)(f(b)u) 

□ 

Remark 3.4.2. Since map (3.4.1) is homomorhism, then 

(3.4.3) f(ab)u = (f(a)f(b))u 
We use here convention 

f{a)f(b)=f(a)of(b) 
Thus, the idea of covariant representation is that we multiply elements of group in 
the same order as we multiply transformations of representation. From equations 
(3.4.2) and (3.4.3) it follows 

(3.4.4) (f(a)f(b))u = f(a)(f(b)u) 

Equation (3.4.4) together with associativity of product of transformations expresses 
associative law for covariant T*-representation. This allows writing of equa- 
tion (3.4.4) without using of brackets 

f(ab)u = f(a)f(b)u 

□ 
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Definition 3.4.3. Let *M be a group and S be unit of group *M. Let G be group. 
We call an antihomomorphism of group 

/ : G -> *M 

contravariant T*-representation of group G in set M if map / holds 

(3.4.5) f(ba)u = f(a)(f(b)u) 

□ 

Definition 3.4.4. Let M* be a group and S be unit of group M*. Let G be group. 
We call map 

(3.4.6) /:<?-> M* 

covariant *T-representation of group G in set M if map / holds 

(3.4.7) uf(ab) = (uf(a))f(b) 

□ 

Remark 3.4.5. Since map (3.4.6) is homomorhism, then 

(3.4.8) uf(ab) = u(f(a)f(b)) 
From equations (3.4.7) and (3.4.8) it follows 

(3.4.9) (/(o)/(6))« - («/(«))/(&) 

Equation (3.4.9) together with associativity of product of transformations expresses 
associative law for covariant *T-representation. This allows writing of equa- 
tion (3.4.9) without using of brackets 

uf(ab) = uf(a)f(b) 

□ 

Definition 3.4.6. Let M* be a group and S be unit of group M*. Let G be group. 
We call map 

f : G -> M* 

contravariant *T-representation of group G in set M if map / holds 

(3.4.10) uf(ab) = (uf(a))f(b) 

□ 

Definition 3.4.7. We call the transformation 

t : M -+ M 

nonsingular transformation, if there exists inverse map. □ 

Theorem 3.4.8. For any g £ G transformation is nonsingular and satisfies equa- 
tion 

(3.4.11) fig- 1 ) = fig)- 1 

Proof. Since (3.4.5) and 

/(e) = 

we have 

u = 6(u) = f(gg- 1 )(u) = f(g)(f(g- 1 )(u)) 
This completes the proof. □ 
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Theorem 3.4.9. The group operation determines two different representations on 
the group: 

• The left or TV-shift U 

b' =tJa)b = ab 

(3 4 12) 

V ' ' ' b' = t+(a)(b) = ab 

is covariant T-k-representation 
(3.4.13) t*{ab) = U{a) ot*(&) 

• The right or *T-shift *t 

b' — b ±t(a) = ba 
3-4.14 , * N \ \ 

y ' b' =*t(a)(b) = ba 

is covariant *T -representation 

(3.4.15) *t(ofc) = *t(o) o *t(&) 

Proof. TV-shift is not a representation of group in a group, because the trans- 
formation t* is not a homomorphism of group. T*-shift is the representation of the 
group in the set which is carrier of this group. Similar remark is true for *T-shift. 

Equation (3.4.13) follows from associativity of product 

U(ab)c = (ab)c = a(bc) = U(a)(U(b)c) = (U(a) o U(b))c 
In a similar manner we prove the equation (3.4.15). □ 
Theorem 3.4.10. Let T-k-representation 

u' = f(a)u 

be contravariant T-k-representation. Then T-k-representation 

v! = h(a)u = f(a~ 1 )u 
is covariant T-k-representation. 

Proof. Statement follows from chain of equations 

h(ab) = /((oft)" 1 ) = fib-'a- 1 ) = /(o- 1 )/(6- 1 ) = h(a)h(b) 

□ 

Remark 3.4.11. If we suppose the choice of a side to place the operator of represen- 
tation on is arbitrary, we can get the impression we may not go beyond exploration 
either TV-representations or covariant representations. Section 5.2 serves as good 
illustration that different forms of representation are essential. When we need to 
show the order of factors we will use operational notation. Theorems 3.5.12, 3.5.15 
are examples when functional notation has advantage. □ 

Definition 3.4.12. Let / be TV-representation of the group G in set M. For any 
v G M we define orbit of TV-representation of the group G as set 

f(G)v = {w = f(g)v :geG} 

□ 



Since /(e) = S we have v <E f(G)v. 
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Theorem 3.4.13. Suppose 

(3.4.16) v e f(G)u 
Then 

f(G)u = f(G)v 

Proof. From (3.4.16) it follows that there exists a E G such that 

(3.4.17) v = f(a)u 
Suppose w G f(G)v. Then there exists b G G such that 

(3.4.18) w = f(b)v 
If we substitute (3.4.17) into (3.4.18) we get 

(3.4.19) w = f(b)(f(a)u) 

Since (3.4.2), we see that from (3.4.19) it follows that w e f(G)u. Thus 

f(G)v C f(G)u 
Since (3.4.11), we see that from (3.4.17) it follows that 

(3.4.20) u = f{a)~ l v = /(a -1 )?; 
From (3.4.20) it follows that u <G f{G)v and therefore 

f(G)u C f(G)v 

This completes the proof. □ 

Thus, T*-rcprcscntation / of group G in set M forms equivalence S and the 
orbit f{G)u is equivalence class. We will use notation M/f(G) for quotient set 
MJS and this set is called space of orbits of T*-representation /. 

Theorem 3.4.14. Suppose f\ is T* -representation of group G in set M\ and fi 
is T-k-representation of group G in set Mi- Then we introduce direct product of 
T*-representations f\ and f^ of group 

/ = h x h ■ G -> Mr ® M 2 

/(<?) = (/!(<?), Ms)) 

Proof. To show that / is a representation, it is enough to prove that / satisfies 
the definition 3.4.1. 

f(e) = (f 1 (e),f 2 (e)) = (5 1 ,6 2 )=S 
f{ab)u = (/i(a&)wi, f 2 (ab)u 2 ) 

= (h(a)(f 1 (b)u 1 ),f 2 (a)(f 2 (b)u 2 )) 
= f(a)(f 1 (b)u 1 ,f 2 (b)u 2 ) 
= f(a)(f(b)u) 

□ 
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3.5. Single Transitive T*-Representation of Group 

Definition 3.5.1. We call kernel of inefficiency of T*-representation of 
group G a set 

K f = {geG: f(g) = 6} 

□ 

Theorem 3.5.2. A kernel of inefficiency of the T-k-representation of group G is a 
subgroup of the group G. 

Proof. Assume f(a±) = 5 and /(a 2 ) = 5. Then 

f(aia 2 )u = /(ai)(/(a 2 )u) = u 
f(a- 1 ) = r 1 {a) = 5 

□ 

Theorem 3.5.3. T-k -representation of the group G is effective iff kernel of inef- 
ficiency Kf = {e}. 

Proof. Statement is corollary of definitions 3.1.8 and 3.5.1 and of the theorem 
3.5.2. □ 

If an action is not effective we can switch to an effective one by changing group 
G\ = G\Kf using factorization by the kernel of inefficiency This means that we 
can study only an effective action. 

Definition 3.5.4. Consider T*-representation / of group G in set M . A ltitle 
group or stability group of x <G M is the set 

G x = {g G G : f(g)x = x} 

T-k- representation / of group G is said to be free, if for any x € M stability 
group G x = {e}. □ 

Theorem 3.5.5. Given free T-k-representation f of group G in the set A, there 
exist 1 — 1 correspondence between orbits of representation, as well between orbit of 
representation and group G. 

Proof. Given a £ A there exist g%, #2 G G 

(3-5.1) f( 9l )a = f{g 2 )a 

We multiply both parts of equation (3.5.1) by /(gf 1 ) 

« = f{9i 1 )f(92)a 

Since the representation is free, g\ — gi- Since we established 1 — 1 correspondence 
between orbit and group G, we proved the statement of the theorem. □ 

Definition 3.5.6. We call a space V homogeneous space of group G if we have 
single transitive T*-representation of group G on V. □ 

Theorem 3.5.7. If we define a single transitive covariant representation f of the 
group G on the manifold A then we can uniquely define coordinates on A using 
coordinates on the group G. 

If f is a covariant T-k-representation than f(a) is equivalent to the T-k -shift 
t+(a) on the group G. If f is a covariant -kT -representation than /(a) is equivalent 
to the -kT-shift *t(a) on the group G. 
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Proof. We select a point v £ A and define coordinates of a point w G A as 
coordinates of a £ G such that w = f{a)v. Coordinates defined this way are unique 
up to choice of an initial point v S A because the action is effective. 

If / is a covariant T*-representation we will use the notation 

f(a)v = av 

Because the notation 

f(a)(f(b)v) = a(bv) = (ab)v = f(ab)v 

is compatible with the group structure we see that the covariant TV-representation 
/ is equivalent to the T*-shift. 

If / is a covariant *T-representation we will use the notation 

vf(a) = va 

Because the notation 

(vf(b))f(a) = (vb)a = v(ba) = vf(ba) 

is compatible with the group structure we see that the covariant *T-rcprcscntation 
/ is equivalent to the ★T-shift. □ 

Remark 3.5.8. We will write effective T*-covariant representation of the group G 
as 

v = t+(a)v = av 

Orbit of this representation is 

Gv = U(G)v 

We will use notation M/t+(G) space of orbits of effective T*-covariant representa- 
tion of the group. □ 

Remark 3.5.9. We will write effective *T-covariant representation of the group G 
as 

v' — v i,t(a) = va 

Orbit of this representation is 

vG = v *t(G) 

We will use notation M/+t(G) for the space of orbits of effective ★T-covariant 
representation of the group. □ 

Theorem 3.5.10. Free T-k-representation is effective. Free T-k-representation f of 
group G in set M is single transitive representation on orbit. 

Proof. The statement of theorem is the corollary of definition 3.5.4. □ 

Theorem 3.5.11. T~k- and *T -shifts on group G are commuting. 

Proof. This is the consequence of the associativity on the group G 

(t*(a) o Jr t(6)) c = a(cb) = (ac)b = (*i(6) o U(a))c 

□ 

Theorem 3.5.11 can be phrased n the following way. 

Theorem 3.5.12. Let G be group. For any a S G, the map {id, t*(a)) is automor- 
phism of representation +t. 



3.5. Single Transitive T*- Representation of Group 
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Proof. According to theorem 3.5.11 
(3.5.2) t*(a)o*i(&) =**(&) ot*(o) 

Equation (3.5.2) coincides with equation (3.2.3) from definition 3.2.2 when r = id, 
R = t i ,(a). □ 

Theorem 3.5.13. Suppose we defined a single transitive covariant T* -representa- 
tion f of the group G on the manifold AI . Then we can uniguely define a single 
transitive covariant *T -representation h of the group G on the manifold M such 
that diagram 

h(a) 



M ■ 



M 



f(b) 



f(b) 



M ■ 



h(a) 



M 



is commutative for any a, b £ G. 3 ' 3 

Proof. We use group coordinates for points v £ M. Then according to theo- 
rem 3.5.7 we can write the left shift t*(a) instead of the transformation f(a). 
Let points vq,v £ M. Then we can find one and only one a £ G such that 

v = hqo = vq +t(a) 

We assume 

h(a) = *t(a) 

For some b £ G we have 

w = f{b)v = U(b)v Q w = f(b)v = U(b)v 
According to theorem 3.5.11 the diagram 



(3.5.3) 



h(a)— *t(a) 



f(b)=U(b) 



f(b)=t*(b) 



W 



h(a)— +t(a) 



is commutative. 

Changing b we get that wq is an arbitrary point of M. 

We see from the diagram that if v — v than w = w and therefore h(e) = S. 
On other hand if v ^ v then Wq ^ w because the T*-representation / is single 
transitive. Therefore the ★T-rcprcsentation h is effective. 

In the same way we can show that for given wq we can find a such that w = 
h{a)wQ. Therefore the *T-represcntation h is single transitive. 

In general the product of transformations of the T*-rcprcsentation / is not 
commutative and therefore the ★T-rcprcsentation h is different from the T*-repre- 
scntation /. In the same way we can create a T-k- representation / using the *T- 
representation h. □ 

Representations / and h aree call twin representations of the group G. 



3 3 You can see this statement in [3]. 
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Remark 3.5.14. It is clear that transformations i+(a) and *t(a) are different until 
the group G is nonabelian. However they both are maps onto. Theorem 3.5.13 
states that if both *T- and T*-shift presentations exist on the manifold M we can 
define two commuting representations on the manifold M. The *T-shift or the TV- 
shift only cannot represent both types of representation. To understand why it 
is so let us change diagram (3.5.3) and assume h(a)vo = t ir (a)vo = v instead of 
h(a)vo = VQi,t(a) = v and let us see what expression h(a) has at the point wq. The 
diagram 

h(a)—t i , (a) 



VO 



/(&)=**(!>) 



f(b)=t t (b) 



W 



h(a) 



is equivalent to the diagram 



h(a)=t J ,(o) 
V V 



/- 1 (6)=t,(6- 1 ) 



W 



h(a) 



and we have w = bv = bai>o = bab~ 1 wo- Therefore 

h(a)wo = (bab~ 1 )wo 
We see that the representation of h depends on its argument. 



□ 



Theorem 3.5.15. Let f and h be twin representations of the group G. For any 
a G G the map {id, h(a)) is automorphism of representation f. 

Proof. The statement of theorem is corollary of theorems 3.5.12 and 3.5.13. 

□ 

Remark 3.5.16. Is there an automorphism of representation t* different from 
automorphism (id, +t(a))? If we assume 

r{g) = cgc' 1 
R(a)(m) = cmac^ 1 

then it is easy to see that the map (r,R(a)) is automorphism of the representation 
t*. □ 



CHAPTER 4 



Vector Space over Division Ring 

4.1. Vector Space 

To define T*-rcprcscntation 

/ : R *JI 

of ring R on the set M we need to define the structure of the ring on the set *M. iA 

Theorem 4.1.1. T* -representation f of the ring R on the set M is defined iffT*- 
representations of multiplicative and additive groups of the ring R are defined and 
these T-k -representations hold relationship 

f(a(b + c)) = f(a)f(b) + f(a)f(c) 

Proof. Theorem follows from definition 3.1.4. □ 

Definition 4.1.2. M is a i?*-module over a ring R if M is an Abelian group and 
there exists TV-representation of ring R. □ 

According to our notation i?*-module is left module and *i?-module is right 
module. 

Since a field is a special case of a ring, vector space over the field has more 
properties then module over the ring. It is very hard, if possible at all, to extend 
definitions, which work in a vector space, to a module over an arbitrary ring. A 
definition of a basis and dimension of vector space are closely linked with the 
possibility of finding a solution of a linear equation in a ring. Properties of the 
linear equation in division ring are close to properties of the linear equation in 

^'4s it possible to define an addition on the set *M, if this operation is not defined on the set 
M. The answer on this question is positive. 

Let M = B U C and let F : B — > C be one to one map. We define the set * M of TV-transfor- 
mations of the set M according to the following rule. Let V Q B. Let the TV-transformation Fy 
be given by 

x x£ B\V 

Fx iev 

F v x = < 

x x e C\F(V) 

F~ x x x G F(V) 
We define sum of TV-transformations according rule 

Fv + F w = F V aw 

V AW = (VUW)\(Vn W) 

It is evident that 

Fq> + Fy = Fy 
F v + F v = F 

Therefore, the map Fq is zero of the addition, and the set * M is the Abelian group. 
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field. This is why we hope that properties of vector space over division ring are 
close to properties of the vector space over the field. 

Theorem 4.1.3. T* -representation of the division ring D is effective iff T-k- 
representation of its multiplicative group is effective. 

Proof. Suppose 

(4.1.1) f:D^*M 

is T*-rcprescntation of the division ring D. Suppose elements a, b of of the multi- 
plicative group cause the same T*-transformation. Then 

(4.1.2) f(a)m = f(b)m 

for any m S M. Performing transformation /(a -1 ) on both sides of the equation 

(4.1.2) , we obtain 

m = f(a- 1 )(f(b)m) = f(a- 1 b)m 

□ 

According to the remark 3.1.9, since the representation of the division ring is 
effective, we identify an element of the division ring and T*-transformation corre- 
sponding to this element. 

Definition 4.1.4. V is a D-k- vector space over a division ring D if V is an Abelian 
group and there exists effective T*-representation of division ring D. □ 

Theorem 4.1.5. Following conditions hold for D-k-vector space: 

• associative law 

(4.1.3) (ab)m = a{bm) 

• distributive law 

(4.1.4) aim + n) = am + an 

(4.1.5) (a + b)m = am + bm 

• unitarity law 

(4.1.6) lm = m 

for any a, b G D, m,n £ V. We call T-k- representation D*-product of vector 
over scalar. 

Proof. Since T*-transformation a is automorphism of the Abelian group, we 
obtain the equation (4.1.4). Since T*-representation is homomorphism of the adi- 
tive group of division ring D, we obtain the equation (4.1.5). Since T-k- representa- 
tion is T*-representation of the multiplicative group of division ring D, we obtain 
the equations (4.1.3) and (4.1.6). □ 

According to our notation D*-vector space is left vector space and *D- 
vector space is right vector space. 

Definition 4.1.6. Let V be a D-k- vector space over a division ring D. Set of vectors 
N is a subspace of D-k- vector space V if 

a + b e N 
ka eN 
a.beN k e D 



4.2. Vector Space Type 
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□ 

Example 4.1.7. Let D™ be set of m x n matrices over division ring D. We define 
addition 

a ■ b (of) + (bf\ = (al + 

and product over scalar 

da = d ( a 3 , | = ( da] 



a = iff a? = for any i, j. We can verify directly that D™ is a D-k- vector space, 
when product is defined from left. Otherwise D™ is *Z?-vector space. Vector space 
is called _D*-matrices vector space. □ 

4.2. Vector Space Type 

The product of vector over scalar is asymmetric because the product is de- 
fined for objects of different sets. However we see difference between Dk- and kD 
-vector space only when we work with coordinate representation. When we speak 
vector space is D-k- or kD- we point out how we multiply coordinates of vector over 
elements of division ring: from left or right. 

Definition 4.2.1. Suppose u, v are vectors of D*-vector space V . We call vector 
w Z?*-linear composition of vectors u and v when we can write w = au + bv 
where a and b arc scalars. □ 

We can extend definition of the linear composition on any finite set of vectors. 
Using generalized indexes to enumerate vectors we can represent set of vectors as 
one dimensional matrix. We use the convention that we represent any set of vectors 
of the vector space or as *-row either as *-row. This representation defines type 
of notation of linear composition. Getting this representation in D-k- or -kD- vector 
space we get four different models of vector space. 

For an opportunity to show without change of the notation what kind of vector 
space (Dk- or kD-) we study we introduce new notation. We call symbol D-k 
vector space type and this symbol means that we study .D*-vector space over 
division ring D. The symbol of product in the type of vector space points to matrix 
operation used in the linear composition. 

Example 4.2.2. Let *-row 



represent the set of vectors l a, i G I, of _D»*-vector space V and *-row 



ci ... c, 

represent the set of scalars c,, i £ I. Then we can write the linear composition of 
vectors l a as 

Ci 1 a = c**a 

We use notation d,*V when we want to tell that V is D**-vector space. □ 
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Example 4.2.3. Let *-row 



a = I ia 



represent the set of vectors ,a, i £ I, of D%-vector space V and *-row 



represent the set of scalars c l , i £ I. Then we can write the linear composition of 
vectors ,a as 

c' ia = c**a 

We use notation d*,V when wc want to tell that V is D%-vector space. □ 



Example 4.2.4. Let *-row 



/ a 1 



\ a n 

represent the set of vectors a 1 , i £ I, of **Z?-vector space V and *-row 

c = ( lC ... „c ^ 

represent the set of scalars jC, i £ I. Then we can write the linear composition of 
vectors a 1 as 



We use notation V* m z) when we want to tell that V is vector space. □ 
Example 4.2.5. Let *-row 

a = ^ ai ... a l: 

represent the set of vectors At, i £ I, of »*D-vector space V and *-row 



\ n c 

represent the set of scalars iC, i £ I. Then we can write the linear composition of 
vectors Hi as 

Hi % c = a* c 

We use notation V r *o when we want to tell that V is **£>- vector space. □ 

Remark 4.2.6. We extend to vector space and its type convention described in 
remark 2.2.15. For instance, we execute operations in expression 

A**B**v\ 

from left to right. This corresponds to the „*Z)-vector space. However we can 
execute product from right to left. In custom notation this expression is 

\v* tf B**A 



4.3. **D-Basis of Vector Space 
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and corresponds to D% -vector space. Similarly, reading this expression from down 
up we get expression 

A\B\vX 

corresponding to **D- vector space. □ 
4.3. **Z)-Basis of Vector Space 

Definition 4.3.1. Vectors Ai, i £ I, of **D-vcctor space V are **£>-linearly 
independent if c = follows from the equation 

A**c = 

Otherwise vectors Ai are **D-linearly dependent. □ 

Definition 4.3.2. We call set of vectors e = (ej, i £ I) a **Z3-basis for vector 
space if vectors ej are **-D-linearly independent and adding to this system any 
other vector we get a new system which is „«*Z?-linearly dependent. □ 

Theorem 4.3.3. Ife is a ^'D-basis of vector space V then any vector v £ V has 
one and only one expansion 

(4.3.1) V=e**v 
relative to this ** D -basis. 

Proof. Because system of vectors 5j is a maximal set of **Z?-linearly indepen- 
dent vectors the system of vectors v, e, is D**-linearly dependent and in equation 

(4.3.2) vb + e**c = 
at least b is different from 0. Then equation 

(4.3.3) v = e^i-cb- 1 ) 

follows from (4.3.2). (4.3.1) follows from (4.3.3). 
Assume we get another expansion 

(4.3.4) u = e*V 
We subtract (4.3.1) from (4.3.4) and get 

= e**(v'-v) 
Because vectors e, are **£>-hnearly independent we get 

v — v = 

□ 

Definition 4.3.4. We call the matrix v in expansion (4.3.1) coordinate matrix 
of vector V in „*D-basis e and we call its elements coordinates of vector v in 
st *Z)-basis e. □ 

Theorem 4.3.5. Set of coordinates a of vector a relative **D-basis e forms ** D- 
vector space D n isomorphic ** D-vector space V . This ** D-vector space is called 
coordinate >t *Z?-vector space. This isomorphism is called coordinate ** D- 
isomorphism. 
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Proof. Suppose vectors a and b € V have expansion 

a = e**a 
b = e**b 

relative basis e. Then 

a + b = e**a + ~e**b = e**(a + b) 

am = (e**a)m = e»*(ma) 
for any m £ D. Thus, operations in a vector space are defined by coordinates 

\a + b) = l a + l b 

l (am) = l am 

This completes the proof. □ 

Example 4.3.6. Let e = (ei,i £ I, \I\ = n) be a **Z?-basis of vector space D n . 
The coordinate matrix 

/ 'a 



a 



(*a, i e I) 



\ 



of vector a in st *Z?-basis e is called **D- vector. 4 2 We call vector space D n '-rows 
**Z)-vector space. 

Let *-row 

(4-3.5) A=(M ... A m ) = (Aj,j e J) 

be set of vectors. Vectors ^4^ have expansion 

.Aj = Aj 

If we substitute coordinate matrices of vectors Aj in the matrix (4.3.5) we get 
matrix 

/ / \ / U m \ \ /Mi ... M„ 



.4 



(%0 



\ V n A 1 J \ n A m j j \ n A\ ... n A„ 

We call the matrix A coordinate matrix of set of vectors (Aj , j G J) in basis 
e and we call its elements coordinates of set of vectors (Aj,j £ J) in basis e. 
*-Row 

7 = (7i - 7n ) =(7j,jei) 

represents the **D-basis / of '-rows vector space Z? n . We tell that coordinate 
matrix / of set of vectors (fj,j€l) defines coordinates '/j of basis / relative 
basis e. □ 



**D-vector is an analogue of column vector. We can also call it *-row D*- vector. 



4.3. **D-Basis of Vector Space 
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Example 4.3.7. Let e = ( J e, j G J, | J = m) be a Z?**-basis of vector space D n 
The coordinate matrix 



( ai ... a m ) = (a,-, j £ J) 



of vector a in Z?„*-basis e is called D**-vector. 4 3 We call vector space D n ,-rows 
D**-vector space. 

Let *-row 

/ l A 



(4.3.6) A = 

\ n A 

be set of vectors. Vectors % A have expansion 



If we substitute coordinate matrices of vectors l A in the matrix (4.3.6) we get 
matrix 



/ ( 1 A 1 ... M m ) \ 



.4 



V ( "At ... n A m ) j 



1 A 

Sir, 



" 4 , n A 



We call the matrix A coordinate matrix of set of vectors (M, i G M) in basis 
e and we call its elements coordinates of set of vectors ( l A,i G M) in basis e. 
*-Row 

7 = ( 7 - "7 ) =(7,ie J) 



represents the "-basis / of ,-rows vector space D n . We tell that coordinate 
matrix / of set of vectors ( l f,i G J) defines coordinates l fj of basis / relative 
basis e. □ 

Since we express linear composition using matrices we can extend the duality 
principle to the vector space theory. We can write duality principle in one of the 
following forms 

Theorem 4.3.8 (duality principle). Let 21 be true statement about vector spaces. 
If we exchange the same time 

• -vector and D* ^-vector 

• ** D-vector and * *D-vector 

• ** -product and ** -product 
then we soon get true statement. 

Theorem 4.3.9 (duality principle). Let 21 be true statement about vector spaces. 
If we exchange the same time 

• D** -vector and ** D-vector or D* * -vector and * ^.D-vector 

• ** -quasideterminant and * *-quasideterminant 
then we soon get true statement. 



4.3 



D* "-vector is an analogue of row vector. We can also call it ,-row D*- vector 



54 



4. Vector Space over Division Ring 



4.4. **D-Linear Map of Vector Spaces 

Definition 4.4.1. Suppose V is **5-vector space. Suppose U is **T-vector space. 
Morphism 

f-S A:V 

of T*-representations of division ring in Abelian group is called (**S, st *T)-linear 
map of vector spaces. □ 

By theorem 3.2.15 studying (**S I , **T)-linear map we can consider case S = T. 

Definition 4.4.2. Suppose V and W are **£>-vector spaces. We call map 

(4.4.1) A:V^W 
**ZMinear map of vector spaces if 4 - 4 

(4.4.2) ~A(m./a) = A(m)**a 

for any l a G D, m< S V. □ 
Theorem 4.4.3. Lei 

7=(fi,iel) 

be a ** D-basis of vector space V and 

t= (ej,j £ J) 

be a ** D-basis of vector space U. Then ^D-linear map (4.4.1) of vector spaces has 
presentation 

(4.4.3) b = A**a 
relative to selected bases. Here 

• a is coordinate matrix of vector a relative the ** D-basis f 

• b is coordinate matrix of vector 

b = A{a) 

relative the D-basis e 

• A is coordinate matrix of set of vectors (A(fi)) in **D-basis e called 
matrix of **D-linear mapping relative bases f ande 

Proof. Vector a G V has expansion 

a = /**a 

relative to ** D-basis /. Vector b = f(a) € U has expansion 

(4.4.4) b = e**b 

relative to ** D-basis e. 

Since A is a **D-linear map, from (4.4.2) it follows that 

(4.4.5) b = A{a) = A(J**a) = A(J)**a 
A(fi) is also a vector of U and has expansion 

(4.4.6) A(f i )=e**A i = e j j A i 
relative to basis e. Combining (4.4.5) and (4.4.6) we get 

(4.4.7) b = e**A**a 



4.4 



Expression A(m)„*a means expression A{rrii) % a 



4.4. * * D-Linear Map of Vector Spaces 
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(4.4.3) follows from comparison of (4.4.4) and (4.4.7) and theorem 4.3.3. □ 

On the basis of theorem 4.4.3 we identify the **D-linear map (4.4.1) of vector 
spaces and the matrix of its presentation (4.4.3). 

Theorem 4.4.4. Let 

be a ** D-basis of vector space V , 

i= (ej,j e J) 

be a D„* -basis of vector space U, and 

V= (Ml, I G L) 

be a D-basis of vector space W. Suppose diagram of mappings 

v - — 





u 

is commutative diagram where ** D -linear mapping A has presentation 

(4.4.8) b = A**a 

relative to selected bases and «*D-linear mapping B has presentation 

(4.4.9) c = B**b 

relative to selected bases. Then mapping C is ** D-linear mapping and has presen- 
tation 

(4.4.10) c=B**A**a 
relative to selected bases. 

Proof. The mapping C is **£)-linear mapping because 
C**(/**a) = (^4* *£?)**(/** a) 
= .B**(^4**(/**a)) 

= B,*(e.*(A.*a)) 
= 5**(-B»*(A**a)) 
= g**((B**A) t *a) 
= g**(C**a) 

Equation (4.4.10) follows from substituting (4.4.8) into (4.4.9). □ 
Presenting **Z?-lincar map as **-product we can rewrite (4.4.2) as 

(4.4.11) A**{ak) = (A**a)k 

We can express the statement of the theorem 4.4.4 in the next form 

(4.4.12) B**(A**a) = (B**A)**a 

Equations (4.4.11) and (4.4.12) represent the associative law for **D-linear 
maps of vector spaces. This allows us writing of such expressions without using 
of brackets. 
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Equation (4.4.3) is coordinate notation for **Z?-linear map. Based theorem 
4.4.3 non coordinate notation also can be expressed using **-product 

(4.4.13) b = X*a = 2"**/**a = e**A**a 

If we substitute equation (4.4.13) into theorem 4.4.4, then we get chain of equations 

c = B**b = B**e**b = g**B**b 

c = B**A~**a = 5**3**/**a = g**B**A**a 

Remark 4.4.5. One can easily see from the an example of **D-linear map how 
theorem 3.2.15 makes our reasoning simpler in study of the morphism of T*-rep- 
resentations of fi-algebra. In the framework of this remark, we agree to call the 
theory of »*Z?-linear mappings reduced theory, and theory stated in this remark is 
called enhanced theory. 

Suppose V is **£- vector space. Suppose U is **T-vector space. Suppose 

r:S >■ T A:V *-U 

is (**S, **T)-linear map of vector spaces. Let 

7 = (7<,<gj) 

be a * * S'-basis of vector space V and 

f=(ej,j 6 J) 

be a **T-basis of vector space U. 

From definitions 4.4.1 and 3.2.2 it follows 

(4.4.14) b = A(a) = A(f**a) = A(f)**r{a) 
A(fi) is also a vector of U and has expansion 

(4.4.15) A(f i )=e Ms *A i = e j j A i 
relative to basis e. Combining (4.4.14) and (4.4.15), we get 

(4.4.16) b = e**A**r(a) 
Suppose W is **Z?-vector space. Suppose 

p:T *- D B :U *~W 

is (**T, „*D)-linear map of vector spaces. Let 

be **Z?-basis of vector space W. Then, according to (4.4.16), the product of 
(**£, **T)-linear map (r,A) and (**T, »*D)-lincar map (p,B) has form 

(4.4.17) c = K*B**p(A) t *pr(a) 

Comparison of equations (4.4.10) and (4.4.17) that extended theory of linear maps 
is more complicated then reduced theory. 

If we need we can use extended theory, however we will not get new results 
comparing with reduced theory. At the same time plenty of details makes picture 
less clear and demands permanent attention. □ 
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4.5. System of **Z?-Linear Equations 

Definition 4.5.1. Let V be a **£)-vector space and {Ai G V,i € /} be set of 
vectors. **_D-linear span in vector space is set span(A ; ,i G /) of vectors **_D- 
linearly dependent on vectors Ai. □ 

Theorem 4.5.2. Let span(Ai,i G /) be **D-linear span in vector space V . Then 
span(Ai,i G /) is subspace of V . 

PROOF. Suppose 

b G span(Ai, i G I) 
c G span(yli, i G /) 

According to definition 4.5.1 

b = A**b 
c == -A* c 

Then 

b + c = A**b + A**c = Z**(6 + c) G span(A;,i G 7") 

6fc = (A„*fe)fc = A»*(6fc) G span(A,i G I) 

This proves the statement. □ 

Example 4.5.3. Let V be a **D-vector space and *-row 

A = ( Ai ... 3 n ) = G /) 

be set of vectors. To answer the question of whether vector b G span(A, i G I) we 
write linear equation 

(4.5.1) b = A t *x 

where 



is *-row of unknown coefficients of expansion. b G span(A,i G 7) if equation 

(4.5.1) has a solution. Suppose / = (fj,j G J) is a »*D-basis. Then vectors b, 
Ai have expansion 

(4.5.2) b = K*J 

(4.5.3) ^i=7SAi 

If we substitute (4.5.2) and (4.5.3) into (4.5.1) we get 

(4.5.4) =7**4**0; 

Applying theorem 4.3.3 to (4.5.4) we get system of **Z?-linear equations 

(4.5.5) A**x = b 
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We can write system of **Z3-lincar equations (4.5.5) in one of the next forms 

1 A 

Sir, 



\ m A 1 



(4.5.6) 



1 A 
j Ai 



1 x 







( *b \ 


V 










\ m b J 


l x = 


j b 




+ 1 A n n x -- 


= l b 


| rn 


A n n X - 


-- m b 



□ 



Example 4.5.4. Let V be a £>»*-vector space and *-row 

/ 'A 

A = 



{>A,j e J) 



\ m A 



be set of vectors. To answer the question of whether vector b G span^ A, j G J) 
we write linear equation 

(4.5.7) b = x**A 

where 

X ^ X\ ... Xjn ^ 

is „-row of unknown coefficients of expansion. b G span^ A, j G J) if equation 

(4.5.7) has a solution. Suppose / = (*/, i £ I) is a £>»*-basis. Then vectors b, j A 
have expansion 

(4.5.8) b = K*J 

(4.5.9) j A = j A**J 

If we substitute (4.5.8) and (4.5.9) into (4.5.7) we get 

(4.5.10) b**J = x**A**J 

Applying theorem 4.3.3 to (4.5.10) we get system of £>**-linear equations 4 5 

(4.5.11) x*A = b 

We can write system of _D**-linear equations (4.5.11) in one of the next forms 

/ X A X ... M„ \ 
( xi ... x m ) ** = ( bi ... b n ) 



l Ai 



1 A 7 - 



(4.5.12) 



Xj ^ Ai — b{ 



45 Reading system of **D-linear equations (4.5.5) from bottom up and from left to right we get 
system of D%-fincar equations (4.5.11). 
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o!) 



Xl 



Ml 



•''1 



1 A 

Sin 



l A 1 



□ 



Definition 4.5.5. If n x n matrix A has **-inverse matrix we call such matrix **- 
nonsingular matrix. Otherwise, we call such matrix **-singular matrix. □ 

Definition 4.5.6. Suppose A is »*-nonsingular matrix. We call appropriate system 
of **D-lincar equations 

(4.5.13) A**x = b 

nonsingular system of »*Z?-linear equations. □ 

Theorem 4.5.7. Solution of nonsingular system of ** D -linear equations (4.5.13) 
is determined uniquely and can be presented in either form 1 ' 6 

(4.5.14) x = A- u \*b 

(4.5.15) x = i?det (A, **)»*& 

Proof. Multiplying both sides of equation (4.5.13) from left by A^ 1 * we 
get (4.5.14). Using definition (2.3.12) we get (4.5.15). Since theorem (2.2.16) the 
solution is unique. □ 



4.6. Rank of Matrix 
Definition 4.6.1. Matrix 4 7 S A T is a minor of an order k. 



□ 



Definition 4.6.2. If minor s At is ** -nonsingular matrix then we say that **-rank 
of matrix A is not less then k. **-rank of matrix A 

rank,* A 

is the maximal value of k. We call an appropriate minor the **-major minor. □ 

singular matrix and minor s At be major 



Theorem 4.6.3. Let matrix A be 
minor. Then 

(4.6.1) p detf Su{p} A 



TU{r}> ■ 



= 



4.6 We 

can see a solution of system (4.5.13) in theorem [7J-1.6.1. I repeat this statement because 
I slightly changed the notation. 

4 ' 7 In this section, we will make the following assumption. 

• i e M, \M\ = m, j € N, \N\ = n. 

• A = ( l Aj) is an arbitrary matrix. 

• fc, s e S 3 M, i, t e T 3 N, k = \S\ = \T\. 

• peM\S, r€N\T. 



(ill 
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Proof. To understand why minor Su "fp} Atum does not have **-inverse ma- 
trix, we assume that it has the **-inverse matrix and write down the respective 
system (2.3.2), (2.3.3). We assume i = r, j = p and will try to solve this system. 
Assume 

(4.6.2) B = Su{p} A Tu{r} 
Than we get system 

(4.6.3) s B T „* T B- 1 '* p + s B r r B- u * p = 

(4.6.4) p B Tt * T B~ u ' p + p B r r B- u ' p = 1 
We multiply (4.6.3) by ( s Br)- 1 '* 

(4.6.5) T B~ U ' P + ( s B T )- u \* s B r r B~ u \ = 
Now we can substitute (4.6.5) into (4.6.4) 

(4.6.6) - p B T **{ S B T )- l '\* s B r r B~ u ' " p + p B r r B- u " p = 1 
From (4.6.6) it follows that 

(4.6.7) { p B r ~PB T **( s B T )- u \* s B r ) r B- u ' p = l 

Expression in brackets is quasidctcrminant p dot (_B, **)_. Substituting this expres- 
sion into (4.6.7), we get 

(4.6.8) p det{B,**) r r B- u \ = l 

Thus we proved that quasidctcrminant p det (£?,»*) is defined and its equation to 
is necessary and sufficient condition that the matrix B is singular. Since (4.6.2) 
the statement of theorem is proved. □ 

Theorem 4.6.4. Suppose A is a matrix, 

rank^* A = k < m 

and s At is ** -major minor. Then *-row P A is a D** -linear composition of * -rows 



S A. 

(4.6.9) MX > S A = R** S A 

(4.6.10) p A = p R** s A 

(4.6.11) p A b = p R s s A b 



Proof. If a number of *-rows is k then assuming that *-row v A is a Z?**-linear 
combination (4.6.10) of *-rows S A with coefficients P R S we get system (4.6.11). 
According to theorem 4.5.7 this system has a unique solution 4 ' 9 and it is nontrivial 
because all »*-quasidctcrminants arc different from 0. 

4 ®It is natural to expect relationship between ** -singularity of the matrix and its * * -quasideter- 
minant similar to relationship which is known in commutative case. However **-quasideterminant 
is defined not always. For instance, it is not defined when * "-inverse matrix has too much elements 
equal 0. As it follows from this theorem, the * "-quasidctcrminant is undefined also in case when 
**-rank of the matrix is less then n — 1. 

4 9 We assume that unknown variables are x„ = P R S 
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It remains to prove this statement in case when a number of *-rows is more 
then k. I get »-row p A and *-row A r . According to assumption minor su w Aj>\j{r} 
is a **-singular matrix and its **-quasidetcrminant 

(4.6.12) fdet( Su ^U TuW ,/) r = 

According to (2.3.14) the equation (4.6.12) has form 

p A r - p A T **(( s A T )- u *)** s A r = 

Matrix 

(4.6.13) p R = p A T **(( s A T )- 1 '*) 
do not depend on r, Therefore, for any r £ N \ T 

(4.6.14) p A r = p R r * s A r 
From equation 

(( s A T )-^)^ s A l = T S l 

it follows that 

(4.6.15) p A l = p At** t Si = p A T **(( s A T )- 1 '*y s A l 
Substituting (4.6.13) into (4.6.15) we get 

(4.6.16) p A l = p R** s A l 

(4.6.14) and (4.6.16) finish the proof. □ 

Corollary 4.6.5. Suppose A is a matrix, rank t « A = k < m. Then *-rows of the 
matrix are D \* -linearly dependent. 

(4.6.17) A**A = 

Proof. Suppose *-row P A is a D**-lincar composition (4.6.10). We assume 
X p = — 1, A s = P R S and the rest A c = 0. □ 

Theorem 4.6.6. Let ( l A,i G M, \M\ = m) be set of D** -linear independent 
vectors. Then ** -rank of their coordinate matrix equal m. 

Proof. According to model built in example 4.3.7, the coordinate matrix of set 
of vectors ( l A) relative basis e consists from *-rows which arc coordinate matrices 
of vectors % A relative the basis e. Therefore **-rank of this matrix cannot be more 
then m. 

Let **-rank of the coordinate matrix be less then m. According to corollary 
4.6.5 *-rows of matrix are £>H.*-linear dependent. Let us multiply both parts of 
equation (4.6.17) over *-row e. Suppose c = A»*A Then we get that Z?**-lincar 
composition 

c**e = 

of vectors of basis equal 0. This contradicts to statement that vectors e form basis. 
We proved statement of theorem. □ 
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Theorem 4.6.7. Suppose A is a matrix, 

rank t * A — k < n 

ana S A T is ** -major minor. Then * -row A r is a D-linear composition of * -rows 
A t 

(4.6.18) A N \ T = At** R 

(4.6.19) A r = A T **Rr 

(4.6.20) a A r = a A t t R r 

Proof. If a number of *-rows is k then assuming that *-row A r is a ** D- 
linear combination (4.6.19) of *-rows A t with coefficients l R r we get system (4.6.20). 
According to theorem 4.5.7 this system has a unique solution 410 and it is nontrivial 
because all **-quasidetcrminants are different from 0. 

It remains to prove this statement in case when a number of *-rows is more 
then k. I get *-row A r and *-row P A. According to assumption minor Su ^ A Tu r r y 
is a -singular matrix and its i?C-quasidcterminant 

(4.6.21) Pdet( Su WA TU{r} ,**) r = 
According to (2.3.14) (4.6.21) has form 

p A r - vA T **{{ s A T )- u ')** s A r = 

Matrix 

(4.6.22) R r = (( 5 A T )- 1 **) >t * s A 
do not depend on p, Therefore, for any p £ M \ S 

(4.6.23) p A r = p A T **R r 
From equation 

k A T **{{ s A T )- 1 *') s = k 5 s 

it follows that 

(4.6.24) k A r = k 6 s ** s A r = k A T **(( s A T )- u ') s t * s A r 
Substituting (4.6.22) into (4.6.24) we get 

(4.6.25) k A r = k A T **R r 

(4.6.23) and (4.6.25) finish the proof. □ 

Corollary 4.6.8. Suppose A is a matrix, rank^. A = k < m. Then *-rows of the 
matrix are **D -linearly dependent. 

A**\ = 

Proof. Suppose *-row A r is a right linear composition (4.6.19). We assume 
r A = -1, *A = *i? r and the rest C A = 0. □ 

Base on theorem 2.3.9 we can write similar statements for %-rank of matrix. 



We assume that unknown variables are tic = t R 
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Theorem 4.6.9. Suppose A is a matrix, 

rank» t A = k < m 

ana T A S is * it-major minor. Then *-row A p is a * *D-linear composition of * -rows 
A s . 

(4.6.26) A M \ S = A S %R 

(4.6.27) A p = A S %R P 

(4.6.28) b A p = b A s S R P 

Corollary 4.6.10. Suppose A is a matrix, rank», A = k < m. Then *-rows of 
matrix are * *D '-linearly dependent. 

A%\ = 

Theorem 4.6.11. Suppose A is a matrix, 

rank.^ A = k < n 

ana T A S is * if-major minor. Then * -row r A is a D* „ -linear composition of * -rows 
tA 

(4.6.29) N \ T A = R\ T A 

(4.6.30) r A = r R*+ T A 

(4.6.31) r A a = r R l t A a 

Corollary 4.6.12. Suppose A is a matrix, rank« t a = k < m. Then *-rows of 
matrix are D* * -linearly dependent. 

\**A = 

4.7. System of **Z3-Linear Equations 

Definition 4.7.1. Suppose 4 7 A is a matrix of system of -D* "-linear equations 
(4.5.12). We call matrix 



(4.7.1) 



3 Ai 





■ l A n \ 


"Mi . 


m A 
Sin 


V h . 


■ b n ) 



an extended matrix of this system. □ 

Definition 4.7.2. Suppose 4 7 A is a matrix of system of **Z}-linear equations 
(4.5.6). We call matrix 

1A 1 ... 



(4.7.2) ( a 



A b „b = 




an extended matrix of this system. □ 
Theorem 4.7.3. System of ** D -linear equations (4.5.6) has a solution iff 
(4.7.3) rank,. (M*) = rank,. (Mi ^bj 
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Proof. Let At be **-major minor of matrix A. 

Let a system of **D-linear equations (4.5.6) have solution l x = l d. Then 

(4.7.4) A**d = 6 
Equation (4.7.4) can be rewritten in form 

(4.7.5) A T ** T d + A N \ T ** N ^ T d = b 
Substituting (4.6.18) into (4.7.5) we get 

(4.7.6) A T ** T d + A T **R** N \ T d=b 

From (4.7.6) it follows that *-row b is a **Z?-lincar combination of *-rows At 

A T **( T d + R** N \ T d) = b 

This holds equation (4.7.3). 

It remains to prove that an existence of solution of system of **_D-lincar equa- 
tions (4.5.6) follows from (4.7.3). Holding (4.7.3) means that At is **-major minor 
of extended matrix as well. From theorem 4.6.7 it follows that *-row b is a 
linear composition of *-rows At 

b = At** t R 

Assigning r R = we get 

b = A**R 

Therefore, we found at least one solution of system of **.D-linear equations (4.5.6). 

□ 

Theorem 4.7.4. Suppose (4.5.6) is a system of „*D-linear equations satisfying 
(4.7.3). If rank,,. A = k < m then solution of the system depends on arbitrary 
values of m — k variables not included into ** -major minor. 

Proof. Let s At be **-major minor of matrix a. Suppose 

(4.7.7) p A,*x = p b 

is an equation with number p. Applying theorem 4.6.4 to extended matrix (4.7.1) 
we get 

(4.7.8) p A = P R„* S A 

(4.7.9) p b = p R** s b 
Substituting (4.7.8) and (4.7.9) into (4.7.7) we get 

(4.7.10) p R** s A**x = p R„* s b 

(4.7.10) means that we can exclude equation (4.7.7) from system (4.5.6) and the 
new system is equivalent to the old one. Therefore, a number of equations can be 
reduced to k. 

At this point, we have two choices. If the number of variables is also k then 
according to theorem 4.5.7 the system has unique solution (4.5.15). If the number 
of variables m > k then we can move m — k variables that are not included into **- 
major minor into right side. Giving arbitrary values to these variables, we determine 
value of the right side and for this value we get a unique solution according to 
theorem 4.5.7. □ 
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Corollary 4.7.5. System of ** D -linear equations (4.5.6) has a unique solution iff 
its matrix is nonsingular. □ 

Theorem 4.7.6. Solutions of a homogenous system of ** D '-linear equations 
(4.7.11) A**x = 

form a **D -vector space. 

Proof. Let X be set of solutions of system of **D-linear equations (4.7.11). 
Suppose x = ( a x) 6 X and y = ( a y) <G X Then 

x a a a b = 

y a a a b = 

Therefore 

l Aj ( j x + j y) = l Aj j x + { Aj J y = 
x + y = ( ] x + J y) E ~X 

The same way we see 

% ( j xb) = CAj j x)b = 
xb = { ] xb) e X 

According to definition 4.1.4 X is a **Z?-vector space. □ 

4.8. Nonsingular Matrix 

Suppose A is nxn matrix. Corollaries 4.6.5 and 4.6.8 tell us that if rank^. A < n 
then *-rows are -D**-linearly dependent and *-rows are **Z)-linearly dependent. 411 

Theorem 4.8.1. Let A be nxn matrix and * -row A r be a **D-linear combination 
of other *-rows. Then rank t » A < n. 

Proof. The statement that *-row A r is a **D-linear combination of other *- 
rows means that system of **Z?-lincar equations 

A r = At r -ii, X 

has at least one solution. According theorem 4.7.3 

rank^. A = rank t » A\ r i 

Since a number of *-rows is less then n we get rank t » A[r] < n. □ 

Theorem 4.8.2. Let A be nxn matrix and *-row p A be a D** -linear combination 
of other *-rows. Then rank t » A < n. 

Proof. Proof of statement is similar to proof of theorem 4.8.1 □ 

Theorem 4.8.3. Suppose A and B are nxn matrices and 

(4.8.1) C = A t *B 

C is * * -singular matrix iff either matrix A or matrix B is * * -singular matrix. 



4.11 



This statement is similar to proposition [8J-1.2.5. 



66 



4. Vector Space over Division Ring 



Proof. Suppose matrix B is **-singular. According theorem 4.6.7 *-rows of 
matrix B are **D-lincarly dependent. Therefore 

(4.8.2) = 5»*A 
where A ^ 0. From (4.8.1) and (4.8.2) it follows that 

C**A = A** B „* A = 

According theorem 4.8.1 matrix C is **-singular. 

Suppose matrix B is not * "-singular, but matrix A is * "-singular According to 
theorem 4.6.4 *-rows of matrix A are **£>-linearly dependent. Therefore 

(4.8.3) = A**n 
where fi ^ 0. According to theorem 4.5.7 the system 

B**\ = n 

has only solution where A ^= 0. Therefore 

According to theorem 4.8.1 matrix C is **-singular. 

Suppose matrix C is »*-singular matrix. According to the theorem 4.6.4 *-rows 
of matrix C are **Z?-lincarly dependent. Therefore 

(4.8.4) = C**A 
where A ^ 0. From (4.8.1) and (4.8.4) it follows that 

= A**B**\ 

If 

= B,*X 

satisfied then matrix B is **-singular. Suppose that matrix B is not **-singular. 
Let us introduce 

H = 5»*A 

where /i ^ 0. Then 

(4.8.5) = A**fi 

From (4.8.5) it follows that matrix A is **-singular. □ 

Basing theorem 2.3.9 we can write similar statements for _D%-linear combina- 
tion of *-rows or %D-linear combination of *-rows and %-quasideterminant. 

Theorem 4.8.4. Let A be nx n matrix and * -row r A be a * *,D-linear combination 
of other * -rows. Then rank.^ A < n. 

Theorem 4.8.5. Let A be nx n matrix and *-row A p be a D* * -linear combination 
of other ^-rows. Then rank*,, A < n. 

Theorem 4.8.6. Suppose A and B are n x n matrices and C = A*^B. C is %- 
singular matrix iff either matrix A or matrix B is * * -singular matrix. 

Definition 4.8.7. ^-matrix group GL' n D is a group of **-nonsingular matrices 
where we define »*-product of matrices (2.2.1) and **-inverse matrix A -1 * . □ 

Definition 4.8.8. %-matrix group GL n * D is a group of *»-nonsingular matrices 
where we define **-product of matrices (2.2.2) and %-inverse matrix A -1 *. □ 
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Theorem 4.8.9. 

GL* n ' D jt GL n * D 

Remark 4.8.10. From theorem (2.3.11) it follows that there are matrices which 
arc %-nonsingular and **-nonsingular. Theorem 4.8.9 implies that sets of %-non- 
singular matrices and ** -nonsingular matrices are not identical. For instance, there 
exists such **-nonsingular matrix which is %-singular matrix. □ 

Proof. It is enough to prove this statement for n = 2. Assume every %- 
singular matrix 

is **-singular matrix. It follows from theorem 4.6.4 and theorem 4.6.7 that **- 
singular matrix satisfies to condition 

(4.8.7) l A 2 = b 1 A 1 

(4.8.8) 2 A 2 = b 2 A X 

(4.8.9) 2 A x = 1 A 1 c 

(4.8.10) 2 A 2 = x A 2 c 
If wc substitute (4.8.9) into (4.8.8) we get 

2 A 2 = b 1 A 1 c 

b and c are arbitrary elements of division ring D and ** -singular matrix matrix 
(4.8.6) has form (d = 1 A 1 ) 




(4.8.11) A 

The similar way we can show that % -singular matrix has form 

( d c'd\ 

(4.8.12) A 



db' c'db'J 

From assumption it follows that (4.8.12) and (4.8.11) represent the same matrix. 
Comparing (4.8.12) and (4.8.11) we get that for every d,c£ D exists such c' G D 
which does not depend on d and satisfies equation 

dc = c'd 

This contradicts the fact that D is division ring. □ 

Example 4.8.11. Since we get division ring of quaternions we assume b = 1 + k, 
c — j, d = k. Then we get 



A 



k kj 
(1 + k)k (1 + k)kj 




! det(A**) 2 = 2 ^2- 2 A 1 ( 1 ^l 1 )- 1 l A 2 

= -i-j-(k- mr^-i) = -i -j-(k- i)(-k)(-i) 

= —i — j — kki + ki = —i — j + i + j 
= 



68 4. Vector Space over Division Ring 



i det {A, = iA L - 1 A\ 2 A')- L 2 A L 

= k-(k- i)H - = *-(*- + i)H) 

= fc + -((fe - 1)?: + (k — = k + -(hi - * + kj - j)i 

= k + -(j-i-i- j)i = k-ii 
= k + l 

tdet (A,%f = X A 2 - xA^zA 1 )- 1 2A 2 

= k-l - k(-i)~ 1 (-i - j) =k - l + ki(i + j) 
= k- l+j(i+j) = k- l+ji + jj 
= k-l-k-1 

= -2 

2 det (A**) 1 =2A 1 - 2 A 2 ( 1 A 2 )- 1 iA 1 

= (-») - H - - = -*+ (* + - 1)* 

= -i - -(* + + l)fc = -i --(ik + i + jk + j)k 

= — i — — (— j + i + i + = —i — ik 
= -i + j 



2 



det(A%) 2 = 2^ 2 - 2 ^ 1 (iA 1 )- 1 X A 2 



(4.8.13) 



= -i - J - (-i)(k)-\k - 1) = -i - j + i(-k)(k - 1) 
= -i-j + j(k - 1) = -i - j + jk - j = -i -j + i-j 
= -2j 

The system of **Z)-lincar equations 

/ k ( 1 b\ 



k — 1 —i — jl \ xl \ b 



has **-singular matrix. We can write the system of **D-hnear equations (4.8.13) 
in the form 

j k 1 x- i 2 x = 1 b 

\ (jfe-l) 1 ^- (i+j) 2 x= 2 b 
The system of %D-lincar equations 

(4.8.14) ^.Wx* 2 x) = ( l6 2 6 
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has %-nonsingular matrix. We can write the system of %Z3-linear equations (4.8.14) 
in the form 



k \x — i \x r 

+ (k-l) 2 x -{i + j) 2 x < 

ib = 2 b < 

The system of D Ht *-linear equations 

k —i 



k ix + (k — 1) 2 x = ib 
-i ix - (i+j) 2 x = 2 b 



(4.8.15) (xi x 2 ) ** [ k _ l 



-1 ~ J , 



has **-singular matrix. We can write the system of D**-linear equations (4.8.15) 
in the form 



(4.8.16) 



xik —X\i 
+ x 2 (k-l) ~x 2 (i+j) 
= hi =b 2 
The system of D%-linear equations 

k -i \ ( l b 



X\k +x 2 (k — 1) = bi 
-xii -x 2 (i+j) = b 2 



1 -i-j \b 



has %-nonsingular matrix. We can write the system of D%-linear equations (4.8.16) 
in the form 

{k 1 x — i 2 x = 1 fe 

(k -l) 1 x-(i + j) 2 x = 2 b 

□ 

4.9. Dimension of Vector Space 

Theorem 4.9.1. Let V be a ** D-vector space. Suppose V has **D-bases e = 
(ei,i £ I) and g = (g~j,j G J). If \I\ and \ J\ are finite numbers then \I\ = \ J\. 

Proof. Suppose |/| = m and \ J\ = n. Suppose 

(4.9.1) m <n 

Because e is a st *Z?-basis any vector ~g~j, j € J has expansion 

bf) = ba**e 

Because g is a **£)-basis 

(4.9.2) A = 
should follow from 

~g**\ = e**j4**A = 
Because e is a **£>-basis we get 

(4.9.3) A**\ = 

According to (4.9.1) rank^ A < m and system (4.9.3) has more variables then 
equations. According to theorem 4.7.4 A / 0. This contradicts statement (4.9.2). 
Therefore, statement m < n is not valid. 

In the same manner we can prove that the statement n < m is not valid. This 
completes the proof of the theorem. □ 



TO 



4. Vector Space over Division Ring 



Definition 4.9.2. We call dimension of **£>- vector space the number of vectors 
in a basis □ 

Theorem 4.9.3. The coordinate matrix of ^D-basis g relative **D-basis e of 
vector space V is ** -nonsingular matrix. 

Proof. According to theorem 4.6.6 **D-rank of the coordinate matrix of basis 
g relative basis e equal to the dimension of vector space. This proves the statement 



of the theorem. □ 

Definition 4.9.4. We call one-to-one map A : V —> W »*£>-isomorphism of 
vector spaces if this map is a **£>-linear map of vector spaces. □ 

Definition 4.9.5. **D-automorphism of vector space V is **£>-isomorphism 
A : V -> V. □ 



Theorem 4.9.6. Suppose that f is a **D-basis of vector space V. Then any **D- 
automorphism A of vector space V has form 

(4.9.4) v' = A**v 

where A is a ** -nonsingular matrix. 

Proof. (4.9.4) follows from theorem 4.4.3. Because A is an isomorphism for 
each vector v' exist one and only one vector v such that v' = v#*A. Therefore, 
system of »*£)-linear equations (4.9.4) has a unique solution. According to corollary 
4.7.5 matrix A is a nonsingular matrix. □ 

Theorem 4.9.7. Automorphisms of D -vector space form a group GL' n D . 

Proof. If we have two automorphisms A and B then we can write 

v' = A**v 

v" =B**v' = B**A**v 

Therefore, the resulting automorphism has matrix A** B. □ 



CHAPTER 5 



**D-Basis Manifold 



5.1. **D-Linear Representation of Group 

Let V be **-D-vector space over division ring D. We proved in the theorem 
4.9.6 that we can identify any **D-automorphism of a vector space V with certain 
matrix. We proved in the theorem 4.9.7 that **£>- automorphisms of vector space 
form a group. When we study a representation in the **D- vector space **Z?-linear 
maps of the vector space interest us. 

Definition 5.1.1. Let V be **D-vector space over division ring D. 51 We call the 
representation / of group G in **Z}-vector space V **Z?-linear T*-representation 
or Z?» "-representation if f(a) is **£)- automorphisms of vector space V for any 
aeG. □ 

Theorem 5.1.2. ** D- automorphisms of vector space form a D-linear covariant 
effective T-k- representation of group GL* n D . 

Proof. If we have two automorphisms A and B then we can write 

v' = A**v 

v" = _B,V = B**A**v 

Therefore, the resulting automorphism has matrix B** A. 

It remains to prove that the kernel of inefficiency consists only of identity. 
Identity transformation satisfies to equation 

l v = l A 3 j v 

Choosing values of coordinates as % v = l Sk where we selected k we get 

(5.1.1) <s k - n k 

From (5.1.1) it follows 

Since k is arbitrary, we get the conclusion A = 5. □ 

Theorem 5.1.3. Let A\ be matrix of ** D-linear map (4.4.1) relative to bases f 
and e and A2 be matrix of this ** D-linear map relative to bases g and h. Suppose 
the basis f has coordinate matrix B relative the basis g of **D -vector space V 

ande has coordinate matrix C relative the basis h of ** D-vector space W 

(5.1.2) t = %*C 



^Studying representation of the group in the t *D-vector space we follow to the agreement 
described in the remark 2.2.15. 
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Then there is relationship between matrices A\ and A 2 

(5.1.3) Ai = C- U \*A 2 **B 
Proof. Vector a e V has expansion 

a = f**a = 7/** B%*a 
relative to bases / and g. Since A is **Z)-linear map, we can write it as 

(5.1.4) b = e**A u *a 

relative to bases / and e and as 

(5.1.5) b = h^*B ir *A 2if *a 

relative to bases g and h. Since theorem 4.9.3 matrix C has **-inverse and from 
equation (5.1.2) it follows that 

(5.1.6) % = %*Cr u * 
Substituting (5.1.6) into equation (5.1.5) we get 

(5.1.7) b = e**C- u \*A 2 **B**a 

From theorem 4.3.3 and comparison of equations (5.1.4) and (5.1.7) it follows that 

(5.1.8) A 1 ,*a = C- 1 '\*A 2 ,*B,*a 

Since vector a is arbitrary vector, from theorem 5.1.2 and equation (5.1.8) statement 
of theorem follows. □ 

Theorem 5.1.4. Let A be automorphism of -vector space. Let A 1 be matrix 
of this automorphism defined relative to basis f and A 2 be matrix of the same 
automorphism defined relative to basis g. Suppose the basis f has coordinate matrix 
B relative the basis g 

7 = %*B 

Then there is relationship between matrices A\ and A 2 

A\ = B 1 * **A 2se *B 
Proof. Statement follows from theorem 5.1.3, because in this case C = B. □ 

5.2. **Z)-Basis Manifold for Vector Space 

Theorem 5.2.1. ** D- automorphism A acting on each vector of ** D -basis of vector 
space maps a ** D-basis into another ** D-basis. 

Proof. Let e be **D-basis of vector space V. According to theorem 4.9.6, 
vector e a maps into a vector e' a 

(5.2.1) e' a = A**e a 

Suppose vectors e' a are **D-linearly dependent. Then A ^ in equation 

(5.2.2) e'»*A = 
From equations (5.2.1) and (5.2.2) it follows that 

A- U \*e'**\ = e,*A = 

and A ^ 0. This contradicts to the statement that vectors e a are **£>-lincarly 
independent. Therefore vectors e' a are **Z)-linearly independent and form basis. □ 
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Thus we can extend a **D-linear covariant T-k- representation of the group 
GL* n D to the set of **D-bases. Transformation of this T^-representation is called 
active transformation because the **£>-linear map of the vector space induced 
this transformation ([6]). Since a **D-lincar operation is not defined on the **£>- 
basis manifold the active transformation is not a **_D-linear transformation. Ac- 
cording to definition we write the action of the transformation A £ GL* n D on the 
**D-basis e as A**e. Homomorphism of the group G into the group GL* n D of 
active transformations is called active *T-representation. 

Theorem 5.2.2. Active Tk -representation of group GL* n D on the set of ** D-bases 
is single transitive representation. 

Proof. To prove this theorem it is sufficient to show that at least one trans- 
formation of T-k- representation is defined for any two ** D-bases and this transfor- 
mation is unique. „*D- homomorphism A operating on **Z?-basis e has form 

9i = A* ei 

where gi is coordinate matrix of vector and is coordinate matrix of vector 
relative **Z)-basis h. Therefore, coordinate matrix of image of **D-basis equal to 
product of coordinate matrix of original **_D-basis over matrix of automor- 
phism 

g = A**e 

Since the theorem 4.9.3, matrices g and e are nonsingular. Therefore, matrix 

A = g**e~ u * 

is the matrix of ** D- automorphism mapping **£>-basis e to **Z)-basis g. 
Suppose elements g±, gi of group G and **-D-basis e satisfy equation 

(5.2.3) gi**e = g 2 **e 

Since theorems 4.9.3 and 2.2.16 we get g\ = 172. This proves statement of theorem. 

□ 

Let us define an additional structure on vector space V. Then not every **£>- 
linear map keeps properties of the selected structure. In this case we need sub- 
group G of the group GL>* D „*D-linear maps from which hold properties of the 
selected structure. We usually call group G symmetry group. Without loss of 
generality we identify element g of group G with corresponding transformation of 
representation and write its action on vector V G V as g**v. 

Not every two bases can be mapped by a v from the symmetry group because 
not every nonsingular linear transformation belongs to the representation of group 
G. Therefore, we can represent the set of bases as a union of orbits of group G. 

Definition 5.2.3. We call orbit G**e of the selected basis e the basis manifold 
B(F, G) of **£>- vector space V. □ 

Theorem 5.2.4. Active Tk-representation of group G on basis manifold is single 
transitive representation. 



Proof. This is corollary of theorem 5.2.2 and definition 5.2.3. 



□ 
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Theorem 5.2.4 means that the basis manifold B(V, G) is a homogenous space of 
group G. According to theorem 3.5.13 *T-representation, commuting with active, 
exists on the basis manifold. As we see from remark 3.5.14 transformation of -kT- 
representation is different from an active transformation and cannot be reduced to 
transformation of space V. To emphasize the difference this transformation is called 
a passive transformation of basis manifold B(V, G) and the *T-representation 
is called passive *T-representation. According to the definition we write the 
passive transformation, dchncd by element A G G, of basis e as e** A. 

Remark 5.2.5. I show samples of active and passive representations in table 5.2.1. 

□ 



Table 5.2.1. Active and Passive Representations 



Vector space 


Group of 


Active 


Passive 




Representation 


Representation 


Representation 


vector space 


GL* n D 


Tk- 


■kT- 


**£>- vector space 


GL* n " D 


T-k- 


*T- 


D**-vector space 


GL* n D 


*T- 


T-k- 


D**-vector space 


GL n - D 


*T- 


T-k- 



According to theorem 3.5.7 we can introduce on B(V, G) two types of coor- 
dinates dchncd on group G. Since we defined two representations of group G on 
B(V, G), we use passive *T-representation to define coordinates. Our choice is 
based on the following theorem. 

Theorem 5.2.6. The coordinate matrix of **D-basis g relative **D-basis e of 
vector space V is idenical with the matrix of passive transformation mapping „*D- 
basis e to „*D -basis g. 

Proof. According to model described in the example 4.3.6, the coordinate 
matrix of „*£>-basis ~g relative »*D-basis e consist from *-rows which are coordinate 
matrices of vectors ~g~i relative the **D-basis e. Therefore, 

(5.2.4) gi=e* gi 

At the same time the passive transformation A mapping one **D-basis to another 
has a form 

(5.2.5) g~i = e**Ai 
Since theorem 4.3.3, 

gi = Ai 

for any i. This proves the theorem. □ 

Coordinates of representation are called standard coordinates of **Z)-basis. 
This point of view allows introduction of two types of coordinates for element g 
of group G. We can either use coordinates defined on the group, or introduce 
coordinates as elements of the matrix of the corresponding transformation. The 
former type of coordinates is more effective when we study properties of group G. 
The latter type of coordinates contains redundant data; however, it may be more 
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convenient when we study representation of group G. The latter type of coordinates 
is called coordinates of representation. 

5.3. Geometric Object of **£)- Vector Space 

An active transformation changes **Z?-bases and vectors uniformly and coordi- 
nates of vector relative »*Z?-basis do not change. A passive transformation changes 
only the **D-basis and it leads to change of coordinates of vector relative to * *D- 
basis. 

Let passive transformation A 6 G maps **D-basis e € B(V, G) into **D-basis 
W e B(V, G) 

(5.3.1) e' = e.M 
Let vector TJ S V have expansion 

(5.3.2) v = e**v 
relative to **D-basis e and have expansion 

(5.3.3) v = e**v 

relative to **Z)-basis e'. From (5.3.1) and (5.3.3) it follows that 

(5.3.4) v = e**At,*v' 
Comparing (5.3.2) and (5.3.4) we get 

(5.3.5) v = A**v' 
Because A is * *-nonsingular matrix we get from (5.3.5) 

(5.3.6) v'=A- u \*v 

Coordinate transformation (5.3.6) does not depend on vector V or basis e, but is 
defined only by coordinates of vector V relative to basis e. 

Theorem 5.3.1. Coordinate transformations (5.3.6) form contravariant effective 
**D-linear T-k-representation of group GL* n D which is called coordinate repre- 
sentation in **Z?-vector space. 

Proof. Suppose we have two consecutive passive transformations A and B. 
Coordinate transformation (5.3.6) corresponds to passive transformation A. Coor- 
dinate transformation 

(5.3.7) v" = B- u \*v' 

corresponds to passive transformation B. Product of coordinate transformations 
(5.3.6) and (5.3.7) has form 

(5.3.8) v" = B~ 1 '\*A~ 1 *\*v = (A :t *B)~ 1 '\*v 

and is coordinate transformation corresponding to passive transformation A^B. 
It proves that coordinate transformations form contravariant **D-linear T-k- repre- 
sentation of group G. 

Suppose coordinate transformation does not change vectors 8k- Then unit of 
group G corresponds to it because representation is single transitive. Therefore, 
coordinate representation is effective. □ 
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Let »* D-linear map of group G to the group of passive transformations of **.D- 
vector space N be coordinated with symmetry group of **Z)-vector space V. 5 ' 2 
This means that passive transformation A(a) of **D-vector space N corresponds 
to passive transformation A of **D-vector space V. 

(5.3.9) e^ = e^*A(a) 
Then coordinate transformation in N gets form 

(5.3.10) w' = A(a~ u ")**w = A(a)~ u \*w 
Definition 5.3.2. Orbit 

{A(G)- u \*w,ty,*G) 
is called geometric object in coordinate representation defined in **Z)- 
vector space V. For any **£>-basis e'y = ey^*A corresponding point (5.3.10) 
of orbit defines coordinates of geometric object in coordinate „*_D-vector 
space relative **Z}-basis ey. □ 

Definition 5.3.3. Orbit 

(A(G)- u \*w,f^*A(G),fy t *G) 

is called geometric object defined in **D-vector space V. For any »*£)- 
basis e!y = a**e,y corresponding point (5.3.10) of orbit defines coordinates 
of a geometric object in vector space relative to **£>-basis e!y and the 
corresponding vector 

— —/ * / 

w = ejj* w 

is called representative of geometric object in D**-vector space in **D-basis 
1L. □ 

Since a geometric object is an orbit of representation, we see that according to 
theorem 3.4.13 the definition of the geometric object is a proper definition. 
We also say that w is a geometric object of type A 

Definition 5.3.2 introduces a geometric object in coordinate space. We assume 
in definition 5.3.3 that we selected a **£>-basis of vector space W. This allows using 
a representative of the geometric object instead of its coordinates. 

The question how large a diversity of geometric objects is well studied in case 
of vector spaces. However it is not such obvious in case of vector spaces. As 
we can see from table 5.2.1 D**-vector space and **D-vector space have common 
symmetry group GL* n D . This allows study a geometric object in D**-vector space 
when we study passive representation in »*D-vector space. Can we study the same 
time a geometric object in %D- vector space. At first glance, the answer is negative 
based theorem 4.8.9. However, equation 2.2.6 determines required **D-linear map 
between GL' n D and GL n * D . 

Theorem 5.3.4 (invariancc principle). Representative of geometric object does not 
depend on selection of **D-basis e^. 



^' 2 We use the same notation for type of vector space for vector spaces N and V. However their 
type may be different. 
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Proof. To define representative of geometric object, we need to select 
basis ey, **£>-basis e-^ and coordinates of geometric object w a . Corresponding 
representative of geometric object has form 

w = e w «*w 

Suppose we map **-D-basis ey to »*D-basis by passive transformation 

—I — * A 

According building this forms passive transformation (5.3.9) and coordinate trans- 
formation (5.3.10). Corresponding representative of geometric object has form 

w' = e^7**w' = e w „*A(a)^*A(ay 1 ^*w = e w **w = w 

Therefore representative of geometric object is invariant relative selection of basis. 

□ 

Definition 5.3.5. Let 

wi = 

w 2 = e w **w 2 

be geometric objects of the same type defined in **Z?-vector space V. Geometric 
object 

w = e w **{wi + w 2 ) 

is called sum 

w = Wi + W 2 

of geometric objects Wi and w 2 - □ 
Definition 5.3.6. Let 

wi = e w **wi 

be geometric object defined in **£>-vector space V. Geometric object 

w 2 = e w **{kwi) 

is called product 

u>2 = kwi 

of geometric object w\ and constant k e D. □ 

Theorem 5.3.7. Geometric objects of type A defined in D-vector space V form 
D-vector space. 

Proof. The statement of the theorem follows from immediate verification of 
the properties of vector space. □ 



CHAPTER 6 



/D-Linear Map 

6.1. **L>-Linear Map 

In this subsection we assume V, W are **£>-vector spaces. 
Definition 6.1.1. Let us denote by £(**£>; V; W) set of **Z?-linear maps 

A:V -^W 

of »*Z?-vector space V into **D-vector space W. Let us denote by £(£>**; V; W) 
set of D**-linear maps 

1:74 W 

of -D* "-vector space V into Z?** -vector space W. □ 

We can consider division ring D as **_D- vector space of dimension 1. Corre- 
spondingly we can consider set £(£>**; D; W) and £(**£>; V; D). 

Definition 6.1.2. Let us denote by £(*T; S; R) set of *T-representations of divi- 
sion ring S in additive group of division ring R. Let us denote by C(T*\ S\ R) set 
of T*-representations of division ring S in additive group of division ring R. □ 

Theorem 6.1.3. Suppose V, W are **D-vector spaces. Then set C{**D; V; W) is 
an Abelian group relative composition law 

(6.1.1) (A + B)**x = A**x + B**x 

Proof. We need to show that map 

A + B-.V^-W 

defined by equation (6.1.1) is **D-linear map of **Z?-vector spaces. According to 
definition 4.4.2 

B**(x**a) = (B**x)**a 

We see that 

(A + B),*(ax,*) =A,*(a,*x) + B,*(x,*a) 
= (x**A)**a + (x**B)**a 
= (.A* x -\- B* x)* a 
= ((A + B)**x)**a 
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We need to show also that this operation is commutative. 

{A + B)**x = A**x + B**x 
= B* x -\- A* x 
= (B + A)**x 

□ 

Definition 6.1.4. **D-Linear map A + B is called sum of **Z?-linear maps A 

and B. □ 

Theorem 6.1.5. Let f = (fi,i G /) be a ^D-basis in vector space V and 
e = {ej,j G J) be a **D-basis in vector space W. Let A ~ ( J Ai), i G / , j G J , be 
arbitrary matrix. Then map 

A:V 

defined by equation 

b = A** a 

relative to selected **D-bases is a -linear map of vector spaces. 

Proof. Theorem 6.1.5 is inverse statement to theorem 4.4.3. Suppose A„*v — 
e**Ai,*v. Then 

A* *(?;** a) = 'e**A**v**a 
= (A,*v),*a 

□ 

Theorem 6.1.6. Let f = (fi,i £ I) be a ^D-basis in vector space V and 
e = (ej , j G J) be a **D-basis in vector space W . Suppose **D-linear map A has 
matrix A = i 3 Ai), i G / , j G J , relative to selected ** D-bases. Let m G D. Then 
matrix 

i (mA) l = m ' J A l 

defines D -linear map 

m~A:V ->• W 

which we call Z?*-product of „*D-linear map A over scalar. 

Proof. The statement of the theorem is corollary of the theorem 6.1.5. □ 
Theorem 6.1.7. Set £(»*£>; V; W) is D** -vector space. 

PROOF. Theorem 6.1.3 states that C(**D; V; W) is an Abelian group. It fol- 
lows from theorem 6.1.6 that element of division ring D defines T*-transformation 
on the Abelian group £(**D; V; W). From theorems 6.1.5, 4.1.1, and 4.1.3 it follows 
that set £(**£>; V; W) is D*- vector space. 

Writing elements of basis D*-vector space £(**£>; V; W) as »-rows or *-rows, 
we represent £>*-vector space £(**-D; V; W) as D%- or **D-vector space. I want 
to stress that choice between D**- and D%-linear combination in D-k- vector space 
£(**£>; V; W) does not depend on type of vector spaces V and W. 

To select the type of vector space £(**£>; V; W) I draw attention to the follow- 
ing observation, let V and W be **D-vector spaces. Suppose £(**£>; V; W) is £)**- 
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vector space. Then we can represent the operation of *-row of **Z?-linear maps 3 A 
on *-row of vectors /, as matrix 

l A\ _ ( 1 A^J 1 ... l A**7 n \ 

.._ **(/! /„)= 

n A) yW/i ». m A**fJ 

This notation is coordinated with matrix notation of action of _D**-hncar combina- 
tion a** A of **Z?-lincar maps A. □ 

We can also define *D-product of „*D-linear map A over scalar. However in 
general we cannot carry this *T-rcprcscntation of division ring D in D-k- vector space 
£(**-D; V; W) into **.D-vector space W. Indeed, in case of ★D-product we get 

(Am)**v = (Am)** = e**(vlm)**v 

Since product in division ring is noncommutative, we cannot express this expression 
as product of A* *v over m. 
Ambiguity of notation 

is corollary of theorem 6.1.7. We may assume that meaning of this notation is clear 
from the text. To make notation more clear we will use brackets. Expression 

w = [m**A}**v 

means that Z)**-hnear composition of **D-linear maps 1 A maps the vector 77 to the 
vector 777. Expression 

w = B**A**v 

means that **-product of **Z?-lincar maps A and B maps the vector v to the vector 
777. 

6.2. 1 — D- Form on a Vector space 
Definition 6.2.1. 1 — **£>-form on vector space V is **.D-lmcar map 

(6.2.1) b:V^D 

□ 

We can write value of 1 — **D-form b, defined for vector a, as 

b(a) =< b,a > 

Theorem 6.2.2. Set C(**D; V; D) is D-k-vector space. 

Proof. „*D-vector space of dimension 1 is equivalent to division ring D □ 

Theorem 6.2.3. Let e be a ** D-basis in vector space V . 1-** D-form b has pre- 
sentation 

(6.2.2) <b,a>=K*a 
relative to selected ** D-basis, where vector a has expansion 

(6.2.3) a = e**a 
and 

(6.2.4) bi=<b,ei> 
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Proof. Because b is l-**£)-form, it follows from (6.2.3) that 

(6.2.5) < b, a >=< b, e**a >=< b, e; > 'a 

(6.2.2) follows from (6.2.5) and (6.2.4). □ 

Theorem 6.2.4. Lete be a »* D-frame in vector space V. 1-** D-form (6.2.1) is 
uniquely defined by values (6.2.4) into which I-** D-form b maps vectors of frame. 

Proof. Statement follows from theorems 6.2.3 and 4.3.3. □ 

Theorem 6.2.5. Let e be a D-frame in vector space V. The set of 1-** D -forms 
l d such that 

(6.2.6) • J 7l.T, • >5, 
is D** -basis d of vector space £(**-D; V; D). 

Proof. Since we assume bi = ' J 8i , then according to theorem 6.2.4 there 
exists the l-**D-form J c? for given j. If we assume that there exists l-**Z)-form 

b = K*d = 

then 

bj < 3 d,ei >= 

According to equation (6.2.6), 

bi = bj j 5i = 

Therefore, l-„*D-forms J 'd are linearly independent. □ 
Definition 6.2.6. Let V be »*D-vector space. D**-vector space 

V* = £(**D;V;D) 

is called dual space of „*£>- vector space V. Let e be a **D-basis in vector space 
V. Z?**-basis d of vector space V*, satisfying to equation (6.2.6), is called 
basis dual to „*Z?-basis e. □ 

Theorem 6.2.7. Let A be passive transformation of basis manifold B(V, GL" n D ). 
Let **D -basis 

(6.2.7) i'=l*M 

be image of ** D-basis e. Let B be passive transformation of basis manifold B(V* , GL* n 
such, that D**-basis 

(6.2.8) l' = B**l 
is dual to ** D-basis. Then 

(6.2.9) B = A- 1 '* 

Proof. From equations (6.2.6), (6.2.7), (6.2.8) it follows 
j 5i = <°d',e' l > 

(6.2.10) = J B l < %e k > k A t 

= 3 B l l S k k A t 

= j B k k A t 

Equation (6.2.9) follows from equation (6.2.10). □ 
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6.3. Twin Representations of Division Ring 

Theorem 6.3.1. We can introduce structure of D-k-vector space in any ** D-vector 
space defining D-k-product of vector over scalar using equation 

mv = m5**v 

Proof. We verify directly that the map 

f-.D^-V* 

defined by equation 

/(to) = mS 

defines TV-representation of the ring D. □ 

We can formulate the theorem 6.3.1 by other way. 

Theorem 6.3.2. Suppose we defined an effective *T -representation f of ring D on 
the Abelian group V . Then we can uniquely define an effective TV -representation h 
of ring D on the Abelian group V such that diagram 

h(a) 

v ^ V 

f(b) f{b) 

V £H — 

h(a) 

is commutative for any a, b G D. □ 
We call representations / and h twin representations of the division ring 

D. 

Theorem 6.3.3. In vector space V over division ring D we can define D-k-product 
and -kD-product of vector over scalar. According to theorem 6.3.2 these operations 
satisfy equation 

(6.3.1) (am)b = a(rnb) 

Equation (6.3.1) represents associative law for twin representations. This 
allows us writing of such expressions without using of brackets. 

Proof. In section 6.1 there is definition of Z?*-product of **_D-linear map A 
over scalar. According to theorem 6.3.1 TV-representation of division ring D in D-k- 
vector space £(**£>; V;W) can be carried into »* D-vector space W according to 
rule 

[mA]**v = [m5]**(A**v) = m(A**v) 

□ 

The analogy of the vector space over field goes so far that we can assume an 
existence of the concept of basis which serves for _D*-product and *D-product of 
vector over skalar. 

Theorem 6.3.4. In vector space **D-basis manifold and **D-basis manifold are 
different 

B(V,D**)^B(V,\D) 



84 



6. ** D -Linear Map 



Proof. To prove this theorem we use the standard representation of a matrix. 
Without loss of generality we prove theorem in coordinate vector space D n . 

Let e = (e, = (5j),i,j G i, \i\ — n) be the set of vectors of vector space D n . e 
is evidently **Z)-basis and %£>-basis. For arbitrary set of vectors (fi,i G i, \i\ = n) 
»*D-coordinatc matrix 



3.3.2) 



fx - fx 



£X fr, 



relative to basis e coincide with %D-coordinate matrix relative to basis e. 

Let the set of vectors (fi,i G i, \i\ = n) be **D-basis. According to theorem 
4.9.3 matrix (6.3.2) is **-nonsingular matrix. 

Let the set of vectors (fi,i G i, \i\ = n) be %D-basis. According to theorem 
4.9.3 matrix (6.3.2) is **-nonsingular matrix. 

Therefore, if the set of vectors (fi,i G i, \i\ = n) is »*-D-basis and %-D-basis 
their coordinate matrix (6.3.2) is **-nonsingular and **-nonsingular matrix. The 
statement follows from theorem 4.8.9. □ 

From theorem 6.3.4 it follows that in vector space V there exists D„»*-basis e 
which is not %D-basis. 

6.4. D- Vector Space 

For many problems we may confine ourselves to considering of D-k- vector space 
or *_D-vector space. However there are problems where we forced to reject simple 
model and consider both structures of vector space at the same time. Such space 
we call D- vector space. 

Assume »*I?-basis and D%-basis in Z?-vector space V. Vector ip of D% 
-basis *p has expansion 

(6.4.1) iP = P]jpi2 iP~ = P**iPX2 

relative to **D-basis p*. Vector pj of **D-basis has expansion 

(6.4.2) pj =P2X i j iP Pj=P2X-j**p 

relative to _D*»-basis 

It is easy to see from design that px2 is coordinate matrix of D**-basis *p 
relative to **D-basis p*. *-rows of matrix pi2 are Z?**-linearly independent. 

In the same way, P2x is coordinate matrix of „*Z)-basis p* relative to Z?*„-basis 
*J5. *-rows of matrix P21 are **D-linearly independent. 

From equations (6.4.1) and (6.4.2) it follows 

(6-4.3) if = pj lpi2 = P2X-j kP iPX2 iP = P**iP\2 = (P21**P)**iPl2 

From equation (6.4.3) we see that order of brackets is important. 

Though matrices p2x and pi2 are not inter inverse, we see that equation (6.4.3) 
represents identical transformation of D-vector space. It is possible to write this 
transformation as 

( 6 4 4 - ) Pj = P2X-) tP = P2X-) (Pk \PX2) 

Pj = P2X- 3 **P = P2X-j**(p**PX2) 



6.4. D-Vcctor Space 
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Prom comparison of equations (6.4.3) and (6.4.4) it follows that change of order 
of brackets changes order of summation. These equations express the symmetry in 
choice of D*»-basis *p and **D-basis p"». 

Vector r £ V has expansion 

(6.4.5) 

Let us substitute (6.4.1) into (6.4.5) 



r = r % ip = pj J r r = r**p = p**r 



(6.4.6) 



r % Pj \p\2 = Pj 3 r r*»(p**pi 2 ) = p**r 



Let us substitute (6.4.5) into (6.4.3) 
(6.4.7) 



t 1 ip = r l pj \pi2 



r**p 



r l P2i k j kP \pi2 



r**{p**pi 2 ) = r%((p 2 i**p)**Pi2) 
Definition 6.4.1. Coordinates 



of vector r relative Z?%-basis *p are called D*-component of coordinates of 
vector r. Coordinates 



of vector r relative Z? >t *-basis are called *D-component of coordinates of 
vector r. □ 

Remark 6.4.2. To avoid the overuse of notation, we follow the rule below. If 
the product contains a _D*-componcnt of coordinates of vector or a *Z)-componcnt 
of coordinates of vector, or we use corresponding indexes, we may skip symbol 
*, because it is clear from notation which components of vector we use. We ex- 
tend similar convention for case of %Z)-basis p* and D**-basis *J5. We do not use 
convention in case when brief notation is ambiguous. □ 

We see in map (6.4.7) that we use transformation of D**-basis. Expansion of 
vector relative £>**-basis is the same before and after transformation. We defined 
active and passive transformations of basis manifold of _D**-vector space in section 
5.2. By analogy we assume that transformation (6.4.3) is passive transformation. 



CHAPTER 7 



Product of Representations 



7.1. Bimodule 

Definition 7.1.1. V is a (£*, *T)-bimodule if we define structures of a S-k- vector 
space and a *T-vector space on the set V. 1 □ 

We also use notation $Vt when we want to tell that V is (S, T)-bimodule. 

Example 7.1.2. In section 6.4 we considered D-vector space where we can define 
the structure of (£>**, **D)-bimodule. □ 

Example 7.1.3. Set of nxm matrices builds up (D*, *Z?)-bimodule. We represent 
£>*-basis as set of matrices je = (6lS 3 h ). □ 

Example 7.1.4. To see example of (S**, »*T)-bimodule we can use set of matrices 

/ (A 1 , 1 B) ... {A X ,™B) 
(7-1.1) 

\ (An, 1 B) ... (A n , m B) 

Formally we can represent this matrix in form 



(A\, X B) ... (Ax, m B) \ (Ax 



(An^B) ... (A n , m B) J \ A ri 



1 B ... m B 



This presentation clearly shows that S r * -dimension of (5**, **T)-bimodule is n and 
**T-dimcnsion is m. However in contrast to example 7.1.2 we cannot build up 5'**- 
basis or **T-basis which generate (£**, **T)-bimodule. As a matter of fact, basis 
of (5**, **T)-bimodule has form ( a e, /&); and any vector of (5**, **T)-bimodule 
has expansion 

(7.1.2) (A,B) = A a ( a eJ b ) b B 

Coefficients of this expansion generate matrix (7.1.1). □ 
We can write equation (7.1.2) as 

(7.1.3) (A,B) = (A**eJ**B) 

Equation (7.1.3) looks unusual, however it becomes clear, if we assume 

(A,B) = (A,0) + (0,B) 



I recall, that we use notation S*- vector space for left S- vector space and *T- vector space for 
right T-vector space. 
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7. Product of Representations 



Convention 4.2.6 holds for representation of vectors of **T-vector space is inde- 
pendent from representation of vectors of S'**-vector space. We write down this 
equation as 

(7.1.4) (A,B) = (A%e,B**f) 

Coordinates of vector (A, B) do not generate matrix. However we do not care about 
this now. 

We want to write components A and B in equation (7.1.2) on the one hand 
relative to vectors ( a e, /&). At first glance it appears impossible. However we accept 
convention to write this equation as 

(A,B) = (A a ,B b )( a e, b J) = (A**,B%)(eJ) 

This structure can be generalized. 

7.2. Direct Product of Division Rings 

Definition 7.2.1. Let A be a category. Let {Bi,i £ 1} be the set of objects of A. 
Object 

p = U R l 

i£l 

and set of morphisms 

{fi-.P ^Bi,iel} 

is called a product of objects {Bi,i G /} in category A if for any object R 
and set of morphisms 

{ 9i : R Bi , i e /} 

there exists a unique morphism 

h : R 

such that diagram 

ft 

P *- Bi Ji°h = gi 




R 

is commutative for all i E I. □ 
If |7| = 7i, then we also will use notation 

n 

G = ]jB l = B 1 x...xB n 

i=l 

for product of objects {Bi,i 6 1} in A. 

Definition 7.2.2. Let {Gi,i £ 1} be the set of groups. Let 

G=n G * 



^' 2 I made definition according to [1], p. 58 
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be Cartesian product of the sets Gi, i £ I. We can define a group structure on G 
by componentwise multiplication. If x = (xi,i E 7) E D and y = {y%,i E I) E D, 
we define their product 

xy = (xiyi,i E I) 
If x = (xi, i E I) E D, we define the inverse 

x" 1 = e 7) 

The set G is called product of groups' 3 Gi, i E I. □ 

If |7| = n, then we also will use notation 

n 

G = Y[Gi = Gix... xG n 

i=l 

for product of groups G\, G n . 

Theorem 7.2.3. Product of Abelian groups is Abelian group. 

PROOF. Let x = (x it i E I) E G and y = (y i: i E I) E G. Then 
x + y = (xi + yu i E I) = (y t + Xi, i E I) = y + x 

□ 

Definition 7.2.4. Let {D^i E 1} be the set of division rings. Let 

D = Y[Di 

iei 

be product of additive groups of division rings Di, i E I. If x = (xi, i E I) € D and 
y = (yi,i E I) E D, we define their product componentwise 

xy = {xiyi,i E I) 

The multiplication unit is e = (e.;, i E I) E D where e^, i E I is multiplication unit 
of Di. The set D is called direct product of division rings 7 4 D,, i E I. □ 

If |7| = n, then we also will use notation 

n 

D = Y[D t = D 1 x ...xD n 

i=l 

for product of division rings 7>i, D n . 

Direct product of division rings Di, i E I, in general, is not division ring. For 
instance, let x\ E D\, x\ ^ 0, x-2 E 7?2, £2 7^ 0- Then 

(x u 0)(0,x 2 ) = (0,0) 

However, direct product of division rings is ring. Therefore, direct product is not 
defined in category of division rings, however direct product of division rings is 
defined in category of rings. 

7 ' 3 I made definition according to example from [1], p. 9 

7 '^I made definition according to proposition 1.1 from [1], p. 91 
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7. Product of Representations 



7.3. Direct Product of D**- Vector Spaces 

Theorem 7.3.1. Let category A of ^-algebras have product. Then in category 
T-kA 7 ' 5 there exists product of single transitive T-k-representations of ^-algebra. 



Proof. Let 



be product of set of J-algebras {Bi, i £ 1} and for any i £ I 

U : P B, 

be morphism from J-algebra P into ^-algebra Bi. Let R be other object of category 
A and for any i £ I 

n : R Bi 

be morphism from ^-algebra R into ^-algebra P.j. According to definition 7.2.1 
there exists a unique morphism 

s :R ^P 

such that 

k o s = n 

Let 

N = Y[Ki 

iei 

be Cartesian product of sets Ki, i £ I. For each i e / let us consider corresponding 
morphisms of representations of ^-algebra on diagram 




From diagrams (2), (3) and theorem 3.2.10 commutativity of diagram (1) follows. 
Let m £ M. According to theorem 3.2.8 the map S is defined unambiguously, 
when we select image S(m) £ N. Because diagram (1) is commutative, we assume 
S(m) = (Ri(m),i £ I). □ 

Theorem 7.3.2. In category T -k Q of T-k-representations of group there exists 
product of effective T-k-representations of group. 



7 5 See definition 3.2.11 



7.3. Direct Product of D* ^-Vector Spaces 
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Proof. Statement of theorem is corollary of theorems 7.3.1 and 3.5.10 □ 

Definition 7.3.3. Let {Vi,i G /} be the set of **ZVvector spaces. TV-Represen- 
tation of ring D = J^J D L in the Abelian group V = TT V \ is called direct product 

of st *L>j-vector spaces 7 6 Vi, i G I. □ 
If |7| = n, then we also will use notation 

n 

V = Y[Vi = Vi x ... xV n 

i=l 

for direct product of ^-vector spaces V\, V„ 

According to definition we define representation of ring D in Abelian group V 
componentwise. If a = (flj, i G I) G D and v = (Vi,i E I) e V, we define *T- 
representation corresponding to element a 

va = (u,a,, i <E I) 

We consider convention described in remark 2.2.15 componentwise. We will write 
linear combination of **Z)-vectors Vk as 

TT**a = (zJ„*a 4 ,i G I) = fe a 4 ,i G I) 

We also will use notation 

(7.3.1) u**a = (Ui.„i G I) (*a i5 i G I) = (vi. k ,i G I) ( fe a l; i G I) 
If |/| = n. then we can write equation (7.3.1) as 

tT**a = (Ui.*, ...,%,) (*oi, *a„) = (ui.fc l; V n -fe„) ( fcl ai, fc "a n ) 

Since direct product of division rings is not division ring, then direct product 
of **£>j-vector spaces, in general, is module. However structure of this module is 
close to structure of **D- vector space. 

Theorem 7.3.4. Let V\, V n be the set of ** Di-vector spaces. Let Hi be the 
»* Di-basis of vector space Vi. V the next way. Set of vectors (ei.^, e«.-i„) builds 
up a basis of direct product 

V = Vl X ... X V n 

Proof. We prove the statement of theorem by induction on n. 
When n = 1 the statement is evident. 

Let statement be true when n = k — 1. We represent space V as 
V = V x x ... x V k = (Fi x ... x 7 fc _i) x F fc 
Correspondingly, we can represent arbitrary vector (zTi, i>fc) € V as 

(7.3.2) (¥i, ...,Uk) = ({vi, ...,v k -i),Vk) = {(vi, v k -i),0) + (0,Vk) 



7 ' 6 I made definition according to [1] , p. 127 

'•'In general, we need consider more wide class of modules like 

Vi x ... x V k 

including associativity of product. 
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7. Product of Representations 



Vector (v\ 1 v k —i) € Vi x ... x Vk-i and according to the assumption of induction 
(7.3.3) (vi,—, v k -i) = (ei.*,...,e fe _i.*) (*vi, *v k -i) 

From equations (7.3.2) and (7.3.3) it follows 
(Ui, ...,Vk) = ((ei.*, ek-i-*) {*vi, *Vk-i),0) + (0,ek**v k ) 

= (ei.» ) ...,efe_i.«,efc) *Ufc-i, 0) + (e x , efc_i, e k .*) (0,...,*v k ) 

= (ei.*, e/;_i.*,efc.*) *i>fc) 
Therefore the statement is true when n = k. □ 

When Vi, V n are £>- vector spaces, direct product is called direct product 
of D- vector spaces. 

Theorem 7.3.5. Let category A of ^-algebras have product. Then in category 
T*A 7 ' S where A is ^-algebra, there exists product of single transitive T-k-represen- 
tations of ^-algebra A. 

Proof. Proof of theorem is similar to proof of theorem 7.3.1 with the only 
difference that we use diagram 




Let us consider relationship between product of single transitive T*-represen- 
tations of ^-algebra A in category T* A and product of single transitive T*-repre- 
sentations of ^-algebra A in category T * A. Let for any i E I representation J-of 
algebra A be defined on set Ki. For every i € I let us consider diagram 




.4 



'See definition 3.2.19 
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where g is map of algebra A onto diagonal in Y\ A and fi is projection onto factor i. 

iei 

From diagram, it follows that maps g and fa are injectivc. Therefore both products 
are equivalent. 

7.4. Morphisms of Direct Product of **D- Vector Spaces 

Suppose Vi, i G /, Wj, j <E J are **Z)-vector spaces. Assume 

w = Y[w, 

**D-hnear map 

(7.4.1) J-.V 

holds linear operations. Since we defined operations in module W componentwise, 
we can represent map / as 

J=(J j :V -IT.../ •/ ■■ 

Let 

Ii ■ V, *- v iei 

be injection Vj into V. Then for any vector v = (uj, i G /) we get 

Therefore, we can represent the mapping (7.4.1) as matrix of **D-linear maps 

7 = Qa = fj**ii ■ v % Wj ,ie i, j e J) 



CHAPTER 8 



Geometry of Division Ring 

8.1. Center of Division Ring 
Definition 8.1.1. Let D be a ring. 8 - 1 The set Z(D) of elements a £ D such that 

(8.1.1) ax = xa 

for all x G D, is called center of ring D. □ 

Theorem 8.1.2. The center Z(D) of ring D is subring of ring D. 

Proof. The statement follows immediately from definition 8.1.1. □ 

Theorem 8.1.3. The center Z(D) of division ring D is subfield of division ring 
D. 

Proof. According to theorem 8.1.2 it is enough to verify that a -1 G Z(D) if 
a G Z(D). Let a G Z(D). Repeatedly using the equation (8.1.1) we get chain of 
equations 

(8.1.2) aaT x = x = xaa^ 1 = axa^ 1 
From (8.1.2) it follows 

a~ 1 x = xa~ x 

Therefore, a" 1 e Z(D). □ 
Definition 8.1.4. Let D be a ring with unit element e. 8 ' 2 The map 

I : Z D 

such that l{n) = ne is a homomorphism of rings, and its kernel is an ideal (n), 
generated by integer n > 0. We have canonical injective homomorphism 

Z/nZ -» D 

which is an isomorphism between ZjnZ and subring of D. If nZ is prime ideal, 
then we have two cases. 

• n = 0. D contains as subring a ring which isomorphic to Z , and which is 
often identified with Z. In that case, we say that D has characteristic 
0. 

• n = p for some prime number p. D has characteristic p, and D contains 
an isomorphic image of F p = Z/pZ . 

□ 

Theorem 8.1.5. Let D be ring of characteristic and let d G D. Then every 
integer n G Z commutes with d. 

8 - 1 [l], page 89. 

8 ' 2 I made definition according to definition from [1], pages 89, 90. 
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8. Geometry of Division Ring 



Proof. We prove statement by induction. The statement is evident for n = 
and n = 1. Let statement be true for n = k. From chain of equation 

(k + l)d = kd + d = dk + d = d(k + 1) 

evidence of statement for n = k + 1 follows. □ 

Theorem 8.1.6. Let D be ring of characteristic 0. Then ring of integers Z is 
subring of center Z(D) of ring D. 

Proof. Corollary of theorem 8.1.5. □ 

Let D be division ring. If D has characteristic 0, D contains as subfield an 
isomorphic image of the field Q of rational numbers. If D has characteristic p, D 
contains as subfield an isomorphic image of F p . In either case, this subfield will be 
called the prime field. Since the prime field is the smallest subfield of D containing 
1 and has no automorphism except identity, it is customary to identify it with Q 
or F p as the case may be. 

Theorem 8.1.7. Let D be division ring of characteristic and let d £ D. Then 
for any integer n € Z 

(8.1.3) n~ 1 d = dn- 1 

Proof. According to theorem 8.1.5 following chain of equation is true 

(8.1.4) n~ 1 dn — nn~ 1 d = d 

Let us multiply right and left sides of equation (8.1.4) by n^ 1 . We get 

(8.1.5) n~ l d = n^dnn' 1 = dn^ 1 

(8.1.3) follows from (8.1.5). □ 

Theorem 8.1.8. Let D be division ring of characteristic and let d 6 D. Then 
every rational number p £ Q commutes with d. 

Proof. Let us represent rational number p € Q as p = ran" 1 , m, n G Z . 
Statement of theorem follows from chain of equations 

pd = mn~ 1 d = n~ 1 dm = dmn^ 1 = dp 

based on the statement of theorem 8.1.5 and equation (8.1.3). □ 

Theorem 8.1.9. Let D be division ring of characteristic 0. Then field of rational 
numbers Q is subfield of center Z(D) of division ring D. 

PROOF. Corollary of theorem 8.1.8. □ 

8.2. Geometry of Division Ring over Field 

We may consider division ring D as vector space over field F C Z(D). We 
will use following conventions. 

(1) We do not use standatrd notation for vector when we consider element of 
division ring D considering it as vector over field F. However we will use 
another collor for index for notation of coordinates of element of division 
ring D as vector over field F. 

(2) Because F is field, we can write all indexes on right side of root letter. 



8.2. Geometry of Division Ring over Field 
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Let e be basis of division ring D over field F. Then we may present any element 

(8.2.1) a = e i a i a* 6 F 

When dimension of division ring D over field F infinite, then basis may be either 
countable, or its power is not less than power of continuum. If basis is countable, 
then we put constraints on coefficients a 1 of expansion (8.2.1). If power of the set 
I is continuum, then we assume that there is measure on the set / and sum in 
expansion (8.2.1) is integral over this measure. 

Remark 8.2.1. Since we defined product in the division ring D, we consider the 
division ring as algebra over field F C Z(D). For elements of basis we assume 

(8.2.2) eiej = e k B% 

Coefficients B^ of expansion (8.2.2) are called structural constants of division 
ring D over field F. 



From equations (8.2.1), (8.2.2), it follows 
(8.2.3) ab = SfeS^aV 

From equation (8.2.3) it follows that 



(8.2.4) (ab)c = g fc B£.(a&)V = e k B^B i mn a m b n c> 

(8.2.5) a(bc) = nJ^a'ibcY = e k B%a^ B^JT c n 
From associativity of product 

(ab)c = a(bc) 

and equations (8.2.4) and (8.2.5) it follows that 

(8.2.6) e^B^a^c? = euB^a 1 B^JT c n 

Because vectors a, b, c are arbitrary, and vectors e k are linear independent, then 
from equation (8.2.6) it follows that 

( 8 - 2 - 7 ) B jn B im = B ij B mn 

Theorem 8.2.2. Coordinates a- 1 of vector a are tensor 

(8.2.8) a? = Aia H 
Proof. Let e' be another basis. Let 

(8.2.9) e'^ejAi 

be transformation, mapping basis e into basis e'. Because vector a does not change, 
then 

(8.2.10) a = e' i a' i = eja j 
From equations (8.2.9) and (8.2.10) it follows that 



.2.11) eja j =e' i a' i = ejAi 



a 



Because vectors ej are linear independent, then equation (8.2.8) follows from equa- 
tion (8.2.11). Therefore, coordinates of vector are tensor. □ 

Theorem 8.2.3. Structural constants of division ring D over field F are tensor 
(8.2.12) A l k B"ljA 1 % n A 1 3 m = B l nm 
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Proof. Let us consider similarly the transformation of product. Equation 
(8.2.3) has form 

(8.2.13) ab = e' k B"° j a' i b' j 

relative to basis e'. Let us substitute (8.2.8) and (8.2.9) into (8.2.13). We get 

(8.2.14) ab = eiAiB%a n A- li n b m A- 1 i n 
From (8.2.3) and (8.2.14) it follows that 

(8.2.15) e l AiB%A- l ta n A- 1 t l b m = e l B l nm a n b m 

Because vectors a and b are arbitrary, and vectors e; are linear independent, then 
equation (8.2.12) follows from equation (8.2.15). Therefore, structural constants 
are tensor. □ 



CHAPTER 9 



Linear Map of Division Ring 

9.1. Linear Map of Division Ring 

According to the remark 8.2.1, we consider division ring D as algebra over field 
F C Z{D). 

Definition 9.1.1. Let D\, D2 be division rings. Let F be field such that F C 
Z(Di), F C Z(D-2). Linear mapping 

of F- vector space D\ into F- vector space D2 is called linear mapping of division 
ring D\ into division ring D2. □ 

According to definition 9.1.1, linear map / of division ring D\ into division ring 
F> 2 holds 

f(a + b)=f(a) + f(b) a,beD 
f{pa)=pf{a) peF 

Theorem 9.1.2. Let map 

f:D 1 ^D 2 

is linear mapping of division ring D\ of characteristic into division ring D 2 of 
characteristic 0. Then 91 

f(nx) = nf(x) 

for any integer n. 

Proof. We prove the theorem by induction on n. Statement is obvious for 
n = 1 because 

/(Is) - /Or) = 1/(3) 
Let statement is true for n = k. Then 

f((k + l)x) = f(kx + x) = f(kx) + f{x) = kf(x) + f(x) = (k + l)f(x) 

□ 

Theorem 9.1.3. Let map 

f:D 1 ^D 2 

91 Lct 

/:£>!->• D 2 

be a linear mapping of division ring D\ of characteristic 2 into division ring D2 of characteristic 
3. Than for any a £ D\, 2a = 0, although 2/(a) ^ 0. Therefore, if we assume that characteristic 
of division ring D± is greater than 0, then must demand that characteristic of division ring D± 
equal to characteristic of division ring D2 . 
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is linear mapping of division ring D\ of characteristic into division ring D 2 of 
characteristic 0. Then 

f(ax) = af(x) 

for any rational a. 

Proof. Let a = |. Assume y = |x. Then according to the theorem 9.1.2 
(9-1.1) f(x) = f(qy) = qf(y) = qf 

From equation (9.1.1) it follows 
(9.1.2) -f(x) = f (-x 

From equation (9.1.2) it follows 

□ 

We cannot extend the statement of theorem 9.1.3 for arbitrary subfield of center 
Z(D) of division ring D. 

Theorem 9.1.4. Let division ring D is algebra over field F C Z(D). If F ^ Z(D), 
then there exists linear mapping 

f-D^D 

which is not linear over field Z(D). 

Proof. To prove the theorem it is enough to consider the complex field C 
because C = Z(C). Because the complex field is algebra over real field, than the 
function 

z — > z 

is linear. However the equation 

az = a~z 

is not true. □ 

Based on theorem 9.1.4, the question arises. Why do we consider linear map- 
pings over field F ^ Z(D), if this leads us to sharp expansion of the set of linear 
mappings? The answer to this question is a rich experience of the theory of complex 
function. 

Theorem 9.1.5. Let mappings 

f:D 1 ^D 2 
g:D x ^ D 2 

be linear mappings of division ring D± into division ring D 2 ■ Then mapping f + g 
is linear. 
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Proof. Statement of theorem follows from chain of equations 

(/ + g)(x + y) =f(x + y) + g(x + y) = f(x) + f(y) + g{x) + g{y) 

={f ' + g){x) + (f ' + g){y) 

(f + g)(P x ) =fipx) + g{px) =pf(x) +pg(x) = p{f(x) + g(x)) 

=p(f + g)(x) 

a 

Theorem 9.1.6. Let map 

f:D 1 ^D 2 

be linear mapping of division ring D\ into division ring D 2 . Then mappings af , 
fb, a, b G i?2 are linear. 

Proof. Statement of theorem follows from chain of equations 

(af)(x + y) =a(f(x + y)) = a{f{x) + f(y)) = af(x) + af(y) 
=(a/)(x) + (af)(y) 
(af)(px) =a(f(px)) = a(pf(x)) =p(af(x)) 
=p(af)(x) 

(fb)(x + y) =(f(x + y))b = (f{x) + f(y))b = f(x)b + f(y)b 
=(fb)(x) + (fb)(y) 
(fb)( P x) =(f(px))b = ( P f(x))b = p(f(x)b) 
=p(fb)(x) 

□ 

Definition 9.1.7. Denote C(D\;D2) set of linear mappings 

f:D 1 ^D 2 

of division ring D\ into division ring D 2 . □ 
Theorem 9.1.8. We may represent linear mapping 

f:D 1 ^D 2 
of division ring D\ into division ring D 2 as 

(9.1.3) f(x)=fk-s k -o G k (x) / fe . Sfc .! 

where (Gk,k £ K) is set of additive maps of division ring D\ into division ring 
D 2 . 9 2 Expression fk-s k -p, P = 0, 1, in equation (9.1.3) is called component of 
linear map /. 

Proof. The statement of theorem follows from theorems 9.1.5 and 9.1.6. □ 
If in the theorem 9.1.8 \K\ = 1, then the equation (9.1.3) has form 

(9.1.4) f(x) - /,.„ G(x) /,.! 

and mapping / is called linear mapping generated by mapping G. Map G is 
called generator of linear mapping. 

^' 2 Here and in the following text we assume sum over index that is used in product few times. 
Equation (9.1.3) is recursive definition and there is hope that it is possible to simplify it. 
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Theorem 9.1.9. Let D\, D2 be division rings of characteristic 0. Let F, F C 
Z(Di), F C Z{F>2), be field. Let G be F -linear map. Let e be basis of division ring 

D2 over field F . Standard F-representation of linear mapping (9.1.4) has 

t 93 
form 

(9.1.5) f(x) = PS et G(x) ej 

Expression f^ in equation (9.1.5) is called standard ^-component of linear 
map /. 

Proof. Components of additive map / have expansion 
(9-1.6) f s . p = fl 



relative to bais q. If we substitute (9.1.6) into (9.1.4), we get 
(9-1.7) f{x) = /t r, G(x) fi, ej 

If we substitute expression 

fij _ fi fj 
JG ~ J s-0 J s i 

into equation (9.1.7) we get equation (9.1.5). □ 

Theorem 9.1.10. Let D±, D2 be division rings of characteristic 0. Let F, F C 
Z{D\), F C Z(F>i), be field Let G be F -linear map. Let e\ be basis of division 
ring D\ over field F. Let e.2 be basis of division ring D2 over field F. Let -E^-^j 
be structural constants of division ring D2 ■ Then it is possible to represent linear 
mapping (9.1.4) generated by F -linear map G as 

(9.1.8) f(a)^e 2 . j f!a i ft e F 

a = ei.iO 1 a 1 e F a £ D x 

(9.1.9) fl=G[f G -B2.l l Bi P r 
Proof. Let us consider map 

G:L>i^L> 2 a = e 1 . i a i ^ G(a) = e %j G\a i 
[ ' ' ' x i €F G\eF 

According to theorem 4.4.3 linear mapping f(a) relative to bases ei and e.2 has 
form (9.1.8). From equations (9.1.5) and (9.1.10) it follows 

(9.1.11) f(a) = & i a i fge a .ke2.iB».j 
From equations (9.1.8) and (9.1.11) it follows 

(9.1.12) e 2 .j ft a' = /^e 2 . fc e 2 ,e 2 . r = Gtf f% B^B^ e 2 .j 

Since vectors e 2 - r are linear independent over field F and values a k are arbitrary, 
then equation (9.1.9) follows from equation (9.1.12). □ 

Considering mapping 

(9.1.13) f : D 

we assume G{x) = x. 



^'^Representation of linear mapping of of division ring using components of linear map is am- 
biguous. We can increase or decrease number of summands using algebraic operations. Since 
dimension of division ring D2 over field F is finite, standard representation of linear map guaran- 
tees finitcness of set of items in the representation of map. 
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Theorem 9.1.11. Let D be division ring of characteristic 0. Linear map (9.1.13) 
has form 

(9.1.14) f(x) = f s . x f s . x 

Theorem 9.1.12. Let D be division ring of characteristic 0. Let e be the basis of 
division ring D over center Z(D). Standard representation of linear map (9.1.14) 
of division ring has form 

(9.1.15) f(x) = r eixej 

Theorem 9.1.13. Let D be division ring of characteristic 0. Let e be basis of 
division ring D over field Z(D). Then it is possible to represent linear map (9.1.13) 
as 

(9.1.16) f(a) =e,-/?o* f k G Z{D) 

a =eia l a 1 G F a G D 

(9.1.17) fl =f kr B p ki Bl r 
Theorem 9.1.14. Consider matrix 

(9.1.18) B=[Bi. kr ) = {Bl i Bi r ) 

whose rows and columns are indexed by \ and -kr , respectively. If detZ? ^ 
0, then, for given coordinates of linear transformation fl , the system of linear 
equations (9.1.17) with standard components of this transformation f has the 
unique solution. If dot B = 0, then the equation 

(9.1.19) rank(V:?. fcl , ff) = mnkB 



is the condition for the existence of solutions of the system of linear equations 
(9.1.17). In such case the system of linear equations (9.1.17) has infinitely many 
solutions and there exists linear dependence between values if 3 . 

Proof. Equation (9.1.14) is special case of equation (9.1.4) when G(x) = x. 
Theorem 9.1.12 is special case of theorem 9.1.9 when G{x) = x. Theorem 9.1.13 
is special case of theorem 9.1.10 when G(x) = x. The statement of the theorem 
9.1.14 is corollary of the theory of linear equations over field. □ 

Theorem 9.1.15. Standard components of the identity mapping have the form 

(9.1.20) f kr = 5%5 r 

Proof. The equation (9.1.20) is corollary of the equation 

x — eo x e.Q 

Let us show that the standard components (9.1.20) of a linear transformation satisfy 
to the equation 

(9-1.21) 5i=f kr Bl % Bi r 

which follows from the equation (9.1.17) if / = 5. From equations (9.1.20), (9.1.21), 
it follows that 

(9-1.22) S{ = B^B 3 p0 
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The equation (9.1.22) is true, because, from equations 

ejeo = eo ej = ej 

it follows that 

dj _ xj fjj — xj 

If dct£> 7^ 0, then the solution (9.1.20) is unique. If dctZ? = 0, then the system 
of linear equations (9.1.21) has infinitely many solutions. However, we are looking 
for at least one solution. □ 

Theorem 9.1.16. If detB ^ 0, then standard components of the zero mapping 

z: A^r A z(x) = 

are defined uniquely and have form z 13 = 0. If det23 = 0, then the set of standard 
components of the zero mapping forms a vector space. 

Proof. The theorem is true because standard components z %d are solution of 
homogeneous system of linear equations 

□ 

Remark 9.1.17. Consider equation 

(9.1.23) a hr e k xe r = b hr e k x e r 

From the theorem 9.1.16, it follows that only when condition det£> ^ is true, 
from the equation (9.1.23), it follows that 

(9.1.24) a kr = b kr 
Otherwise, we must assume equality 

(9.1.25) a kr =b kr +z kr 

Despite this, in case dot B = 0, we also use standard representation because in 
general it is very hard to show the set of linear independent vectors. If we want 
to define operation over linear mappings in standard representation, then as well 
as in the case of the theorem 9.1.15 we choose one element from the set of possible 
representations. □ 

Theorem 9.1.18. Expression 

./,:.• /"/>•,';,«;;, 

is tensor over field F 

(9.1.26) ip = iA k k f iA- lj 

Proof. D-linear map has form (9.1.16) relative to basis e. Let e' be another 
basis. Let 

(9.1.27) e'^ejAi 

be transformation mapping basis e to basis e! . Since linear map / is the same, then 

(9.1.28) f(x) = e' l f l k x' k 

Let us substitute (8.2.8), (9.1.27) into equation (9.1.28) 

(9.1.29) f(x) = e j Aif'iA- lk x i 
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Because vectors ej are linear independent and components of vector x % are arbitrary, 
the equation (9.1.26) follows from equation (9.1.29). Therefore, expression fl is 
tensor over field F. □ 

Definition 9.1.19. The set 

ker/ = {x€D l : f(x) = 0} 
is called kernel of linear mapping 

/ : D 1 ->. D 2 

of division ring D\ into division ring D 2 . □ 
Theorem 9.1.20. Kernel of linear mapping 

f:D 1 ^D 2 
is subgroup of additive group of division ring D\ . 
PROOF. Let a, b e ker/. Then 

/(«) = 
f(b) = 

/(o + 6) = /(o) + /(6) = 
Therefore, a + b G ker/. □ 
Definition 9.1.21. The linear mapping 

/ : D 1 D 2 

of division ring D\ into division ring D 2 is called singular, when 

ker/ ^ {0} 

□ 

Theorem 9.1.22. Let D be division ring of characteristic 0. Let e be basis of 
division ring D over center Z(D) of division ring D. Let 

(9.1.30) /:£)—>• D f(x)=f s . a xf s . 1 

(9.1.31) = r j ' eixej 

(9.1.32) g:D^D g(x) = g t . x <?m 

(9.1.33) = g ij Sixej 
be linear mappings of division ring D. Map 

(9.1.34) h(x) = gf(x) = g(f(x)) 
is linear map 

(9.1.35) h(x) = hts-o x h ts -i 

(9.1.36) = h pr e p x e r 

where 

(9.1.37) hu-0 = 9t-o fs-o 

(9.1.38) hts-i = fs-i gt-i 

(9.1.39) h pr = g^ f kl B v ik B r l6 
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Proof. Map (9.1.34) is linear because 

h(x + y) = g(f(x + y)) = g(f(x) + f(y)) = g(f(x)) + g(f(y)) = h(x) + h(y) 

h(ax) = g(f(ax)) = g(af(x)) = ag(f(x)) = ah{x) 
If we substitute (9.1.30) and (9.1.32) into (9.1.34), we get 

(9.1.40) h(x) = g t , f{x) g t .\ = g t -o fs-o x / s .i g t .\ 

Comparing (9.1.40) and (9.1.35), we get (9.1.37), (9.1.38). 
If we substitute (9.1.31) and (9.1.33) into (9.1.34), we get 

h(x) =g ij e-i f{x) e, 

(9.1.41) =g i * ei f kl e k x eiej 

=^f kl Bf k B[ J e p xe r 

Comparing (9.1.41) and (9.1.36), we get (9.1.39). □ 

9.2. Polylinear Map of Division Ring 

Definition 9.2.1. Let R\, R n , P be rings of characteristic 0. Let S be module 
over ring P. Let F be commutative ring which is for any i is subring of center of 
ring Ri. Mapping 

/ : i?j x ... x R n -». S 
is called polylinear over commutative ring F, if 

f(Pl, -,Pi + Qt, :;Pn) = f(Pl, -,Pi, -,Pn) + f(Pl, ft, -,Pn) 

f(ai,...,ba,i,...,a n ) = bf(ai,...,a l ,...,a n ) 

for any i, 1 < i < n, and any pi, qi £ Ri, b G F. Let us denote C(R\, R n ; S) set 
of polylinear mappings of rings R n into module S. □ 

Theorem 9.2.2. Let D be division ring of characteristic 0. Polylinear map 
(9.2.1) f:D n ^D,d = f(d 1 ,...,d n ) 

has form 

(9-2.2) d = f n s . a s (d x ) fl, ... a s (d n ) f n s , n 

a s is a transposition of set of variables {di, d n } 

_ I di ... d n \ 
\cr s (di) ... o s (d n )) 

Proof. We prove statement by induction on n. 

When n = 1 the statement of theorem is corollary of theorem 9.1.11. In such 
case we may identify 9 4 

fip^fs-p p = o,i 



9 ' 4 In representation (9.2.2) we will use following rules. 

• If range of any index is set consisting of one element, then we will omit corresponding 
index. 

• If n = 1, then <r s is identical transformation. We will not show such transformation in 
the expression. 
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Let statement of theorem be true for n = k — 1. Then it is possible to represent 
mapping (9.2.1) as 

D k 




D k-i 

d = f(di, ...,d k ) = g(dk)(dx,...,dk-i) 
According to statement of induction pollinear mapping h has form 

d = h^o 1 a t {d x ) h^ 1 ... a t (d k -i) 

According to construction h = g(dk). Therefore, expressions ht- p are functions of 
dk- Since g(dk) is linear mapping of dk, then only one expression ht- p is linear 
mapping of dk, and rest expressions tqh do not depend on dk- 

Without loss of generality, assume p = 0. According to equation (9.1.14) for 
given t 

ht Q 1 = 9tr dk gtr l 

Assume s = tr. Let us define transposition a s according to rule 

_ _ ( d k d\ ... d k ~i \ 
\ d k <Jt(di) ... <rt(dk-i) J 

Suppose 



fk _ uk- 

fk _ 
Jtr-q = 9trq 



q = l, ...,k- 1 

9 = 0,1 



We proved step of induction. 



□ 



Definition 9.2.3. Expression s . p f n in equation (9.2.2) is called component of 
polylinear map /. □ 

Theorem 9.2.4. Let D be division ring of characteristic 0. Let e be basis in 
division ring D over field F C Z(D). Standard representation of polylinear 
map of division ring has form 

(9.2.3) f(d 1 ,...,d n ) = / t *°-*" e io a t {d{) e i± ... cr t (d n ) e irl 

Index t enumerates every possible transpositions at of the set of variables {d±, ...,d n }. 



Expression f t 



in equation (9.2.3) is called standard component of poly- 



linear map /. 

Proof. Components of polylinear map / have expansion 
(9.2.4) f sp = e if sp 

relative to basis e. If we substitute (9.2.4) into (9.2.2), we get 



(9.2.5) 



d=f n s %e jl o- s (d 1 ) f n J? 



Let us consider expression 
(9.2.6) 



fi -'" 



J s-0 "'J s-n 
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The right-hand side is supposed to be the sum of the terms with the index s, for 
which the transposition a s is the same. Each such sum has a unique index t. If we 
substitute expression (9.2.6) into equation (9.2.5) we get equation (9.2.3). □ 

Theorem 9.2.5. Let e be basis of division ring D over field F C Z(D). Polylinear 
map (9.2.1) can be represented as D -valued form of degree n over field F C Z(D) 9 5 

(9.2.7) f(a ll ... 1 a n ) = a\\..a^f il ... in 

where 

— i 

CLj — G-j CLj 

(9-2.8) fi 1 ...i n =f(e il ,...,e in ) 

and values i 1 ..,i n f o,re coordinates of D -valued covariant tensor over field F. 

Proof. According to the definition 9.2.1, the equation (9.2.7) follows from the 
chain of equations 

f(ai,...,a n ) = /(e^ajN ...,e iri a^) = a^.-.a*"/^, e in ) 

Let e' be another basis. Let 

(9.2.9) e'^ejAi 

be transformation, mapping basis e into basis e' . From equations (9.2.9) and (9.2.8) 
it follows 

! •••! e i„ ) 

(9-2.10) =f(e jl A£,...,e' jn A(2) 

= Ail...Ai : f(e jl ,...,e jn ) 

From equation (9.2.10) the tensor law of transformation of coordinates of polylinear 
map follows. From equation (9.2.10) and theorem 8.2.2 it follows that value of the 
map f(ai, a„) does not depend from choice of basis. □ 

Polylinear map (9.2.1) is symmetric, if 

f(d\,...,d n ) = f(a(di),...,a(d n )) 

for any transposition a of set {d\, ...,d n }. 

Theorem 9.2.6. If polyadditive map f is symmetric, then 

(9-2.11) /ii,...,i„ = fa(ii),...,a(i n ) 

Proof. Equation (9.2.11) follows from equation 

ffll 1 — =/(«!> -,On) 

=f(<r(ai), ...,cr(a„)) 

= a l 1 ...«n"/<T(ii)...^(i„) 

□ 



^'^We proved the theorem by analogy with theorem in [3], p. 107, 108 
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Polylinear map (9.2.1) is skew symmetric, if 

f(d 1 , d n ) = \a\f(a(d 1 ), <r(d n )) 
for any transposition a of set {d±, ...,d n }. Here 

{1 transposition a even 
— 1 transposition a odd 

Theorem 9.2.7. If polylinear map f is skew symmetric, then 

(9.2.12) fii,...,i n = l cr l/cr(ii),...,o-(i„) 

Proof. Equation (9.2.12) follows from equation 

a l ■■■ a lT fii---i,r =/( a li — ) "ti) 

= |cr|/(cr(ai), ...,cr(a„)) 

=0-T ■■■a l nW\fa(i 1 )...a(i n ) 



□ 



Theorem 9.2.8. Coordinates of the polylinear over field F mapping (9.2.1) and 
its components relative basis e satisfy to the equation 

(9.2.13) f^=ft , "^B^ t ^ ) ^...B^^ ) ^^ u 

Proof. In equation (9.2.3), we assume 

di = e jt df 

Then equation (9.2.3) gets form 

f(di,...,d n ) = ft - 1 ™ e io at{d{ 1 e jl )e il ...at(d :) ™e jn )ei n 
/q 9 1t -\ = d i 1 --- d n"/t l °'''*"ei o't(ej 1 )ei 1 ...crt(e J „)e irl 

- rf i /* B i a t ( jl ) B k 1 i 1 

■■■ B l"-^ t {j n ) Bl k n iJl~ 

From equation (9.2.7) it follows that 

(9.2.16) /(oi,...,an) =e p /f 1 ...i„<-4" 

Equation (9.2.13) follows from comparison of equations (9.2.15) and (9.2.7). Equa- 
tion (9.2.14) follows from comparison of equations (9.2.15) and (9.2.16). □ 



CHAPTER 10 



Quaternion Algebra 



10.1. Linear Function of Complex Field 

Theorem 10.1.1 (the Cauchy-Ricmann equations). Let us consider complex field 
C as two-dimensional algebra over real field. Let 

(10.1.1) eco — 1 eci=i 

be the basis of algebra C. Then in this basis product has form 

(10.1.2) = -ec-o 
and structural constants have form 

(10.1.3) BC \° =1 BC \ 1= 1 

Be- io —1 -Be- ii =—1 

Matrix of linear function 

of complex field over real field satisfies relationship 
(10-1.4) /° = fl 

(10-1.5) /q 1 = -A 

Proof. Equations (10.1.2) and (10.1.3) follow from equation i 2 = —1. Using 
equation (9.1.17) we get relationships 

(10.1.6) / ° = f kr Bc P k0 B c ° pr = f Qr Bc° 00 Bc 0r + f lr B c .\ Bc Q lr = f 00 - f 11 

(10.1.7) /o 1 = f kr B c .l B c .l r = f 0r B c .% B c .hr + f lr Bci Bci r = f 01 + f 10 

(10.1.8) /° = f kr B c p kl Bc° pr = fBc^Bc-t + f^Bc-^Bc-L = ~f 01 ~ f 10 

(10.1.9) fl = f kr Bc v kx B c x vr = f r B c ^B c \ r + f lr Bc^Bd = f 00 - /" 

(10.1.4) follows from equations (10.1.6) and (10.1.9). (10.1.5) follows from equations 
(10.1.7) and (10.1.8). □ 



in 



112 



10. Quaternion Algebra 



10.2. Quaternion Algebra 

In this paper I explore the set of quaternion algebras defined in [15]. 



Definition 10.2.1. Let F be field. Extension field F(i,j, k) is called the quater- 
nion algebra E(F, a, b) over the field F 1 

defined according to rule 



nlO.l 



if multiplication in algebra E is 





i 


3 


k 


i 


a 


k 


aj 


j 


-k 


b 


-bi 


k 


-aj 


bi 


—ab 



(10.2.1) 



where a, b s F , ab ^ 0. 

Elements of the algebra E(F, a, b) have form 

x = x° + x 1 i + x 2 j + x 3 k 

where x' € F, i = 0, 1, 2, 3. Quaternion 

— o 1 • 2 ■ 3 1 

x = x — xi — x j — x k 

is called conjugate to the quaternion x. We define the norm of the quaternion 

x using equation 

(10.2.2) \x\ 2 =xx = (x ) 2 - aix 1 ) 2 - b(x 2 ) 2 + ab{x 3 ) 2 

From equation (10.2.2), it follows that E(F, a, b) is algebra with division only when 
a < 0, b < 0. In this case we can renorm basis such that a = — 1, b = — 1. 

We use symbol E(F) to denote the quaternion division algebra E(F, — 1, — 1) 
over the field F. Multiplication in algebra E(F) is defined according to rule 





i 


j 


k 


i 


-1 


k 


-j 


j 


-k 


-1 


i 


k 


j 


—i 





(10.2.3) 



In algebra E(F), the norm of the quaternion has form 

(10.2.4) \x\ 2 =xx = (x ) 2 + (x 1 ) 2 + (x 2 ) 2 + {x 3 ) 2 
In this case inverse clement has form 

(10.2.5) x- 1 = \x\- 2 x 

We will use notation H = E(R, —1, —1). 

The inner automorphism of quaternion algebra H 10 2 

P -> qpq- 1 

(10.2.6) 

q(ix + jy + kz)q~ 1 = ix' + jy' + kz' 



□ 



1 I follow definition from [15]. 
10 - 2 Sec [16], p.643. 
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describes the rotation of the vector with coordinates x, y, z. The norm of quaternion 
q is irrelevant, although usually we assume |g| = 1. If q is written as sum of scalar 
and vector 

q = cos a + (ia + jb + kc) sin a a 2 + b 2 + c 2 = 1 
then (10.2.6) is a rotation of the vector (x,y,z) about the vector (a,b,c) through 
an angle 2a. 

10.3. Linear Function of Quaternion Algebra 
Theorem 10.3.1. Let 

(10.3.1) eo = 1 §i = i ~e~2 = j e3 = k 

be basis of quaternion algebra H . Then in the basis (10.3.1), structural constants 
have form 



B oo = 


1 


B 01 = 


1 


B 02 = 


1 


S 3 3 = 


1 


B 10 = 


1 


B?i = 


-1 


B3 12 = 


1 


B h = 


-1 


B 20 = 


1 


B 21 = 


-1 


B 22 = 


-1 


B h = 


1 


B 30 = 


1 


R2 _ 
-°31 — 


1 


B h = 


-1 


B °ss = 


-1 



Proof. Value of structural constants follows from multiplication table (10.2.3). 

□ 

Since calculations in this section get a lot of space, I put in one place references 
to theorems in this section. 

Theorem 10.3.2: the definition of coordinates of linear mapping of quater- 
nion algebra H using standard components of this mapping. 
Equation (10.3.22): matrix form of dependence of coordinates of linear 
mapping of quaternion algebra H from standard components of this map- 
ping. 

Equation (10.3.23): matrix form of dependence of standard components of 
linear mapping of quaternion algebra H from coordinates of this mapping. 

Theorem 10.3.4: dependence standard components of linear mapping of 
quaternion algebra H from coordinates of this mapping. 

Theorem 10.3.2. Standard components of linear function of quaternion algebra 
H relative to basis (10.3.1) and coordinates of corresponding linear map satisfy 
relationship 



(10.3.2) 



( fO 

JO 


=f°° 


-f 11 


_ f 22 


_ f 33 


fl 


=f 00 




+ f 22 


+ / 33 


{ 

fl 


=f°° 




_ f 22 


+ / 33 


f 3 

\ J 3 


=f 00 




+ f 22 


_ /3 3 
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(10.3.3) 



(10.3.4) 





10 


Quatoi 


nion Al 


^cbra 




f 


fl = 


/ 01 + 


/ 10 + 


Z 23 


-z 32 




A°=- 


Z 01 - 


/ 10 + 


Z 23 


-z 32 


< 


/!=- 


Z 01 + 


Z 10 - 


Z 23 


-z 32 




fi = 


/0 1_ 


Z 10 - 


Z 23 


-z 32 




/o 2 = 


f 02_ 


/ 13 + 


Z 20 


+ z 31 




/l 3 = 


f 02 ~ 


z 13 - 


Z 20 


-z 31 


< 


z 2 °=- 


/° 2 - 


z 13 - 


Z 20 


+ / 31 




fl=- 


./02_ 


/ 13 + 


Z 20 


-z 31 




fi = 


/° 3 + 


z 12 - 


Z 21 


+ / 30 




!l=- 


./03_ 


z 12 - 


Z 21 


+ / 30 


< 


fl = 


/° 3 - 


z 12 - 


Z 21 


-z 30 




/ 3 °=- 


/ 03 + 


z 12 - 


Z 21 


-z 30 



(10.3.5) 



Proof. Using equation (9.1.17) we get relationships 

f0_ fkr RP DO 
JO — J D kO D vr 

(10.3.6) = rB° 00 B° 00 + /"BloB?! + Z 22 5 2 2 B 2 ° 2 

= / 00_ / ll_ / 22_ /33 



f 33 n3 dO 

7 "sa^sa 



(10.3.7) 



(10.3.8) 



(10.3.9) 



(10.3.10) 



£kr jdP d1 
7 B kO B vr 

. iOlnO pi , ilOnl nl , f 23 p2 d1 , f32 f)3 Dl 

- 7 -o o-o i + 7 ^10^10 + / -D20-D23 + / -D30-D32 
= / oi + / io + / 23_ /3 2 



/ 2 = Z fcr ^ ^ r 



Zo 3 = 



_ f 02 DO r2 , f 13 Rl d2 

- 7 -D00-D02 + / -D10-D13 

= z 02 - z 13 + z 20 + z 31 

Z fer ^ 0J B^ 

_ f 03 pO p3 , fl2f)l r3 

- 7 -D00-D03 + 7 -010-012 

C21 1 ^30 



f 20 p2 r2 
7 -020^*20 



f31 r3 r2 
7 -0^30^31 



J-21 p2 p3 
7 -^20-^21 



f 30 r3 p3 

7 -O30-O30 



= z U3 + z 12 -z 

7i-7 & kl £S pr 



f 



fOl Rl pO 1 f 10 pO pO 1 f 23 p3 rO , f32 p2 pO 
7 -001^11+ 7 ^11^*00 + 7 ^21-033 + 7 ^31^22 

_ / 01_ /1 + / 23_ /32 
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(10.3.11) 



(10.3.12) 



(10.3.13) 



(10.3.14) 



(10.3.15) 



(10.3.16) 



(10.3.17) 



(10.3.18) 



(10.3.19) 



fb- 



f 



fb 



fl- 



fi- 



fb 



fkr tdP nl 
7 B kl B pr 

_ tooui nl i fii do d1 
-/ ^01^10+7 B \\ B o\ 

= / 00_ / ll +/ 22 +/ 33 

fkr tdP d2 
7 B kl B pr 

_ j03d1 d2 _l f 12 DO R 2 
"J -001^13+7 -Dll-Dl 



-"oi-'-'is 

C03 fl2 



11 -"02 
i J?30 



= -/° 3 - z 12 - / 21 + / 

_ j02d1 R 3 , fl3r>0 r>3 
— / -D0I-D12 + 7 -Dll-Dl 



-'01 JJ 12 
/0 2 _ / 13 _ 



11^03 
20 J-3J 



/ 



^0 fkr dP dO 

J 2- J B k2 B pr 

= f 02 BZ 2 B 2 > 2 +f^B? 2 B° 3 

= _ / 02_ / 13_ / 20 + / 31 



rfcr dP nl 
7 B k2 B pr 

_ J-03 o2 nl , j?12d3 d1 
" 7 ti 02 t >23 + 7 ^12^32 

= /° 3 -/ 12 -/ 21 -/ 30 



f krB k2 B pr 



i00d2 R 2 
J ^02"20 



f 11 R 3 R 2 
7 B 12 B 31 



f 



= / U ° + / 11 -/ 22 +/ 

7 B k2 B pr 

_ fOl d2 R 3 , j-10 R 3 R 3 
" J -002^21 + 7 ^12^30 

= "/ 01 +/ 10 -/ 23 -/ 32 



/ 3 °= f kr B p k3 B° pr 

_ J-03 n3 dO , j-12 R 2 dO 
— 7 -003^33 + 7 ^13^22 

= _ / 03 +/ 12_ / 21_ / 30 



rfcr dP nl 
7 B k3 B pr 

_ J-02 R 3 Dl 1 fl3n2 R l 
~ 7 -003^32 + 7 ^13^*23 

= -/° 2 -/ 13 +/ 20 -/ 31 



f 22 R 3 nl , J-33 R 2 d1 

7 ^21^32+/ a 3\ B 23 



f2lD3 n2 , f 30 R 2 R 2 
7 ^21-031+7 ^31^20 



x20 R 3 R 3 , i-31 R 2 R 
7 ^21-030+7 ^31^21 



f 21 R R l , f 30 R l Rl 
7 ^22^01 + 7 ^32^10 



f 22 R R 2 , f 33 R l R 
7 t>22 B Q2 + 7 B 32 B 



2 

32^13 



f 23 R R 3 
J £> 22 £) 03 



f 32 R l R 3 
7 £>32 B 12 



f 21 R l R , f 30 R R 
7 ^23-011+7 ^33^00 



f20 R l R l 1 J-31 R R l 
7 ^23-010 + 7 ^33^01 
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(10.3.20) 



(10.3.21) 



f2_ fkr T>V d2 

_ fOl R3 r>2 
- / ^03^31 



= / 01 "/ 10 

fkr DP ro3 
J B k3 B pr 



f 10 r>2 r>2 t J-23D1 d2 , f32 DO r>2 
7 ^13^20 + / U 23 U 13 + J B 33 B 02 



32 



jOOd3 e>3 _l fllD2 r3 
/ -D03-D30 + / ^1 I-"' 



-"03 -"30 
fOO 1 1 ^22 



13^21 
33 



1 f 22 E>1 n3 
+ / -D23-O12 



f 33 dO r3 
J ^S^OS 



= r + f 11 + p 2 - r 

Equations (10.3.6), (10.3.11), (10.3.16), (10.3.21) form the system of linear 
equations (10.3.2). 

Equations (10.3.7), (10.3.10), (10.3.17), (10.3.20) form the system of linear 
equations (10.3.3). 

Equations (10.3.8), (10.3.13), (10.3.14), (10.3.19) form the system of linear 
equations (10.3.4). 

Equations (10.3.9), (10.3.12), (10.3.15), (10.3.18) form the system of linear 

equations (10.3.5). □ 

Theorem 10.3.3. Consider quaternion algebra H with the basis (10.3.1). Standard 
components of additive function over field F and coordinates of this function over 
field F satisfy relationship 



(10.3.22) 





/ 


/ 


/ 3 ° \ 


fl 


-/o 1 


/ 


-fi 


fi 


-fi 


-fi 


fi 


V / 3 3 


fi 


-fl 


-fi ) 




-1 - 


1 -1 


\ ( 1 



-1 1 
1 -1 



V 1 



1 



1 



1 
1 

-1 / 



00 

f 11 

£22 
\ P 3 



f 01 


_ f 02 


-f 


/ 10 


f 13 


-f 


f 23 


P° 


f 


f 32 


~f 31 


f 



03 
12 
21 
30 



(10.3.23) 



where 



( f°° 


-/ 01 


-f° 2 


-/ 03 \ 


f 11 


/ 10 


f 13 


-f 12 


J22 


~f 23 


P° 


f 21 


\ P 3 


f S2 


~f 31 


f 30 J 


I 1 


1 


1 1 


\ (IS 



V 1 



V - 



-1 7 



/ 
fi 



/ 1 



-1 / 



V -1 



/ 


/ 


f 


/ 


/ 


-fi 


/ 


-fi 


f 


/ 


-fi 


-fi 



1 1 

-1 1 

1 -1 

1 1 



1 \ 

1 
1 

-1 / 
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Proof. Let us write the system of linear equations (10.3.2) as product of 
matrices 



(10.3.24) 



Let us write the system of linear equations (10.3.3) as product of matrices 

( fh \ /i i i -i \ ( f 01 \ 

f? = -i -i 
-i i 

i -i 



/ fS 


) 




( 1 


-1 


-1 






( r 




fl 






1 


-1 


1 


1 




f 11 




fl 






1 


1 


-1 


1 




f 22 




\ fl 


J 




I 1 


1 


1 


-1 J 




{ f 33 


) 



(10.3.25) 



V fl ) 



\ 



-1 
-1 
-1 / 



f 10 

f 23 
\ f 32 ) 



From the equation (10.3.25), it follows that 



-fl \ 
f? 



f 



V -fa I 



( 



-1 - 
-1 - 
-1 

V -i 

/ 1 -1 

1 -1 
1 1 

V i i 



-1 

1 -1 
-1 -1 



1 



1 

-1 
1 

-1 



1 \ ( f 01 \ 

/ 10 

pa 

i / V f 32 J 

1 \ ( -f 01 \ 

f 10 
f 23 

V f 32 J 



-1 
-1 

1 / 



(10.3.26) 



( $ \ ( 1 - 1 - 1 - 1 \ 

I- 111 

II- 11 

V i i i -l / 



fa 

\ fi J 



( -f 01 \ 

-f 23 

V f 32 J 



Let us write the system of linear equations (10.3.4) as product of matrices 
( /o 2 \ / 1 -1 1 1 \ ( f° 2 \ 



(10.3.27) 



/ 

fS 
V fi J 



1 -1 -1 -1 
-1 -1 -1 1 
-1 -1 1 -1 / 



z 13 
f 20 
\ f 31 J 
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From the equation (10.3.27), it follows that 



(10.3.28) 



f 


\ 






( 


-1 


1 




1 


-1 


\ 




( J02 


\ 


f 










-1 


1 




1 


1 






f 13 




f 










-1 - 


1 




1 


1 










f 


J 






v 

\ 


-1 - 


1 




1 


-1 / 






/ 










/ 


1 


1 




-1 




M 




( 


-/° 2 


\ 












1 


1 




1 




-i 






z 13 














1 


-1 




-1 




-i 




















1 


-1 




1 




i J 




V 


-/ 31 


) 


t 


f 








( 1 




-1 




-i 


-i ^ 




(- 


-f 




f 








1 




-1 




i 


i 






i 






f 








1 




1 




-i 


i 






i 


\ 




f 


) 






V 1 




1 




i 


-i > 




K 


-./ 



r 



Let us write the system of linear equations (10.3.5) as product of matrices 

1 1-1 1 \ / / 03 \ 



(10.3.29) 





( 


ft 




fi 




\ fS J 


V 



From the equation (10.3.29), it follows that 



-/o 3 \ 
ft 
-fl 

fS J 



( 1 1 

-1 -1 



-1 



-1 
-1 
1 

1 

-1 
1 



1 / 



f 12 
ft 1 
\ f 30 J 



1 \ / f 03 \ 



(1 



1 



1 

. -1 
1-1 1 
V i -i -i 



-1 -1 / 

1\ 



1 
1 

-1 / 



f 12 
f 21 

V / 30 / 

( - f03 \ 
f 12 

f 21 

V f 30 J 



(10.3.30) 



( fS \ ( i -i 

I- 111 

II- 11 
V i i i -l j 



f 
ft 

V -/o 3 J 



-l -l \ f -r \ 
-ft 2 
f 21 

v f 30 J 



We join equations (10.3.24), (10.3.26), (10.3.28), (10.3.30) into equation (10.3.22). 

□ 

Theorem 10.3.4. Standard components of linear function of quaternion algebra 
H relative to basis (10.3.1) and coordinates of corresponding linear map satisfy 
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relationship 



(10.3.31) 



(10.3.32) 



(10.3.33) 



(10.3.34) 



4/ 00 = 
4/ u = 
4/ 22 = 
4/ 33 = 

4/°i = 
4/ 32 = 
4/ 23 = 

4/ 20 = 
4/31 = 

4/ 02 = 
4/13= 

4/ 30 = 
4/21 = 

4/ 12 = 
4/ 03 = 



/ 



f8 + fl + 8i 

~fo ~ fl + /I 
— /o + /l — /f 

-fS + fl + fi 

~ fi + /o — /;J 
-/i° + /o 1 + /l 



/i /o /3 J: 
/i + /o — fi ~ /: 



/ 3 3 
/s 3 



/I 



/ 



— ^2 + fi + /o — /l 
^2 — + /o — /l 

— /2 — + fo + /l 

_ f O _ f 1 _ f 2 _ f3 
Jl Jz JO Jl 

~ fs ~ fi + fi + fa 

fO fl fl _ fi 
J3 Jl Jl JO 

fS ~~ fi ~ fi + fo 
~f§ + fi ~ fi + fo 



PROOF. We get systems of linear equations (10.3.31), (10.3.32), (10.3.33), 



(10.3.34) as the product of matrices in equation (10.3.23). 
Theorem 10.3.5. We can identify quaternion 



a 



(10.3.35) 

and matrix 

(10.3.36) 



a 1 i + a 2 j + a 3 k 



Ja 



( 


a 


-a 1 


-a 2 


-a 3 






a 


a 


-a 3 


a 






a 


a 


a 


-a 1 




\ 


a 


-a 2 


a 


a 


) 



PROOF. The product of quaternions (10.3.35) and 

x = x° + x 1 i + x 2 j + x 3 k 



has form 



ax = a°x° 



2 2 

a x 



+ (a u x 2 +a 2 x u +a 3 x 1 



a 3 x 3 + (a°x 1 + a 1 x° + a 2 x 3 



a 3 x 2 )i 

a 1 x 3 )j + (a°x 3 + a 3 x° + a 1 x 2 - a 2 x 1 )k 
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Therefore, function f a {x) = ax has Jacobian matrix (10.3.36). It is evident that 
fa°fb = fab- Similar equation is true for matrices 



/ 


a -a 1 


-a 2 


-a 3 


) 




/ b° 


-b 1 


-b 2 


-b 3 \ 






a 1 a 


-a 3 


a 






b 1 


b 


-b 3 


b 2 






a 2 a 3 


a 


-a 1 






b 2 


b 


b° 


-b 1 




V 


a 3 -a 2 


a 


a 


J 




\ b 3 


-b 2 


b 


b° ) 




/ 


a°b°- 


aH 1 


-aV 




- a 


i b o 


-a°b 2 


+ aH 3 


-a°b 3 - o}b 2 




-a 2 b 2 - 


a 3 b 3 


-a 2 b 3 


i 


- a 


3 fc 2 


-a 2 b° 


-a 3 ^ 


+a 


b 1 - a 3 b° 



a°b 1 +a 1 b° 
-a 2 b 3 - a 3 b 2 



-a 2 b 2 -a 3 b 3 +a 2 o 1 



n 
o 



+a 2 b° + 



a°b 2 - aH 3 
+a 2 b° + a 3 6 1 



a°b 3 + a 1 b 2 



a°b° - aH 1 
-a 2 b 2 - a 3 b 3 



-a 2 b 3 



a 1 b° 
a 3 b 2 



a°b 3 + a 1 b 2 
V -a 2 b x + a 3 b° 



-a°b 2 
-a 2 b° 



a x b 3 
aH 1 



aPb 1 
+a 2 b 3 



a 3 b 2 



a°b° 
-a 2 b 2 



Therefore, we can identify the quaternion a and the matrix J a . 



a 1 ^ 

,3l3 



a 3 b 3 ) 



□ 
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Linear Map of D- Vector Spaces 

11.1. Linear Mapping of D- Vector Spaces 

Considering linear mapping of Z)-vector spaces we assume that division ring D 
is finite dimensional algebra over field F. 

Definition 11.1.1. Let field F be subring of center Z{D) of division ring D. 
Suppose V and W are D-vector spaces. We call map 

A:V^W 

of D-vector space V into D- vector space W linear map over field F if 

A(x + y) = A(x) + A(y) x, y e V 
A(px) = pA(x) p e F 

Let us denote C(D; V; W) set of linear mappings 

A:V^W 

of D-vector space V into D-vector space W. □ 

It is evident that D t * -linear mapping as well %Z?-linear mapping are linear 
mappings. Set of morphisms of Z?-vector space is wider then set of morphisms 
of D**-vector space. To consider linear mapping of vector space, we will follow 
method used in section 4.4. 

Theorem 11.1.2. Let D be division ring of characteristic 0. Linear mapping 

A:V 

relative to **D-basis ey ■* of D -vector space V and **D-basis ew ■* of D -vector space 
W has form 

(11.1.1) A(v) = e w .j Aiiv*) v = e v ,*v 

where Al(v l ) linearly depends on one variable v l and does not depends on the rest 
of coordinates of vector v. 

Proof. According to definition 11.1.1 

(11.1.2) A(v) = A(e v **v)=A^e v .iV 1 } =^3(ey.,?/) 

For any given i vector A(ey-i v l ) £ W has only expansion 

(11.1.3) A{e v -i v l ) = e w -j ^{v l ) A~{e V -i u*) = e w **A l (v l ) 

relative to „*£)-basis ew-*- Let us substitute (11.1.3) into (11.1.2). We get (11.1.1). 

□ 
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Definition 11.1.3. The linear mapping 

A\ ' : D ->• D 
is called partial linear map of variable v l . 

We can write linear mapping as product of matrices 

4V) 



□ 



(11.1.4) A(v) = (V.! 



Let us define product of matrices 
A.^ ... 

(11.1.5) 



ew- 




where A = is matrix of partial linear mappings. Using the equation (11.1.5), 

we can write the equation (11.1.4) in the form 

t 'A\ ... Ai\ /V s 

(11.1.6) A(v) = [e W i ■■■ ew-, 



,A™ 



A[ 



\v r - 



Theorem 11.1.4. Let D be division ring of characteristic 0. Linear mapping 
(11.1.7) A:v eV -^w eW w = A(v) 

relative to **D-basis ey .* of D -vector space V and **D-basis ew ■* of D -vector space 
W 11 ' 1 has form 



(11.1.8) 
(11.1.9) 



v = ey**v 



w = ew* W 



Proof. According to theorem 11.1.2 we can write linear map A(v) as (11.1.1). 
Because for given indexes i, j partial linear map A^v 1 ) is linear with respect to 
variable v\ than according to (9.1.14) it is possible to represent expression Al(v % ) 
as 



(11.1.10) 



Aitf) = A s . .i v l A. 



where index s is numbering items. Range of index s depends on indexes i and j. 
Combining equations (11.1.2) and (11.1.10), we get 

A(v) =e w . j A J i (v i ) mi , ••!.-'! ', v l A s .i.{ 
A(v) =e w **A l (v i ) =e w **{A s .o-i v l A^) 

In equation (11.1.11), we add also by index i. Equation (11.1.9) follows from 
comparison of equations (11.1.8) and (11.1.11). □ 



(11.1.11) 



Definition 11.1.5. Expression A s . p .\ in equation (11.1.3) is called component 
of linear map A. □ 



^'^Coordinate representation of map (11.1.7) depends on choice of basis. Equations change form 
if, for instance, we choose *»D-basis r„ in D- vector space W . 
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Theorem 11.1.6. Let D be division ring of characteristic 0. Let ey-*be a 
basis of D -vector space V, ejj-*be a ^D-basis of D -vector space U, and ew *be a 
^D-basis of D -vector space W. Suppose diagram of maps 

v 





U 

is commutative diagram where linear map A has presentation 

(11.1.12) u = A(v) = eu.jAKv 1 ) = r, v l A^.j 
relative to selected bases and linear map B has presentation 

(11.1.13) w = 77:77: = e w . k B*(u j ) = e w . k B t . ^ u 1 B M * 
relative to selected bases. Then map C is linear map and has presentation 

(11.1.14) w = C(v) = e w . fc Cf («*) = ew.kCu.o* v l C u .^ 
relative to selected bases, where 112 

CfK) =Bl(A{(v i )) 

(11.1.15) Cu CK = Cts-o-i = B t .Q.j Ag.Q.l 
Cu-i^ = Cts-i-i — Ag.i.l Bt.i.j 

Proof. The mapping C is linear mapping because 
C{a + b) =B(A(a + b)) 

= B(A(a)+A(b)) 
= B(A(a)) + B(A(b)) 
= C(a) + C(b) 
C{ab) = B(A{ab)) = B(aA(b)) 
= aB(A(b)) = aC(b) 
a,beV 
aeF 

Equation (11.1.14) follows from substituting (11.1.12) into (11.1.13). □ 
Theorem 11.1.7. For linear mapping A there exists linear mapping B such, that 

A(axb) = B(x) 

B s . x .i = b A s . v i 



112 Indcx u appeared composite index, u = st. However it is possible that some items in (11.1.15) 
may be summed together. 



□ 
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Proof. The mapping B is linear mapping because 
B(x + y) = A(a(x + y)b) = A(axb + ayb) = A(axb) + A{ayb) = B(x) + B(y) 
B(cx) = A(acxb) = A(caxb) — cA(axb) = cB(x) 
x,y eV,c G F 
According to equation (11.1.9) 

B s . .{ v* B,.i.{ = A s . .{ (a v* b)A s . x .{ = (A s . .{ a)v l (b A^) 

Theorem 11.1.8. Let D be division ring of characteristic 0. Let 

A:V -^W 

linear mapping of D -vector space V into D-vector space W. Then A(0) = 0. 
Proof. Corollary of equation 

A{a + 0) = A(a) + A(0) 

□ 

Definition 11.1.9. The set 

kevA = [x E V : A(x) = 0} 
is called kernel of linear mapping 

A:V -^W 

of D-vector space V into -D-vector space W. □ 
Definition 11.1.10. The linear mapping 

A:V^W 

of D-vector space V into D- vector space W is called singular, if 

kcrA = V 

□ 

11.2. Polylinear Mapping of D- Vector Spaces 

Definition 11.2.1. Let field F be subring of center Z{D) of division ring D of 
characteristic 0. Suppose Vi, V n , Wi, W m are D-vector spaces. We call 
mapping 

( 112 i) A:Vi x ... xV n ^Wx x ... xW m 

Wi x ... x w m = A(vi, ...,v„) 

polylinear mapping of x-D- vector space V\ x ... x V n into x -D-vector space 
Wi x ... x W m , if 

A(p 1 ,...,p i + q i ,...,p n ) = A(px, ...,pi, ...,p n ) + A(f!, ...,qi, ...,p n ) 

A(pi, ...,api, ...,p n ) = aA(pi, ...,p t , ...,p n ) 

1 < i < n Pi,qi G Vi a £ F 

□ 
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Definition 11.2.2. Let us denote C(D; Vi, V n ; W\, W m ) set of polylinear 
mappings of x -.D-vector space V\ x ... xV n into x-D- vector space Wi x...xW m . □ 

Theorem 11.2.3. Let D be division ring of characteristic 0. For each k £ K = 
[l,n] let ey fc .* 6e ^D-basis in D-vector space Vk and 

"A; = ey fc **W/c Ffe £ Vfc 

For each I, 1 < / < m, let e^v* be ** D-basis in D-vector space Wi and Wi £ Wj 

wi = ew,**wi wi e Wi 



Polylinear mapping (11.2.1) relative to basis ey 1 -* x 
... x ew m -* has form 



x ey„.* and basis e^.* x 



(11.2.2) 



A 



s-0-ii 



!(t4V"X") 



J 

,in-l 



Range S of index s depends on values of indexes i\, i n . <j s is a transposition of 
set of variables {v^ 1 , i^™}. 

Proof. Since we may consider map A into x-D-vector space W\ x ... x W m 
componentwise, then we may confine to considering of map 

(11.2.3) Ai : Vi x ... x V n W l Wj =A~i(vi, ...,«„) 

We prove statement by induction on n. 

When n = 1 the statement of theorem is statement of theorem 11.1.4. In such 
case we may identify 11 ' 3 



Al J 



A s . p .i p = 0,l 



Let statement of theorem be true for n = k — 1. Then it is possible to represent 
map (11.2.3) as 



V x x ... x V k 




Vi x ... x V k -i 

wi = Ai(vi, ...,v k ) = Ci(vk)(vi, ...,Vk-i) 
According to statement of induction polylinear mapping Bi has form 

w l — - D t-0-ii,...,i fe _ 1 -( "t{Ui J x> M.i I ,...,i k _i-i — "t\ u k-l ) D t-k-l-ii,...,i k -i_-l 



i*h-l-i 



are 



According to construction Bi = Ci(vk). Therefore, expressions B^ p-il 
functions of Vk- Since Ci(Uk) is linear mapping of Vk, then only one expression 



11 ' 3 In representation (11.2.2) we will use following rules. 

• If range of any index is set consisting of one element, then we will omit corresponding 
index. 

• If n = 1, then <r s is identical transformation. We will not show such transformation in 
the expression. 
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■^t-pki ik-i-i 1S nnear mapping v^, and rest expressions B*~\^ i h -i-l ^° n0 * 
depend on . 

Without loss of generality, assume p = 0. According to theorem 11.1.4 

Rfc-l 3 _ (tk 3 ik f~<k j 

o t-0-ii,...,»„_i-i ~ Wr.0-i fe ti,...,t fc _ 1 -J ^fe Wr-l-ifciij.-jth-i-i 

Assume s = tr. Let us define transposition a s according to rule 



a(tr) 



J k u l ■■■ L fe-1 

4* crtK 1 ) ... trtOfe) 



Suppose 



4 fc 3 — R fe_1 J n — 1 it — 1 

/1 tr-5+l-i fe ii 1 ... 1 i fe _i-/ — - D t.9-ii,...,i fc _i-i tf — -L, ft i 



1 ir-g-ij t ii,...,ij t _i'i ^ y tr-q-i k ii,...,i k _ 1 -l 

We proved step of induction. □ 

Definition 11.2.4. Expression A*.^ 4 j in equation (11.2.2) is called com- 
ponent of polylinear mapping A. □ 



CHAPTER 12 



Tensor Product 

12.1. Tensor Product of Rings 

Theorem 12.1.1. Let G be semigroup. Let M be free module with basis G over 
commutative ring F . Then the structure of ring is defined on M such that F is 
subring of center Z(M) of ring M . 

Proof. Arbitrary vectors a, b, c £ M have unique expansion 

a = a % gi b = IP gj c = c k 

relative to basis G. iGl,j€J,k€K where /. J, K arc finite sets. Without loss 
of generality, we assume i, j, k £ I U J Li K. 
Let us define product a and b by equation 

(12.1.1) ab={a l V){g l93 ) 

From chain of equations 

(a + b)c= ((a 4 + b t )g,){c>g j ) 

= ((a i + b^)(g l9j ) 

= (aV +Vc 1 )(g l g J ) 

= (a l c : >)(g l g J ) + (b l c>)(g l g j ) 

= (a 1 gi)(c j g J ) + (b l g l )(c>g j ) 

— ac + be 

it follows that this product is right-distributive relative to sum. The same way we 
prove that this product is left-distributive relative to sum. From chain of equations 

{aby^^g^Vg^gu) 

= ((a i V)(g i g j ))(c k g k ) 

= ((a*V)c k )((g l9j )g k ) 

= (aW))(3*to)) 

= (cSg % ){{Vg 3 ){c k g k )) 
= a(bc) 

it follows that this product is associative. 

Let e G G be unit of semigroup G. From equation 

ae = (a l gi)e = a l {gie) = a l gi = a 

it follows that e is unit of ring M. 
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Map 

/ : p G F -> pe G M 

is homomorphic injection of ring .F into ring Af. Therefore, center Z(M) of ring 
M contains ring F. □ 

Let R n be rings of characteristic 0. 121 Let F be maximum commutative 

ring which for any i, i = l,...,n, is subring of center Z(Ri). Let us consider category 
A whose objects are polylinear over commutative ring F maps 

/ : Ri x ... x Rn 5- Si g : Ri x ■■■ x R n ^ S 2 

where S\, S2 are modules over ring F, We define morphism / — > g to be linear over 
commutative ring F map h : Si — > S2 making diagram 



Ri x ... x R n 



commutative. Universal object Ri ® ... ® R n of category A is called tensor prod- 
uct of rings Ri, R n over commutative ring F. 

Theorem 12.1.2. There exists tensor product of rings. 

Proof. Let M be module over ring F generated by product Ri x ... x R n of 
multiplicative semigroups of rings Ri, R n . Injection 

->■ M 




i : Ri x ... x R n — 
is defined according to rule 

(12.1.2) i(di,...,d n ) = (di,...,d n ) 

and is homomorphism of multiplicative semigroup of ring Ri x ... x R n onto basis 
of module M. Therefore, product of vectors of basis is defined componentwise 

(12.1.3) (di,...,d„)(ci,...,c„) = (dici,...,d n c n ) 

Let N C M be submodulc generated by elements of the following type 

(12.1.4) (di,...,di + Ci,...,d n ) - (di,...,di,...,d n ) - (di, Cj, d n ) 

(12.1.5) (di, ...,adi, ...,d n ) - a(di, ...,di, ...,d n ) 
where di G Ri, c% G Ri, a G F. Let 

j :M -)• M/N 

be canonical map on factor module. Let us consider commutative diagram 

(12.1.6) M/N 



Ri x ... x R 




12.1 



I give definition of tensor product of rings following to definition in [1], p. 601 - 603. 
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Since elements (12.1.4) and (12.1.5) belong to kernel of linear map j, then from 
equation (12.1.2) it follows 

(12.1.7) f(di, ...,di + Ci,...,d n ) =f(di, di, d n ) + f(di, a, d n ) 

(12.1.8) f(di,...,adi, d n ) =af(d%, di, d n ) 

From equations (12.1.7) and (12.1.8) it follows that map / is polylincar over field 
F. Since M is module with basis R\ x ... x R n , then according to theorem [1]-4.1, 
on p. 135 for any module V and any polylinear over F map 

g : Ri x ... x R n s- V 

there exists a unique homomorphism k : M —> V, for which following diagram is 
commutative 



i?i x ... x R n 




(12.1.9) 



Since g is polylinear over F, then kerk C TV. According to statement on p. [1]-119 
map j is universal in the category of homomorphisms of vector space M whose 
kernel contains N. Therefore, we have homomorphism 

h : M/N V 

which makes the following diagram commutative 
(12.1.10) M/N 




We join diagrams (12.1.6), (12.1.9), (12.1.10), and get commutative diagram 
(12.1.11) M/N 



Ri x ... x R 




Since Im/ generates M/N, then map h is uniquely determined. 
According to proof of theorem 12.1.2 

Ri ® ... ®Rn = M/N 

If di £ Ri, we write 

(12.1.12) j(di,...,dn) = c?i® ... ®d n 



□ 
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From equations (12.1.2) and (12.1.12) it follows 

(12.1.13) f(d 1 ,...,d n ) = d 1 8>...®d n 
We can write equations (12.1.7) and (12.1.8) as 

di <8 ... <g> (di + Cj) ® ... <8 d n 

(12.1.14) =di <8 ... ®di® ... ®d n + di® ... (8 c* <8 ... <8 d n 

(12.1.15) di (g) ... ® (adi) <8 ... ® d„ = o(di <8 ... <g> ^ <8 ... ® d n ) 

Theorem 12.1.3. Tensor product R\® ...®R n of rings Ri, R n of characteristic 
over ring F is ring. 

Proof. According to proof of theorem 12.1.2 basis of module M over ring F 
is semigroup. According to theorem 12.1.1 structure of ring is defined in module 
M. Submodule N is two-sided ideal of ring M. Canonical map on factor module 

j : M -> M/N 

is also canonical map on factor ring. Therefore, the structure of ring is determined 
in module M/N = R± ® ... ® i?„. From equation (12.1.3) it follows that 

(12.1.16) (di <E> ... <E> d n )(ci ® ... ® c„) = (dici) <8> ... <E> (d n c„) 
From equation (12.1.14) it follows that 

di <8) ... (8 dj ® ... ® d„ 

=di ® ... ® (dj + 0) ® ... ® d„ 

=di ® ... 8 4® ... ® d n + di ® ... ® ® ... (8) d„ 

Therefore, we can identify tensor di (g> . . . (8 (8 ... (8 d„ with zero ® ... (8 0. According 
to statement of theorem product equal 0(8. ..(80 if only one of factors equal 0(8. ..(80. 
Tensor e\ (8 ... ® e n unit of product. □ 

12.2. Tensor Product of Division Rings 

Let Di, D n be division rings of characteristic 0. Let F be field which for 
any i, i = l,...,n is subring of center Z(Ri). Tensor 

(cti (8 ... <8 a„) _1 = (ai)" 1 ® ... (8 (a„) _1 

is inverse tensor to tensor 

ai (8 ... (8 a„ € D\ (8 ... (8 C„ 

However tensor product Di (8 ••■ ® D n of division rings Z?i, D n , in general, 
is not division ring, because we cannot answer on following question. Does element 

p(ai (8 ... (8 a n ) + q(bi (8 ... (8 6„) 

have inverse one? 

Remark 12.2.1. Representation of tensor as 
(12.2.1) a s d 8 .i (8 ... (8 d s . n 

is ambiguous. Since r £ F, then 

(dir) (8 d 2 = di (8 (rd 2 ) 
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We can increase or decrease number of summands using algebraic operations. Fol- 
lowing transformation 

di ® d 2 + ci ® c 2 
=di <g> (d 2 - c 2 + c 2 ) + ci (g) c 2 
=di (8) (d 2 - c 2 ) + di ® c 2 + ci ® c 2 
=di ® (d 2 - c 2 ) + (di + ci) c 2 
is between possible transformations. □ 

Let us consider following theorem for the purposes of illustration of remark 
12.2.1. 

Theorem 12.2.2. Since in division ring D of characteristic there exist elements 
a, b, c product of which is not commutative, then there exists nontrivial represen- 
tation of zero tensor. 

Proof. Proof of theorem follows from chain of equations 
0®0=a®a-a®a+b®b-b®b 

=(a + c) ® a — c® a — a® (a — c) — a ® c 

+ (b-c)®b + c®b-b®(b + c) + b®c 
=(a + c) (g) a — a (g> (a — c) + (6 — c) <g> & 
+ c (gi (6 - a) - b ® (6 + c) + (6 - a) <g> c 

□ 

From ambiguity of representation of tensor follows that we must to find canon- 
ical representation of tensor. We can find answer of this problem in case of tensor 
product of division rings. Let division ring Di be vector space over field F C Z(Di). 
Let this vector space have finite basis ei. Si , Si £ Si, \Si\ = rrij. Therefore, any 
element fi of division ring Di has expansion 

fi — Ci-Sifi * 

In this case we can write tensor (12.2.1) in form 

(12.2.2) a s (/ s .^e!. Sl ) ® ... ® (/ s .*"e n . s J 
where a s , sf^ 1 £ F. We can reduce expression (12.2.2) 

(12.2.3) a'f..l 1 ...f a .^i. ei O ... <g>e n . s „ 
Let 

..,/•>.•;•' r 

Then equation (12.2.3) has form 

(12.2.4) / Sl - a "ei. Sl ® ...®e„. s „ 

Expression (12.2.4) is defined unique up to selected basis. Expression f Sl --- s * is 
called standard component of tensor. 
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12.3. Tensor Product of D* "-Vector Spaces 

Let Di, D n be division rings of characteristic 0. 12 ' 2 Let Vj be .Di**-vector 
space, i = 1, n. Let us consider category A whose objects are polylinear maps 

J : Vi x ... x V n ^Wi g:ViX ...xV n ^W 2 

where W\ , W 2 are £>*-modules over ring D\ ® ... ® D n . We define morphism / — > g 
to be additive map h : W\ —> W 2 making diagram 



Vi x ... x V 




commutative. Universal object Vi (8> ... ® V n of category A is called tensor prod- 
uct of D-h- vector spaces V\. V n . 

Theorem 12.3.1. There exists tensor product of D*- vector spaces. 

Proof. Let F be field which for any i, i = l,...,n, is subring of center Z(Di). 
Let D be free vector space over ring F generated by product D\ x ... x D n of 
multiplicative semigroups of division rings D±, D n . Injection 



D\ x ... x D n 



D 



is defined according to rule 

(12.3.1) i'(d 1 ,...,d n ) = (di,...,d») 

and is homomorphism of multiplicative semigroup of ring D\ x ... x D n onto basis 
of module D. Therefore, product of vectors of basis is defined componentwise 

(12.3.2) (di,...,d„)(ci,...,c„) = (dici, ...,d n c n ) 

According to theorem 12.1.1 the structure of ring is defined on vector space D. 

Let us consider direct product F x D of field F and ring D. We will identify 
element (/, e) with element / G F and element (l,d) with element d G D. 

Let M be free module over ring F x D generated by Cartesian product V\ x 
... x V n - Since V\ £ Vi, v n G V n , then we denote corresponding vector from M 
as (vi, ...,v n ). Let 

i : Vt x ... x F„ »■ M 

be injection defined according to rule 

(12.3.3) i(t>i, ...,u n ) = (ui, ...,««) 



12. 2j gj ve ciefjnitiQu Q f tensor product of Z)**-vector spaces following to definition in [1], p. 601 
- 603. 
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Let JVcMbe vector subspacee generated by elements of the following type 

(12.3.4) (Ux, ...,Vi + W t , ...,V n ) - {vi, ...,Vi, ...V n ) ~ (Vl, ...,Wi, ...,Vn) 

(12.3.5) (vi, aVi, ...,v n ) - a(vi, ...,Vi, ...,v n ) 

(12.3.6) (ai, ...,a n )(vi, ...,v n ) - (ai«i, ...,a n v n ) 

where Vi, Wi € Vi, a g F, ai £ D{. Let 

j :M M/N 

be canonical map on factor module. Let us consider commutative diagram 

(12.3.7) M/N 



f 




Vi x ... x V„ z — >■ M 

i 

Since elements (12.3.4) and (12.3.5) belong to kernel of linear map j, then from 
equation (12.3.3) it follows 

(12.3.8) f(vi, ...,Vi +Wi, :.,v n ) =f{vi, ...,Vi, —,v n ) + f(vi, —,Wi, -,v n ) 

(12.3.9) f(vi, ...,avi, ...,v n ) =af(v 1 , ...,v l , ...,v n ) 

From equations (12.3.8) and (12.3.9) it follows that map / is polylinear over field 
F. Since M is module with basis V \ x ... x V n , then according to theorem [1]-4.1, 
on p. 135 for any module V and any polylinear over F map 

g :Vx X ... X V n 

there exists a unique homomorphism k : M — > V, for which following diagram is 
commutative 

(12.3.10) Fix... xV n — ^ M 

V 

Since ~g is polylinear over F, then kerk C TV. According to statement on p. [1]-119 
map j is universal in the category of homomorphisms of module M whose kernel 
contains N. Therefore, we have homomorphism 

h : M/N -> V 

which makes the following diagram commutative 

(12.3.11) JI/N 




V 
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We join diagrams (12.3.7), (12.3.10), (12.3.11), and get commutative diagram 



(12.3.12) 




Vt x ... x V n ; — >■ M h 

V 

Since Im/ generates M/N, then map h is uniquely determined. □ 
According to proof of theorem 12.3.1 

If Vi G Vi, we write 

(12.3.13) vi ® ... ®v n = j(vi,...,v n ) 
From equations (12.3.3) and (12.3.13) it follows 

(12.3.14) p{v 1 ,...,v n )=vi®...®v n 
We can write equations (12.3.8) and (12.3.9) as 

v\ <g> ... (g> (tJj + Wi) (g> ... <g> U„ 

(12.3.15) =Ui ® ... ® Vi <g ... (g> w„ + vi (g> ... (gi m» <g ... (g> t>„ 

(12.3.16) Ui <g> ... eg (aVi) ® ... ®iJ n = a(Ui <g ... (g> tJj ® ... ® u n ) 

Theorem 12.3.2. Tensor product V± (g) ... (g V„ is module over tensor product 
Di <g ... <g> D n . 

Proof. To prove statement of theorem we prove that representation 

(di (g) ... <g> c?„)(iJi ® ... <8V n ) = (dx,...,d n )(yi ® ... ® iJ„) 

of ring Di (g) ... (8 £>„ in module Vi <g ... ® y n is defined properly. This follows from 
chain of equations 

(di <g ... <g (otii) <g ... (8 d n )(vi <g> ... (g) v„) = (di,...,adi, d„)(vi <g ... <g> tJ n ) 

= (di«i) (8 ••• <g> {adiVi) ® ... ® (d n u n ) 

= o(diYJi) (8 ... ® (d n u„) 

= o((di, ...,d„)(ui ® ... <gU n )) 

= a((d\ $5 ... ® d„)(wi <g) ... <g¥„)) 

= (a(di (g> ... <g d„))(?Ji ig) ... (g tJ„) 




12.4. Tensor Product of .D-Vector Spaces 
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(di (8 ... ® (rfi + Cj) <g> ... <g d„)(?Ji <8 ... ®v n ) 
-(di, d{ + Ci, ...,d n )(vi ® ... (g U„) 
: (di^i) <8 ... ® ((tij + Cj)«j) ® ... ® (d„w„) 
=(diUi) <8 ... (8 (djUj + c^) <g ... ® (d„u„) 
=(di«i) ® ... <g (diVi) <g ... ® (d„«„) + (diwi) <g 
=(diVi) ® ... <8 (djTJi) ® ... <g (d„«„) + (divi) <g 
=(di, ...,di, ...,d n )(«i <g> ... <gu„) + (di, ...,Ci, ... 



=(di <g ... 6 
=((di (g ... 



<8 d n )(vi ® ... (g v n ) + (di 



... ® (CiUi) <g ... (g (d n V n ) 
... <g (Cj«t) <g ... (g (d n v n ) 
d n )(Vi (g ... (g V n ) 

... ® q (g ... (g d n )(vi (g ... ® u„) 



di 



> d„) + (di (g ... ® Ci (g ... (8 d n ))(ui (g ... (g v n ) 



□ 



Let Di, 
space, i = 1, 



12.4. Tensor Product of D- Vector Spaces 

., £>„ be division rings of characteristic 0. 12 ' 3 Let Vi be Di-vector 
., n. Let us consider category .4 whose objects are polylinear maps 



f:ViX...xV r 



g : Vi x ... x V" r 



V^ 2 



where Wi, W<i are modules over ring D\ (g ... (g Z?„. We define morphism / — > g to 
be linear map /i : M^i — > W2, making diagram 



Vi x ... x V n 




commutative Universal object Vi (g ... (g V n of category .4 is called tensor prod- 
uct of D- vector spaces Vi, V n . 

Theorem 12.4.1. There exists tensor product of D -vector spaces. 

Proof. Let F be field which for any i, i = l,...,n, is subring of center Z(D.i). 
Let D be free vector space over ring F generated by product D\ x ... x D n of 
multiplicative semigroups of division rings Di, D n . Injection 

D 



i' : D\ x ... x D n — 
is defined according to rule 

(12.4.1) i'(di,...,d„) = (di,...,d„) 

and is homomorphism of multiplicative semigroup of ring Di x ... x D n onto basis 
of module D. Therefore, product of vectors of basis is defined componentwise 

(12.4.2) (di,...,d„)(ci,...,c„) = (dici, ...,d„c„) 

According to theorem 12.1.1 the structure of ring is defined on vector space D. 



12. 3j gj ve definition of tensor product of D- vector spaces following to definition in [1], p. 601 
603. 



136 



12. Tensor Product 



Let us consider direct product F x D of field F and ring D. We will identify 
element (/, e) with element / € F and element (l,d) with element d 6 D. 

Let 71/ be free module over ring F x D generated by Cartesian product V\ x 
... x V n . Since v 1 GVi, ...,v n £ V n , then we denote corresponding vector from M 
as (vi, ...,v n ). Let 

7: Fi X ... x V n >■ M 

be injection defined according to rule 

(12.4.3) i(vi, ...,v n ) = (vi, ...,v n ) 

Let TV C M be vector subspace generated by elements of the following type 

(12.4.4) (vi, ...,Vi + Wi, ...,V n ) - (V!, ...,Vi, ...V n ) - (Vi, ...,Wi, ...,v n ) 

(12.4.5) (vi,...,dVi,...,v n ) - a{vi, v l7 v n ) 

(12.4.6) (ai, ...,a„)(Ui, ...,¥„) - (aiUi, ...,a„U„) 

(12.4.7) (wi, w„)(ai, ...,a„) - («iai, ...,u n a„) 
where Vi, Wi € Vj, a g i* 1 , S D{. Let 

J : M -> M/JV 

be canonical map on factor module. Let us consider commutative diagram 

(12.4.8) _M/iV 



y x x ... x y 



Since elements (12.4.4) and (12.4.5) belong to kernel of linear map j, then from 
equation (12.4.3) it follows 

(12.4.9) f(vi, ...,Vi + Wi, ...,v n ) =f(vi, ...,Vi, ...,v n ) + f(Vi, ...,Wi, ...,v n ) 

(12.4.10) f(vi,...,aVi, ...,v n ) =af(vi, ...,Ui, ...,v n ) 

From equations (12.4.9) and (12.4.10) it follows that map / is polylinear over held 
F. Since M is module with basis V\ x ... x V n , then according to theorem [1]-4.1, 
on p. 135 for any module V and any polylinear over F map 

g : Vi X ... X V n *-V 

there exists a unique homomorphism k : M — > V, for which following diagram is 
commutative 




(12.4.11) 



Vi x ... x V 




Since ~g is polylinear over F, then kerk C TV. According to statement on p. [1]-119 
map j is universal in the category of homomorphisms of module M whose kernel 
contains N. Therefore, we have homomorphism 

h : M/N -> V 
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which makes the following diagram commutative 
(12.4.12) M/N 



M 



V 

We join diagrams (12.4.8), (12.4.11), (12.4.12), and get commutative diagram 
(12.4.13) JM/N 



Vi x ... x V 



Since Im/ generates M/N, then map h is uniquely determined. □ 
According to proof of theorem 12.4.1 

Vi® ...®V n = M/N 

If Vi G Vi, we write 

(12.4.14) ](vi,...,v n ) =v t ®... ®v n 
From equations (12.4.3) and (12.4.14) it follows 

(12.4.15) J(v!,...,v n ) = vi <g ...®U„ 
We can write equations (12.4.9) and (12.4.10) as 

vi (g) ... (g) (Vi + Wi) (gi ... (g v n 

(12.4.16) =V\ (g ... g) Vi (g ... (g w„ + Wl (g ... g> <g ... (g v n 

(12.4.17) vi (g ... g> (aVi) (g ... (g v n = a(vi (g ... ig Vi (g ... (g U„) 

Theorem 12.4.2. Tensor product V \ (g ... (g V^n is bimodule over tensor product 
D 1 <g ... g D„- 

Proof. Proof of statement of theorem is similar to proof of statement of the- 
orem 12.3.2. □ 
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Ahhotau,M5I. B KHure pacciviaTpHBaiOTCH Bonpocbi jimhchhoh ajire6pbi Ha^ 
TejioM. CncTeMa JinHeimbix ypaBHeHHH Ha,n TejioM HMeeT CBoficTBa, noxOyKHe 
Ha CBoficTBa chctcm jihh6hhi>ix ypaBHeHHH Ha,n nojieM. TeM He MeHee, hckom- 
MyTaTHBHOCTt npOH3B6,z],eHHs nopojK^aeT HOByiO KapTHHy. 

MaTpHHbi ^onycKaiOT p,Be onepauiiH npOH3Be,o,eHHH, CBH3aHHbie onepauH- 
epL TpaHcnoHHpOBaHiifl. Bhkojibhp - 3to ajire6pa, onpe^ejisnoiiiaH Ha MHQJK6- 

CTBe JXBe B3aHMOCBH3aHHBie CTpyKTypbl KOJIbHa. 

I1o^;o6ho KOMMyTaraBHOMy cjiynaio, penieHHH chct6mbi JiHHeHHbix ypaB- 
HeHHH nopcoKflaiOT npaBBift hjih Jiesoe BeKTOpHoe npocTpaHCTBO b 3aBHCHMO- 

CTH OT BHfla CHCTeMBI. Mbl H3yHaeM BeKTOpHbie npOCTpaHCTBa COBMeCTHO C CH- 

CTeMaMH jiHHeHHbix ypaBHeHHH noTOMy, hto cymecTByeT TecHaa cbh3b Memfly 
hx CBOHCTBaMH. TaioKe KaK h b KOMMyTaTHBHOM cjiynae, rpynna aBTOMOp<J>H3- 
mob BeKTOpHoro npOCTpaHCTBa HivieeT o^ho TpaH3HTHBHoe npe^CTaBJieHHe Ha 
MHoroo6pa3HH 6a3HCOB, hto /xaeT Haivi bo3mojkhoctl onpeflejiHTb naccHBiioe h 
aKTHBHoe npeflCTaBJieHHH. 

H3yneHHe BeKTOpHoro npOCTpaHCTBa Hafl TejioM pacKpbiBaeT HOBbie Re- 
TajiH bo B3aHMOOTHOiueHHH Mesc^y naccHBHbiMH h aKTHBHbiMH npeo6pa30Ba- 
hhhmh, ,o,e.na5i KapTHHy 6ojiee hchoh. 

H3yneHHe napHbix npeflCTaBJieHHH Tejia b a6ejieBOH rpynne npHBO^n-iT 
k KOHrj,enu,HH D-BeKTOpHbix npocTpaHCTB h hx JiHHeHHbix OTo6pa?KeHHH. Ha 
ocHOBe nojiHJiHHeHHbix OTo6pay*ceHHH paccMOTpeHO onpe^ejieHHe TeH30pHoro 
npoH3Be,ii,eHHH KOJieu, h TeH30pHoe npOH3Be^,eHHe Z)-BeKTOpHbix npocTpaHCTB. 
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TjiaBa 1 

Ilpe^HCJioBHe 



1.1. IIpeflHCJIOBHe K H3flaHHH) 1 



OTnpaBjiHHCb b HOBoe nyTemecTBiie, He 3Haenib BHanajie, hto jr/jSt Te6a b 
nyra. 3HaKOMCTBO c HeKOMMyTaTiiBHOii ajire6poH Ha^ajioct c npocToro jiio6onbiT- 
CTBa. B cjiynae MO^yjia Ha^ kojibi^om Hejit3H flaTb onpeflejieHHe 6a3nca no,i;o6HO 
TOMy, KaK mm 3to ^ejiaeM b cjiynae BeKTopHoro npocTpaHCTBa Hafl nojieM. 51 xoTeji 
noHHTb, KaK H3MeHHTca KapTHHa, ecjiH BMecTO nojia h 6y^y paccMaTpiiBaTb Tejio. 

IlpejKfle Bcero mh6 Haflo 6bijio nayHHTtCH peniaTt CHCTeMbi jiHHefiHbix ypaBHe- 
hhh. 51 Hanaji c CHCTeMbi ,n,Byx ypaBHeHHii c flByMH HeH3BecTHbiMH. Xoth peineHiie 
6bijio Haftfleno jierKO, sto penieHne Hejib3H Bbipa3HTt KaK OTHOineHHe flByx onpe- 
^ejiHTejieii. 

51 noHHMaji, hto 3Ta npoGjieMa HHTepecyeT He tojibko mchh. 51 Hanaji HCKaTb 
MaTeMaTHKOB, HHTepecyroiHiixcfl noflo6HbiMH 3a,a,aHaMH. Hpoepeccop PeTax no3Ha- 
komhji MeHa co CTaTbHMH [7, 8] no Teopnn KBa3HfleTepMHHaHT0B. 3to 6mjio Hana- 
jiom Moero HCCJieflOBaniis b Teopnn BeKTopHbix npocTpancTB. 

TjiaBa 2 nocBHineHa 6iiKOjibu,y MaTpHii. CymecTByeT flse npHHHHti, noneMy h 
paccMaTpHBaio 3Ty ajire6py. 

Ecjih b BeKTopHOM npocTpaHCTBe 3a^aH 6a3nc, to npeo6pa30Bamie moxho onn- 
caTb c noMOiHbio MaTpinnj. npoH3Be,z];eHHio npeo6pa30BaHHft cooTBeTCTByeT npo- 
H3BefleHHe MaTpHu;. B otjihhhh ot KOMMyTaTHBHoro cjiynaa mbi He Bceiyja mojkcm 
npeflCTaBHTb sto npoH3BefleHHe b BH/je npoH3Be,a,eHHH ctpok nepBoii MaTpHUM Ha 
ctoji6hbi BTopofi. B to jKe BpeMH 3anncb sjieMeHTOB MaTpnubi b BH^e 



HBjiaeTCH BonpocoM coraanieHiiH. He Hapyniaa o6ihhocth, mbi mojkcm 3anncaTb 
MaTpiin,y b BHfle 



Ho Tor^,a H3MeHHeTCH npaBHjio yMHOJKeHHH MaTpnn,. 

KoHCTpyKH,HH no,no6HBie 6HKajiBiry H3BecTHbi b ajire6pe. B CTpyKType onpe- 
/jejieHbi onepainiH a V b h a A b, KOTopbie MeHaiOTCH MecTaMH, ecjiH nopaflOK Ha 
MHOJKecTBe MeHaeTCH na npoTHBonojiojKHbiii. CnMMeTpHH MejKfly „*-npon3Be/i,e- 
HHeM h **-npoH3Be [ n;eHHeM ccpopMyjinpoBaHa b <popMe npHHinina /jBOHCTBeHHOCTH. 
Bnocjie/i,CTBHH h pacnpocTpaHHio npHHHiin flBoiicTBeHHOCTH Ha Teopnio npe,n,CTaB- 
jichhh h Teopnio BeKTopHbix npocTpaHCTB. Be3 yneia npimuHna flBoiicTBeHHOCTH 
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1. ripeflHCJIOBHC 



3Ta KHHra 6bijia 6bi b neTBipe pa3a GojiBine, He roBopa o tom, hto 6ecKOHenHBie 
noBTopeHiia TeKCTa c^ejiajiH 6bi HTeHne TeKCTa h6bo3mo}khbim. 

CoraacHO KajK^oiviy BH^y npoH3BefleHHH mbi MOxeM paciimpHTb onpe/jejieHHe 
KBa3H/i,eTepMHHaHTa, ,n;aHHoe b [7, 8] , h onpeflejiHTB flBa pa3Hbix BH^a KBa3HfleTep- 

MHHaHTa. 

TjiaBa 3 aBjraeTca o63opoM Teopnn npeflCTaBjiemiii h aBjraeTca 6a3oii ,n,jia no- 
cjieflyioinHx rjiaB. Mbi pacnpocTpaHHM Ha npeflCTaBjieHne ajire6pBi corjiaineHiie, 
onucaHHoe b saMenaHHH 2.2.15. TeopeMa o cymecTBOBaHHH napHbix npeflCTaBjie- 
hhh b oflHopoflHOM npocTpaHCTBe 3aBepHiaeT raaBy. 

B rjiaBe 4 a my^aro HecKOjibKO KOHnennnn jiHueHHOii ajire6pBi Ha^i; TejiOM D. 
CnepBa a HanoMHHaio onpeflejieHHH BeKTopHoro npocTpaHCTBa h Sasnca. 11 JIhhch- 
Haa ajire6pa Hafl TejiOM 6ojiee 6oraTa (paKTaMH no cpaBHeHino c jiHHeiiHOii ajire6poii 
Hafl nojieM. B otjihhhii ot bcktophbix npocTpaHCTB Hafl nojieM, Mbi mojkcm onpe- 
,n,ejiHTb jieBoe h npaBoe BeKTopHoe npocTpaHCTBO Hafl npoii3BOjiBHBiM TejiOM D. 
Hto6bi flaTt 6ojiee CTporoe onpeflejieHne 6a3Hca, a H3jiaraio TeopHio npon3BOjiB- 
hoh CHCTeMbi jiHHeiiHbix ypaBHemiH (pa3^eji 4.5) ^,jih Ka>Kfloro THna BeKTopHoro 
npocTpaHCTBa. TeM ne MeHee, He CMOTpa Ha sto pa3HOo6pa3ne, yTBepjK^eHHa jih- 
hchhoh ajire6pbi Ha,a, TejiOM oneHB noxo>KH Ha yTBepjK,zi,eHHH 113 jiHHeitHoii ajire6pBi 
Hafl nojieM. 

TaK KaK a nojiB3yiocB yTBepjKfleHHHMii stoh rjiaBBi b reoMeTpHH, a cjie^yio 
toh »ce (popMe 3anHCH, hto mbi HcnojiB3yeM b reoMeTpim. Hpn 3aniicn KOop/nmaT 
BeKTopa h sjieMeHTOB MaTpHHBi mbi 6yfleM cjie/i,OBaTb coraanieHHio, onucanHOMy b 
pa3^ejie 2.1. 

Mbi OTOJKflecTBjiaeM BeKTop c na6opoM ero KOop/niHaT othochtcjibho Hexo- 
Toporo 6a3Hca. TeM He MeHee, sto pa3jiHHHBie oGteKTbi. Hto6bi no/rqepKHyTB sto 
pa3jiHHne, a BepHyjica k Tpa/ninnoHHOMy o6o3Ha x ieHHio BeKTopa b cpopMe a, b TO»ce 
BpeMH mbi 6yn,eM nojiB30BaTBca 3anHCBio a b rjisi KOop/niHaT BeKTopa a. 

Mbi HcnojiB3yeM o,n,Hy h Tyace KopHeByio 6yKBy pjlk o6o3Ha x ieHHa 6a3nca h 
cocTaBjiaioinirx ero BeKTopoB. HtoGbi otjihihtb BCKTop h 6a3iic, mbi 6yn,eM nojiB- 
30BaTBCH o6o3HaHeHHeM e fljia 6a3Hca h o6o3HaneHiieM e fljia BeKTopoB, cocTaB- 
jihkuhhx 6a3HC e. 

Hsynaa TeopHio bcktophbix npocTpaHCTB mbi 6yn,eM nojiB30BaTBca corjianieHii- 
eM, onncaHHBiM b 3aMeHaHHH 2.2.15 h b pa3flejie 3.4. 

TjiaBa 5 nocBamena Teopnn jinneftHBix npeflCTaBjieHHii. 

HsyneHHe oflHopo/nroro npocTpaHCTBa rpynnBi CHMMeTpnii D**-BeKTopHoro 
npocTpaHCTBa Be^eT Hac k onpeflejieHiiio 6a3iica SToro _D**-BeKTopHoro npocTpaH- 
CTBa h MHoroo6pa3na 6a3HCOB. Mbi bboahm #Ba THna npeo6pa30BaHHii mhotoo6- 
pa3iia 6a3ncoB: aKTiiBHBie h naccHBHBie npeo6pa30BaHiia. Pa3jiHHne Me»yry hhmh 
coctoiit b tom, hto aKTHBHoe npeo6pa30BaHHe MOJKeT 6bitb BBipajKeHO xaK npeo6- 
pa30BanHe ncxo/nroro npocTpaHCTBa. KaK noKa3aHO b [3] , naccHBHoe npeo6pa30Ba- 
Hne flaeT bo3mojkhoctb onpeflejiHTB noHaTHa HHBapnaHTHOCTH n reoMeTpunecKoro 
o6 r beKTa. 

OnnpaacB Ha 3Ty TeopHio, a H3yHaio MHoroo6pa3ne 6a3iicoB, naccHBHBie h aK- 
THBHBie npeo6pa30BanHH b pa3flejie 5.2. 51 paccMaTpiiBaio reoMeTpHHecKHft o6T>eKT 
b D**-BeKTopHOM npocTpancTBe b pa3/i,ejie 5.3. 



OnpeflejieHHH mojkho helhth TaioKe b [9]. 



1.2. IlpCflHCJIOBHC K H3flaHHK) 2 



7 



Mm HMeeM ppe npoTHBonojioJKHbie tohkh 3peHHH Ha reoMeTpHnecKHii o6i.eKT. 
C o/nroii ctopohm mbi cpiiKCupyGM KOop/niHaTbi reoMeTpnnecKoro o6T>eKTa otho- 
CHTGJibHO 3a^aHHoro 6a3nca n yKa3biBaeM 3aKOH npeo6pa30BaHira KOop/niHaT npn 
3aMene 6a3Hca. B to yue BpeMH mbi paccMaTpimaeM bck> coBOKynHOCTB KOop/niHaT 
reoMeTpH^ecKoro o6 r beKTa othochtcjibho pa3jinnHbrx 6a3HCOB KaK e^HHoe nejioe. 
3to flaeT Hail bo3mojkhoctb 6ecKOop,n,HHaTHoro H3yHeHHH reoMeTpiinecKoro o6t>- 
eKTa. 

TjiaBa 6 nocBanreHa * * D-jniHeimbiM OTo6pa?KeHHHM bgktophbix npocTpancTB 
Ha,n TejiOM. 3to hbhjiocb ochoboh nocTpoemiH napribix npeflCTaBjieHmi KOjibna D. 
HecMOTpa Ha KajKymyiocH rpoM03,n,KOCTb, o6o3HaneHHH, KOTopbiMH h no.m>3yEOCb 
b TeopHH BeKTopHbix npocTpancTB, onnpaiOTca Ha cynrecTBOBaHne napntix npefl- 

CTaBJieHHH. 

JlHHeflHas ajire6pa Ha,zi, TejiOM Sojiee pa3HOo6pa3na no cpaBHeHnio c jiHHeftHoii 
ajire6poit nap nojieM. HeKOMMyTaTHBHOCTB 3acTaBjiHeT Hac no3a6oTHTbCH o npa- 
bhjibhom nopH^Ke MHOJKiiTejieii b BbipajKeHHH. 3to nopojKflaeT He tojibko pa3HOo6- 
pa3ne noHHTiiit, ho TaKace noMoraeT jiynHie noHHTb yTBepjKfleHHH KOMMyTaTHBHon 
ajire6pbi. 

5lHBapb, 2007 

1.2. IIpeflHCJioBHe k H3,n,aHHio 2 

JI106011 npecTynHHK paHO hjih no3pno coBep- 
inaeT oniH6Ky. 

Koiyja peiewTim Hameji mok> KenKy Ha cto- 
jie, oh npiinieji b HpocTb. B cjieflyromiiH pa3 6mji 
flOJKflb, h h ocTaBHji MOKpbie cjieflbi Ha nojiy. 
Henero roBopHTb, onaTb npninjiocb HanaTb CHa- 
najia. H h HanHHaji CHOBa h CHOBa. To TyHryc- 
khh MeTeopHT, to He3anjiaHiipoBaHHoe 3aTMeHiie 

CojIHH,a... HO B KOHHe KOHHOB fleTeKTHB He Ha- 
Hiejl H3T>HHOB B flH3aHH6. 

- KpeCTHKH H HOJIHKH, - ne^ajIbHO B3flOXHyjI 

^eTeKTHB. - BaM He Hafloejio KOflnpoaTb 3Ty nr- 
py? Ilopa yate 3aHHTbca neM-TO 6ojiee cepbe3- 

HblM. 

Abtop HeH3BecTen. HcKycTBO nporpaMMiipoBamiH. 
HayHHbift noHCK HHor,n;a HanoMHHaeT nporpaMMiipoBaHHe. CnojKHbiii h 6ojib- 
nioft npoeKT nocTeneHHO o6pacTaeT KOflaiiH. Bee Ka»ceTCH npocTO h hohhtho. Ho 
B,n,pyr noflBjiaeTCH 6ar, ncnpaBjieHne KOToporo Tpe6yeT nepe^ejiaTb noHTH nanoBH- 
Hy KO,na. BnponeM, KaK 3aMeTHji Mynpen,, b jno6oii nporpaMMe ecTb no KpanHeii 
Mepe Oflra 6ar. 

Kor,a,a h Hanaji HcejieflOBaHne b oSjiacTH BeKTopHbix npocTpaHCTB nap T&jia- 
mi, h noHHMaji, hto h CTynaio Ha terra incognita. KoHuenniis: KBa3H,i];eTepMHHaHTa 
BecbMa o6jiernnjia moio 3a,a,aHy. Bo3MOJKHOCTb pernHTb CHCTeMy jiHHeiiHbix ypaB- 
HeHnii c/i,ejiajia siy Teopnio BecbMa noxojKeii Ha Teopnio BeKTopHbix npocTpaHCTB 
Ha,n nojiHMH. 3to pajio B03MO>KHOCTb nocTpoHTb 6a3HC h pacninpnTb KOHncnnnio 
reoMeTpH^ecKoro o6T>eKTa. 
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1. ripeflHCJIOBHC 



TeMHbiM o6jiaKOM bcteuih Ha ropH30HTe flByxBajieHTHbie Teraopbi. Ka3ajioci>, 
HeKOMMyTaTiiBHOCTb HaKjiaflbiBaeT Ha hx CTpyKTypy HenpeoflOjiHMbie orpaHHne- 
hhh. Ho HMeHHO b 3Ty MHHyTy h yBH^eji CBeT b TyHejie. 

HayneHne D**-jiHHeHHbrx OTo6pajKeHHfl npHBO/niT k KOHuenHira napHbix npe/b- 
CTaBjieHHft Tejia b a6ejreBOH rpynne. A6ejieBa rpynna, b KOTopoii onpe,a,ejieHO nap- 
Hoe npeflCTaBjieHne Tejia D, Ha3biBaeTCH D-BeKTopHtiM npocTpaHCTBOM. IIockojib- 
Ky yMHO»ceHHe Ha sjieMeHTbi Tejia D onpe,n,ejieHO h cjieBa, h cnpaBa, roMOMop<pH3- 
Mbi D-BeKTopHbix npocTpaHCTB He MoryT coxpanaTb 3Ty onepainiio. 3to npiiBOflHT 

K KOHHemiHH a/miITHBHOrO 0T06pajKeHIIH, KOTOpOe HBJIHeTCH MOp(pH3MOM D-BeK- 
TOpHblX npocTpaHCTB . 

D-BeKTopHoe npocTpaHCTBO aBjiaeTca Han6ojiee yn,aHHbiM npeTeHfleHTOM fljia 
nocTpoeHHH TeH3opHofi ajrre6pbi. OflHaxo 3flecb noTpe6oBajiacb eme o^Ha BajKHaa 

KOHCTpyKHHS. 

Koiyja mm HMeeM ppjio c KOJibnaMH, mw roynaeM He TOjibKO MO/ryjiH, jieBbie hjih 
npaBbie, ho h 6viMopyjm. Tejio He HBjiaeTCH HCKjironeHHeM. Ho ecjin pp6&Bwib cio- 
^a KOHneniriiio 6HKOjibn,a, CTanoBHTCH o^ieBH/niMM, hto MHe 6e3 pa3HHHM, c KaKoii 
ctopohh yMHO»caTb. KaK cjie/i,CTBHe, OKa3biBaeTCH, hto 6nBeKTopHoe npocTpaHCTBO 
- 3to HacTHbiii cjiynaii npsMoro npoH3BefleHHH D**-BeKTopHbix npocTpaHCTB. Mm 
He MOJKeM onpe,ii;ejiHTb nojinjiHuefiHoe OTo6pa»ceHHe. O/niaKO paccMOTpeHne no- 
jinaflHTHBHbix OTo6pa»ceHHH npHMoro npoH3Be,n,eHiiH _D„.*-BeKTopHbrx npocTpaHCTB 
npHBOflHT k onpeflejieHHio TeH3opHoro npoH3Be,n,eHHH. TaKHM o6pa30M, mojkho no- 

CTpOHTb TeH30pa npOH3BOJIbHOII npiipoflbi. 

CTaTbH 3Ta nocTpoeHa TaKHM o6pa30M, x ito6m BOcnpoH3BecTH Moe HenpocToe 
h HHTepecHoe nyTeniecTBHe b mhp TeroopoB Ha,n, TejiOM. 

Map T , 2009 

1.3. npe,a,HCJioBHe k H3flamno 3 

Ajire6pa KBaTepHHOHOB - caMbiii npocToii npHMep Tejia. nosTOMy h npoBepaio 
nojiyHeHHbie mhoh TeopeMbi b ajire6pe KBaTepHHOHOB, hto6m yBH^eTb KaK ohh 
pa6oTaiOT. Ajire6pa KBaTepHHOHOB noxoxa Ha nojie KOMnjieKCHbix nHceji h no3TOMy 
ecTecTBeHHO HCKaTb HeKOTopbie napajijiejiH. 

B nojie fleiiCTBHTejibHbix nnceji Jiio6oe afl/niTHBHoe OTo6pa»ceHHe aBTOMaTii- 
necKH OKa3biBaeTCH jiHHeiiHMM Ha,n, nojieM fleiicTBHTejibHbix nnceji. 3to CBH3aHO c 
TeM, hto nojie flefiCTBHTejibHbix HHceji HBjiaeTca: nonojiHeHiieM nojia pauHOHajibHMx 
nnceji h HBjiaeTCH cjieflCTBHeM TeopeMbi 9.1.3. 

O/niaKO b cjiynae KOMnjieKCHbix nnceji CHTyainiH MeHaeTCH. He BCHKoe aflflH- 
THBHoe OTo6pajKeHHe nojia KOMnjieKCHbix HHceji 0Ka3MBaeTCH JiHHeiiHbiM Hafl no- 
jieM KOMnjieKCHbix nnceji. Onepainis conpHJKeHHH - npocTeiiiHHH npiiMep TaKoro 
OTo6pa»ceHHH. Koiyja h o6HapyjKHji stot Kpaitae HHTepecHbifi (paKT, h BepHyjica k 
Bonpocy 06 aHajiHTHnecKOM npeflCTaBjieHHH a/miiTiiBHoro OTo6pa»ceHHH. 

^"^nocTpoeHHe aftqHTHBHoro OTo6pa:>KeHHH, BMnojiHeHHoe npn jrpKasaTejibCTBe TeopeMbi 11.1.4, 
Beci>Ma noyMHTejitHO MeTOfliiiecKH. C Toro caMoro momshts, Koriia h HaHan H3ynaTb ^,HCp<pepeH- 
Li,iiajibHyio reoMeTpHio, h npH3Han cpaKT, hto Bee cbo^htch k TeH3opaM, mto komitohchtbi TeH3opa 

HyMGpyiOTCH C nOMOLU,I>IO IIHfleKCOB H 3Ta CBH3I> Hepa3pi>iBHa. B TOT MOMGHT, KOr/^a 3TO OKa3anoci> 

He TaK, h OKa3ajica He totob npn3HaTb sto. IIoHaflo6HjiCH inecHLi, npejK^e, neni a cinor 3anncaTi> 
Bi>ipa»ceHHe, KOTopoe h BH^eji rjia3aMH, ho KOTopoe h He Mor 3anncaTb flo stoto, TaK KaK nbiTajica 
Bbipa3HTb ero b TeH3opHOH hjih onepaTopHOH cpopMe. 



1.3. IlpCflHCJIOBHC K H3flaHHK) 3 
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Hsynaa a^HTHBHtie OTo6pa>KeHHH, h iiohhji, hto h cjihhikom pe3KO paciHiipiiji 
MHOJKecTBO jiHHeiiHbix OTo6pa>KGHHH npH nepexo/je ot nojia k Tejiy. IIphhhhoh sto- 
My Sbijio He BnojiHe acHoe noHHMaHne k&k npeojrojieTb HeKOMMyTaTiiBHOCTb npo- 
H3BefleHHH. OflHaKO b nponecce nocTpoemiii CTaHOBHjiocb Bee 6ojiee oneBHiiHbiM, 
hto jno6oe a/miiTHBHoe OTo6pa»:eHiie jihhchho Ha,n, HeKOTopbiM nojieM. BnepBbie 
3Ta KOHn,enn;HH noaBHjiacb npH nocTpoeHHH TeroopHbix npoH3Be,zi,eHHH h othctjih- 
bo npoHBHjiacb b nocjiejryioiHeM HCCjiejrpBaHiiH. 

Ilpn nocTpoeniiii TeraopHoro npoH3Be^,eHHH Teji D\, D n si npejxnojiaraio cy- 
mecTBOBaHHe nojra F, Hajj, KOTopbiM a/miiTHBHoe npeo6pa30BaHHe Tejia Di jihhchho 
pjisi jiio6oro i. Ecjih Bee Tejia HMeiOT xapaKTepHCTiiKy 0, to corjiacHO TeopeMe 9.1.3 
TaKoe nojie Bcerjia cymecTByeT. 0,zniaKO 3;recb B03HHKaeT 3aBiiciiMOCTi> TeH3opHoro 
npoii3Be,i];eHna: ot Bbi6paHHoro nojia F. Hto6h H36aBiiTbca ot stoh 3aBHCHM0CTH, 
h npejxnojiaraio, hto nojie F - MaKCHMajibHoe nojie, o6jiaji;aioiHee yKa3aHHbiM cboh- 

CTBOM. 

Ecjih Di = ... = D n = D, to TaKoe nojie HBjiaeTCii neHTpoM Z{D) Tejia D. Ecjih 
npoii3Beji;eHiie b Tejie D KOMMy TaTHBHO , to Z(D) = D. CjieflOBaTejibHO, HanaB 
c a/mHTHBHoro OTo6pajKeHHH, h npHHieji k KOHn,eniHiH JiHHeiiHoro OTo6paaceHHH, 
KOTopaa HBjiaeTCH o6o6in,eHHeM jiiraeiiHoro OTo6pa:aceHiifl Haji, nojieM. 

HccjieflOBaHne b o6jiacTH KOMnjieKCHbix nnceji h KBaTepHHOHOB npoHBiuiii eme 
ojtho HHTepecHoe hbjichhc HecMOTpa na to, hto nojie KOMnjieKCHbix Hiiceji hbjihct- 
ch pacnuipenHeM nojia jreftcTBiiTejibiibix Hiiceji, CTpyKTypa JiHHeiiHoro OTo6pajKe- 
hhh Hajj, nojieM KOMnjieKCHbix Hiiceji OTjiinaeTCH ot CTpyKTypbi jiiiHeimoro oto6- 
pajKeHiia Hafl nojieM jreftcTBiiTejibiibix Hiiceji. 3to pa3jiiiHiie npiiBOflHT k TOMy, hto 
onepainia conpajKemia KOMnjieKCHbix nnceji sBjiaeTCH a/miiTHBHbiM OTo6pa»ceiiii- 
eM, ho He HBjiaeTCH jumeftiibiM OTo6pa>KeHiieM Haji, nojieM KOMnjieKCHbix HHceji. 

AHajiorHHHO, CTpyKTypa jiiiHeimoro OTo6pa»ceHiifl Hajj, tcjiom KBaTepHHOHOB 
OTjiHnaeTCH ot CTpyKTypbi jiiraeiiHoro OTo6pajKeHHH Haji, nojieM KOMnjieKCHbix hh- 
ceji. IIpH^iHHa pa3jiHHHH b tom, hto neHTp ajire6pbi KBaTepHHOHOB HMeeT 6ojiee 
npocTyio CTpyKTypy, neM nojie KOMnjieKCHbix nnceji. 3to OTjniHiie npiiBO/niT k to- 
My tito onepainiii conpasceHiifl KBaTepiniOHa yjrpBjieTBopjieT paBeHCTBy 

p= -^(p + ipi + jpj + kpk) 

BcjieflCTBHe 3Toro sajjana HaiiTH OTo6pa»ceHHH, yjrpBjieTBopHioiHiie TeopeMe no- 
jj,o6hoh TeopeMe PiiMaHa (TeopeMa 10.1.1), hbjihctcji HeTpHBHajibHoii safla^ieft pjis. 

KBaTepHHOHOB . 

ABiycT, 2009 



'Hhhmh cjiOBaMH, Tejio HBjraeTCH nojieM. 
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1. ripeflHCJIOBHC 



1.4. IIpeflHCJioBHe k H3,a,aHHio 5 

IlaccajKHp: ... Mm »ce ono3,z];aeM Ha CTaH- 
rnno! 

IIapoB03HK: ... Ho ecjiH mm He yBH,zniM nep- 
bbix jiaHflMHieii, to mbi ono3,n;aeM Ha bck> BecHy! 

IlaccajKHp: ... Mbi xe coBceM ono3,a,aeM! 
IIapoB03HK: ,ZJa. Ho ecjiH mbi He ycjiBiinnM 
nepBBix cojiOBBeB, to mbi ono3,a,aeM Ha Bee jieTo! 

napoB03HK: PaccBeT! ... KajKjTBiii paccBeT e^im- 
CTBeHHBifi b jkh3hh! ... ExaTB nopa. BeflB mbi 
ono3flaeM. 

naccajKHp: J\&. Ho ecjiH mbi He yBHiiHM pac- 
CBeT, mbi MOJKeM ono3^;aTB Ha bck> jkiohb! 

rCHHaflllil HBKpepOB, napOB03HK H3 POMaiHKOBO. 

Mojio^OH nejiOBeK no imchh JKeHH bbihicji ii3 nyHKTa A b nyHKT B. Hepe3 ppa 
naca ero TOBapiim neTa BBiexaji H3 nyHKTa B Ha Bejiocnne/i,e no HanpaBjieHHio k 
nyHKTy A. C KaKoii ckopoctbio exaji neTa, ecjiH ohh bctpcthjihcb nepe3 nac?.. 

3HaKOMaa sa^ana H3 niKOjiBHoro sa^aHHHKa. Ho 3a,n;aHa He ctojib npocTa kb,k 
OHa c(popMyjnipoBaHa. neTa npoe3:scaji mhmo npyn,a, yBH^eji jie6e,n,eH n ocTano- 
BHjica, htoSbi hx ccpOTorpacpnpoBaTB. A JKena ocTaHOBiuica b pome nocjiyniaTB 

COJIOBBeB. TaM OHH H BCTpeTHJIHCB. 

OneHB nacTO xoneTca 3arjiaHyTB b KOHen, 3aflannnKa. Bot oho penieHiie, y»ce 
6jiii3ko. OflnaKO hto-to Heno3HaiiHoe ocTaHeTca 3a paMKaMH roTOBoro OTBeTa. H 
ysce cefiHac BHJKy b o6ihhx nepTax Teopnio, KOTopyio a Hmy. Ho a noHHMaio, hto 
npe>Kfle a CMory paccxa3aTB 06 stom flpyrHM, MHe npe/i,CTOHT npoiiTH fljinHHBiii 
nyTB. KpoMe toto, moi onBiT MHe no/i,CKa3BiBaeT, hto Kor,n,a 6pe,n;eHiB no He3HaKO- 

MOII MeCTHOCTH, BHe3anHO yBHflHHIB CTOJIB yflHBHTejIBHBIH JiaHflHiaipT, HTO HeBOJIB- 

ho 3aflepjKiiHiBca, hto6bi no3HaKOMHTBca c him nojiynnie. 

BnponeM, o^hh pa3 a He y^epjKajica n b CTaTBe [10] nonBiTajica npoaHajiH3n- 
poBaTB, KaK MO»ceT BBirjia^eTB reoMeTpna Ha/i, TejiOM. H xoth CTaTBa BBirjia^ejia 
He3aBepineHHOH, ee pe3yjiBTaTBi jierjin b ocHOBy mohx nocne,ziyioiHHx HcejieflOBannn. 



B CTaTBe [13] a paccMaTpHBaio cncTeMy a^HTHBHBix ypaBHennit b f2-ajire6- 
pe, b KOTopon onpeflejieHa onepainia cjiojKeHna. OopMaT 3anncn ypaBnenHfi b [13] 
onpejxejieH cpopMaTOM onepainiii b il-ajire6pe. 3tot cpopMaT OTjinnajica ot cpop- 
MaTa npHHaTOMy b stoh KHnre no yMOJinaHHio. Teopna a^HTHBHBix ypaBHeHHH 
HBjiaeTca o6o6meHHeM TeopHH **D-jiHneHHBix ypaBHennn n nojiB3yeTca Teiin s;e 
MeTO/^fiMii . ^pyroii nopa^OK nepeMeHnoii h KmcpcpHinieHTa b ypaBHeHHH 3aTpyn,- 
hhji cpaBHCHHe pe3yjiBTaTOB b o6enx KHHrax. OflHaKO fljia mchh He HMeeT 3naHC- 
hhh, paccMaTpHBaio jih a CHCTeMy Z?**-jiHHeHHBix ypaBHeHHH hjih cncTeMy **_D- 
jinHeHHBix ypaBHeHHH. 3to no6y/nuio MeHa OTpe^aKTHpoBaTB tckct stoh KHHrn h 
paccMaTpiiBaTB CHCTeMy »*D-jniHeHHBrx ypaBHeiniH no yMOjinannio. 



1.4. IlpCflHCJIOBHC K H3flaHHK) 5 
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KpoMe Toro a noHaji, nTO mhojkcctbo a/LTHTHBHbix OTo6pajKeHiiii aBjiaeTca no- 
HHTneM HCKyccTBGHHbiM npn H3yneHHH jiHHeftHOH ajire6pbi Hafl TejiOM. IIosTOMy a 
npn nepepa6oTKe 3Toro H3/i,aHHa yflajinji cooTBeTCTByioinHe onpe/jejieHHa h Teo- 
peMbi h paccMaTpiiBaio HenocpeflCTBenno jiHHeimoe OTo6pa:*ceHHe Ha,n, 3aflaHHbiM 
nojieM. 

OcHOBHOe OTJIHHIie JIHHefiHBIX OTo6pajKeHHii TejiOM COCTOHT B TOM. HTO a 

He Mory npeflCTaBHTb jiHHeftHoe OTo6pa>KeHHe b BH/i,e npoii3Be,n,eHiia sjieMeHTa Tejia 
Ha nepeMeHHyio. B CTaTbax [12, 13] a Hanieji cnocoG cpyHKHHOHajibHoro pa3flejie- 
hhh nepeMeHHOii h OTo6pajKeHHa. 3to no3BOjiaeT npeflCTaBiiTb 3anncb jiimeiiHoro 
OTo6pa>KeHHH b 3HaKOMOii (popMe. OflHaKO b stoii KHHre a coxpaHHji npextinoio 

CpOpMy 3anHCH. IlpH^IHH 3TOMy HeCKOJIbKO. 

IlpejKfle Bcero, o6e cpopMbi 3anncH BepHbi. Mbi mojkcm nojib30BaTbca jho6oh 
H3 3thx (popM 3anHCH, Bbi6iipaa Ty, KOTopaa Ka»ceTca 6ojiee afleKBaTHOii. 3to ^aeT 
Taitace bosmojkhoctb ^HTaTejno conocTaBjiaTb o6e cpopMbi 3amiCH. KpoMe Toro, b 
[13] a paccMaTpHBaio jnmeiiHoe OTo6pa»:eHiie ajire6p napajijiejibHO c hx Teroop- 
hmm npoH3BefleHHeM, TaK KaK sth ppe TeMbi Hepa3^,ejiHMM. B stoh KHHre a peninji 
coxpaHHTb tot nyTb, KOTopbiit a nponieji npn HanncaHHH BToporo H3flaHHa stoh 
KHiini ii coxpaHHTb TeH3opHoe npoii3Be,n,eHHe KaK CBoeo6pa3Hyio BepniHHy, k koto- 
poii a noflbiMaiocb b KOHne KHHrn. 

TeM He MeHee, nyTb, npoiifleHHbiH nocjie nocjie,zi,Hero ii3,n,aHHa, OTpa3Hjica Ha 
nocjieflHHx rjiaBax KHiini. HanpHMep, nocKOJibKy Tejio aBjiaeTca ajrre6poii Ha,n no- 
jieM, a peniHji nepeftTii k CTaH^apTHOMy npe^CTaBjieHHio HH,n,eKCOB. OcHOBHbie H3- 
MeHeHHa Kocnyjincb Moero noHHMaHiia _D-BeKTopHbix npocTpaHCTB. 51 ocTaHOBjiiocb 
Ha 3tom Bonpoce HeMHoro no/rpo6Hee, nocKOJibKy 3Ta TeMa ocTajiacb 3a npe^ejiaMH 

KHHril. 

_D-BeKTopHoe npocTpaHCTBO bo3hhkjio Kax cjie^CTBHe TeopeMbi o napHbix npe/r- 
CTaBjieHHax Tejia b a6ejieB0it rpynne (TeopeMbi 6.3.2, 6.3.3). BHanajie a paccMaT- 
piiBaji Z?-BeKTopHoe npocTpaHCTBO KaK o6 r be [ u;HHeHHe CTpyKTyp _D**-BeKTopHoro 
npocTpaHCTBa h * * .D-BeKTopHoro npocTpancTBa. CooTBeTCTBeHHO a paccMaTpiiBaio 
D%-6a3iic ii „*D-6a3HC. Ha stom (pOHe HeTpnBnajibHaa 3anncb TOJKflecTBCHHoro 
OTo6pa»ceHHa b BHfle (6.4.3) aBiuiacb fljia MeHa nojiHeiiHieii HeojKimaHHOCTbio. 

,3,pyroe HHTepecHoe yTBepjKfleHHe, KOTopoe a coxpannji /rjia nocjieflyioiHero 
aHajiH3a - sto TeopeMa 6.3.4, KOTopaa yTBep>K^aeT cymecTBOBaHiie £>**-6a3Hca, 
KOTopbift He aBjiaeTca **Z?-6a3HCOM. 3ppci> mm c^ejiaeM ocTaHOBKy. 

CoraacHO Teopun npe,u;cTaBjieHHii £7-ajire6pbi, KOTopyio a paccMOTpeji b [11], 
Z?-BeKTopHoe npocTpaHCTBO aBjiaeTca npeflCTaBjieHHeM ajire6pbi D £g> D b a6ejieB0ii 
rpynne. CjieflOBaTejibHO, Bbi6op 6a3nca onpe/i,ejiaeTca He D*-jinneHHOH 3aBHCHMO- 

CTbK) HJIH *D-JIHHeHHOH 3aBHCHMOCTbK), a 3aBHCHMOCTbK) BHfla 

a Lo e > fl sl 

CjieflOBaTejibHO, -D**-6a3HC, kotopmh He aBjiaeTca **_D-6a3HCOM, He aBjiaeTca TaK- 
jKe 6a3HCOM Z?-BeKTopHoro npocTpaHCTBa. TeM He MeHee He Tpyinro y6e/i,HTbca, 
hto MHO»cecTBO npeo6pa30BaHHii 6a3Hca nopoK^aeT rpynny. Bia CTpyKTypa 6a3H- 
ca npHBOflHT k TOMy, hto Hcne3aeT pa3Hnna Me»c/ry npaBbiM h jieBbiM 6a3ncaMH. 
iIosTOMy a pjw D-BeKTopHoro npocTpancTBa nojib3yiocb CTaH^apTHbiM npe/i,CTaB- 
jieHneM HHfleKca. 

OAnaKO H3 3Toro cjie,zryeT eni;e Gojiee yn,HBHTejibHoe yTBep>K^,eHHe. Koop^HHa- 
tm BeKTopa Z)-BeKTopHoro npocTpaHCTBa npHHafljieacaT ajire6pe D <gi D. Cpa3y 
noaBjiaiOTCa Bonpocbi. 
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1. ripeflHCJIOBHC 



• Mojkbt jih 6a3HC Z?-BeKTopHoro npocTpancTBa 6biTb * * D-6a3HCOM? 

• KaKOBO cooTHonieHiie pa3MepHOCTefi Z)-BeKTopnoro npocTpaHCTBa 11 
BeKTopHoro npocTpaHCTBa? 

• KaKOBa CTpyKTypa 1-MepHoro D-BeKTopHoro npocTpaHCTBa? 

51 njiaHHpyio paccMOTpeTb sth Bonpocti pjisi cbo6o,u;hijIx MO/ryjieii Hafl npon3BOjii>- 
hoh ajire6pon. 3to ocHOBHaa npnnnna noneMy 3Ta TeMa jie>KHT BHe paMOK stovl 
KHiirii. 

0,a,HaKO ysce ceftnac mojkho CKa3aTb, hto mho^kcctbo BeKTopoB, KOTopoe ** D- 
jiiiHenHO 3aBHCiiMO, He mckket 6mtb 6a3HCOM D-BeKTopHoro npocTpaHCTBa. IIo- 
3TOMy pa3MepH0CTb _D-BeKTopHoro npocTpaHCTBa He npeBMinaeT pa3MepHOCTb co- 
OTBeTCTByioiHero -D**-BeKTopHoro npocTpaHCTBa. A cjieflOBaTejibHO onucaHHe D- 
BeKTopHoro npocTpaHCTBa, npefljiojKeHHoe b flaHHon KHnre ocTaeTCH BeptiMM. 

Hto jk. He yn,epjKajica, h 3arjiHiiyji b KOHen, 3aflanHiiKa. 

ABiycT, 2010 

1.5. CorjianieHHa 

(1) B jik)6om Bbipa»ceHHH, iyje noHBjiaeTCH mi^eicc, h npeflnojiaraio, hto stot 
HHfleKC MOJKeT nM6Tb BHyTpeHHioio CTpyKTypy. HanpiiMep, npn paccMOT- 
peHHH ajire6pbi A KOop/niHaTM aei OTHOCHTejiBHO 6a3nca e npoHyMe- 
poBaHbi HHfleKCOM i. 3to osHa^aeT, hto a hbjihctch BeKTopoM. O^naKO, 
ecjra a HBjiaeTCH MaTpnnen, HaM Heo6xo,a,HMO /nm HH^eKca, ofliiH HyMepyeT 
CTpoKH, flpyrofi - ctoji6hm. B tom cnyHae, KOiyja mm yTOHHaeM CTpyKTy- 
py HHfleKca, mm 6yn,eM HannHaTb HH^eKC c cnMBOjia ■ b cooTBeTCTByioineii 
no3nnnn. HanpHMep, ecjiH h paccMaTpHBaio MaTpnny a* KaK sjieMeHT BeK- 
Topnoro npocTpaHCTBa, to h Mory 3anncaTb ajieMeHT MaTpnnM b BHfle a * . 

(2) B BbipajKeHHii BHfla 

ag.oxag.x 

npeflnojiaraeTCH cyMMa no HH^eKcy s. 

(3) Tejio D mojkho paccMaTpnBaTb KaK £>-BeKTopnoe npocTpancTBO pa3Mep- 

HOCTH 1. CoOTBeTCTBeHHO STOMy, Mbl MOJKCM H3ynaTb He TOJIbKO TOMO- 

Mop<pH3M Tejia D\ b Tejio D2, ho h jiHHeiiHoe OTo6pa^KeHHe Teji. Ilpn 
3tom noflpa3yMeBaeTCH, hto OTo6pa»ceHHe MyjibTiinjinKaTiiBHO Ha^i, Max- 
CHMajibHO bo3mo}khmm nojieM. B HacTHOCTH, jinHeiiHoe OTo6pajKeHiie Tejia 
D MyjibTHnjiHKaTHBHO Hafl neHTpoM Z{D). 3to He npoTHBopennT onpe,u;e- 
jieHHio jiHHeiiHoro OTo6pa:sceHHfl: nojia, TaK KaK ^jih nojia F cnpaBefljiHBO 
Z(F) = F. Ecjih nojie F OTjinnHO ot MaKCHMajibHO B03MOJKHoro, to h sto 
hbho yKa3biBaio b TeKCTe. 

(4) HecMOTpa Ha HeKOMMyTaTiiBHOCTb npoiQBefleHHH MHorne yTBepscfleinis 
coxpaHjnoTCH, ecjin 3aMeHHTb HanpnMep npaBoe npeflCTaBjieHne 11a jieBoe 
npeflCTaBjieHne hjih npaBoe BeKTopHoe npocTpaHCTBO Ha jieBoe BeKTop- 
Hoe npocTpaHCTBO. Hto6m coxpamiTb 3Ty CHMMeTpnio b cpopMyjinpoBKax 
TeopeM h nojn>3yioci> CHMMeTpnnHMMH o6o3Ha x ieHHs:MH. HanpnMep, a pac- 
CMaTpiiBaio Z?*-BeKTopHoe npocTpaHCTBO n *Z?-BeKTopHoe npocTpaHCTBO. 
3anncb _D*-BeKTopHoe npocTpaHCTBO moxho nponecTb KaK D-star-BeK- 
TopHoe npocTpaHCTBO jih6o KaK jieBoe BeKTopHoe npocTpaHCTBO. 3anncb 
_D*-jiHHeliHO 3aBiiCHMMe BeKTopbi mojkho nponecTb KaK D-star-jiHHeiiHO 

3aBHCHMMe BeKTOpbl JIH60 KaK BeKTOpbl, JIHHeHHO 3aBHCHMbie cjieBa. 



1.5. CorjiaineHHa 
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(5) IlycTb A - CBo6oflHaa: KOHe^iHO MepHaa ajire6pa. IIpH pa3jio>KeHHH ajie- 
MeHTa ajire6pbi A OTHOCHTejibHO 6a3Hca e mm nojib3yeMCH o/nroft h toh 
»ce KopHeBoii 6yKBOfi pjisi o6o3HaHeHHH SToro sjieMeHTa h ero KOop/n-iHaT. 
OflHaKO b ajire6pe He npiiHHTO Hcnojib30BaTb BeKTopHbie o6o3HaHeHHH. 
B BbipaMceHiiH a 2 ne scho - sto KOMnoHCHTa pasjioaceHiia sjieivieHTa a 
OTHOCHTejibHO 6a3Hca hjih 3to onepainis: B03Be,a,eHHH b CTeneHb. JJ^Jia 06- 
jierneHHH HTeHHH TeKCTa mm 6y^eM HH^eKC sjieMeHTa ajire6pbi BbiflejiHTb 
hbctom. HanpiiMep, 

a = a e 

(6) Ecjih CBo6o/i,HaH KOHeHHOMepnaji ajire6pa HMeeT e/niHHiry, to mm 6yn,eM 
OTO>KflecTBjiaTb BeKTop 6a3Hca eo c e/niHHueH ajrre6pbi. 

(7) Be3 coMHeHHH, y HHTaTejia mohx CTaTefi MoryT 6biTb Bonpocbi, saMe^ianiiH, 
B03pa»;eHHa. 51 6yny npH3HaTejieH jno6oMy OT3bmy. 



TjiaBa 2 



Bhkojibijo MaTpnu, 

2.1. KoHU,eimHH o6o6meHHoro HH/^eKca 

HsynaH TeH3opHoe HCHiicjieHiie, mbi HanHHaeM c H3yneHHH o/nroBajieHTHBix ko- 
BapiiaHTHoro h KOHTpaBapnaHTHoro TeraopoB. HecMOTpa Ha pa3jiHHHe cbohctb, 06a 

3TH o6 r beKTa 3BJIHIOTCH SJieMeHTaMH COOTBeTCTByiOIHHX BGKTOpHBIX npOCTpaHCTB. 

Ecjih Mbi BBe/i,eM o6o6meHHBiH im^eicc no npaBiuiy a 1 — a 1 , b l — b'~ , to mbi bh/jhm, 
hto 3th TeH3opti Be/i,yT ce6a oflimaKOBO. HanpiiMep, npeo6pa30BaHiie KOBapnaHT- 
Horo Teraopa npHHHMaeT cpopMy 

''" >' , / , ■'>, P' ! 
3to cxo,h,ctbo H,n,eT ckojib yroflHO flajiexo, Tax KaK TeroopBi TaioKe nopojKflaiOT 

BCKTOpHOe npOCTpaHCTBO. 

3th Ha6jnofleHHH cxoflCTBa cbohctb KOBapnaHTHoro h KOHTpaBapnaHTHoro TeH- 
3opoB npHBOflHT nac k KOHnenHini o6o6meHHoro HH/jeicca. 2 ' 1 51 nojib3yiocb chmbo- 
jiom • nepe/i, o6o6meHHBiM hh^gkcom , Kor,n;a mhg HeoGxo/niMO onucaTb ero CTpyK- 
Typy. 51 noMemaio chmboji '— ' Ha MecTe HHfleicca, no3HHHH KOToporo H3MeHHjiacB. 
HanpHMep, ecjin Hcxo/nroe BBipa>KeHHe 6bijio a^ , h nojib3yiocb 3anHCBK> bmccto 
3anncH a\. 

Xotsi CTpyKTypa o6o6meHHoro iiH^eKca nporoBOjiBHa, mbi 6ya,eM npeflnojia- 
raTb, hto cymecTByeT B3aHMHO oflH03HaHHoe OTo6pajKeHiie OTpe3Ka HaTypajiBHBix 
HHceji 1, n Ha mhojkcctbo 3HaHeHHH HHfleicca. IlycTB i - mhojkectbo 3HaHeHHH 
HHfleKca i. Mbi 6yn,eM oBosHa^aTB moihhoctb stoto MHOJKecTBa chmbojiom \i\ h 
6ya;eM nojiaraTB \i\ = n. Ecjih HaM Ha^o nepenncjiHTB sjicmchtbi <2j, mbi 6yn,eM 
nojiB30BaTBCH o6o3HaneHHeM oi, a n . 

npeflCTaBjieHHe KOop/niHaT BeKTopa b <popMe MaTpnuBi no3BOjiaeT c/i,ejiaTB 3a- 
nncb 6ojiee komii9,kthoii . Bonpoc o npeflCTaBjiemiH BeKTopa KaK CTpoxa hjih ctoji- 
6en, MaTpHHBi HBjiHeTCH BonpocoM corjianieHHa. Mbi mojkcm pacnpocTpaHHTb koh- 
H,enii,Hio o6o6ineHHoro HHfleKca Ha ajieMeHTBi MaTpiiHBi. MaTpnua - sto ^ByMep- 
Haa Ta6jiHH,a, ctpokh h ctojiGhbi KOTopoii 3aHyMepoBaHBi o6o6ineHHBiMH HHfleKca- 
mh. fl,Jin npeflCTaBjieHHH MaTpiiHbi mbi 6yn,eM nojiB30BaTBca o^hhm h3 cjieflyiomiix 
npeflCTaB jieHHH : 

CTaHflapTHoe npe^cTaBJiemie: b stom cjiynae mbi npeflCTaBjiaeM ajie- 

MeHTBI MaTpiiHBi A B BHfle A% . 

AjibTepHaTHBHoe npe,n,CTaBJieH:ne: b stom cjiynae mbi npeflCTaBjiaeM ajie- 

MeHTBI MaTpHH,BI A B BHfle ° Ab HJIH fcA". 

2, ^Ha6op KOMafifl flJia pa6oTti c o6o6meHHi>iMii HH^eKcaMH, TaK>Ke KaK h ^pyrne KOMaH^,i>i, 
ncnojii>3yeMbie b stoh h nocjie^yiomHx CTaTbHx, mo>kho HaiiTH b (paiijie Commands.tex. 
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2. BiiKOjibijo MaTpim 



TaK KaK mm nojii>3yeMCH o6o6iHeHHMMii HH^eKcaMH, mm He momm CKa3aTb, HyMe- 
pyeT jih HHfleKC a CTpoKii MaTpHHM hjih CT0Ji6irbi, flo Tex nop, noKa mm He 3naeM 
CTpyKTypM HHfleKca. 

Mm MorjiH 6m nojii>30BaTi>CH TepMHHaim *-CT0ji6en, h *-CTpoKa, KOTopbie 60- 
jiee 6jih3kh TpaflHH,iiOHHbiM. OflHaKO Kax mbi yBiifliiM HHJKe fljia Hac HecymecTBeHHa 
cpopMa npe/i,CTaBjieHHa MaTpHHM. JlflSL Toro, hto6m o6o3HaHeHHH, npefljiaraeMbie 
HiiJKe, 6mjih corjiacoBaHbi c Tpa/nnniOHHbiMH, Mbi 6y^eM npeflnojiaraTb, hto MaT- 
pHHa npeflCTaBjieHa b Biifle 




Onpe/jejiemie 2.1.1. 51 Hcnojib3yio cjie/iyioiHHe HMeHa h o6o3Ha T ieHHH pa3jiHH- 

HMX MHHOpOB MaTpHHM A 

A a : *-CTpoKa c HH^eKCOM a HBjiaeTCH o6o6meHHeM CTOji6n,a MaTpimbi. 

BepxHHft HHfleKC nepeHHCjiHeT ajieMeHTbi *-ctpokh, hhjkhhh HH^eKC ne- 

peHHCjiaeT *-ctpokh. 
At • mhhop, nojiyHeHHbili 113 A Bbi6opoM *-ctpok c HH^eKCOM H3 MHOxe- 

CTBa T 

Ai a ] : mhhop, ncwryHeHHMH H3 A y^ajiemieM *-ctpokh A a 
A[t] '• mhhop, nojiyHeHHbiii 113 A yzjajieroieM *-ctpok c HH^eKCOM H3 mho- 
jKecTBa T 

b A : „-CTpoKa c HH^eKCOM b HBjiaeTCH o6o6meHHeM ctpokh Marpimbi. 
Hhjkhhh HH^eKC nepe^HCjiaeT sjieMeHTM *-ctpokh, BepxHHft HHfleKC ne- 
peHHCjiaeT „,-CTpoKn. 

A : MHHOP, nOJiyHeHHblfi H3 A Bbl6opOM *-CTpOK C HHfleKCOM H3 MHOJKe- 

CTBa S 

[ fc lj4 : mhhop, nojiyHeHHMii 113 A yn,ajieHHeM *-ctpokh b A 
^A : mhhop, ncuiyHeHHMH H3 A yuajreHHeM *-ctpok c HH^eKCOM H3 mho- 
jKecTBa S 

□ 

3aMeiaHne 2.1.2. Mm 6ya,eM KOM6iiHiipoBaTb 3aniicb HH^eKCOB. TaK b A a hb- 
jiHeTCH lxl MimopoM. O/niOBpeMeHHO, 3to o6o3HaHeHiie sjieMeHTa MaTpHtna. 3to 
no3BOjia:eT OTOJKflecTBHTb lxl MaTpiiny h ee sjieMeHT. HH^eKC a HBjiaeTCH HOMepoM 

*-CTpOKH MaTpHHBI H HHfleKC b HBJIHeTCH HOMepOM „-CTpOKH MaTpHHM. □ 

Ka>Kflaa cpopMa 3aniiCH MaTpnnbi HMeeT cboh npeiiMymecTBa. CTaH^apTHaa 
cpopMa 6ojiee ecTecTBeima, KOiyja mm royHaeM TeopHio MaTpim,. AjibTepnaTiiB- 
Haa cpopMa 3anncH ^ejiaeT BbipajKeHHH 6ojiee schmmh b Teopiiii bcktophmx npo- 
CTpaHCTB. PacnpocTpaHiiB ajibTepHaTHBHyio 3anncb hh/jckcob Ha npoii3BOjibHbie 
TeH3opbi, mm CMOJKeM jryHine noHHTb B3aiiMOfleficTBHe pa3jiiiHHbix reoMeTpii^ecKHx 
o6"beKTOB. Onnpaacb Ha npHHinin flBoiicTBeHHOCTH (TeopeMa 2.2.14), mm MO»ceM 

paCIHIipiITb HaiHII Bbipa3HTejIbHbie B03MOJKHOCTH. 

3aMeiaHHe 2.1.3. Mm mojkcm /joroBopiiTbca, hto npn htbhhh mm npoH3HOCHM 

CHMBOJI *- KaK C- H CHMBOJI *- KaK CpOpMIipyH TeM CaMMM Ha3BaHHH C-CTpOKa II T 

-CTpoKa. B nocjieflyiomeM mm pacnpocTpaHiiM sto corjianieHiie Ha ^pynie sjieMeH- 
tm jiHHeiiHoii ajire6pbi. 51 6yn,y nojib30BaTbcsi stem corjianieHneM npn cocTaBjieHHH 
HH^eKca. □ 



2.2. BHKOjibii;o 
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TaK KaK TpancnoHiipoBaHiie MaTpiinbi mghhgt MecTaMH *-ctpokh h *-ctpokh, 
to mm nojiynaeM paBencTBO 

(2.1.1) i (A T Y= i A j 

3aMeiaHHe 2.1.4. KaK bh^ho h3 paBGHCTBa (2.1.1), pjisi Hac HecymecTBeHHO, c 
Kaxoii CTopoHBi mm yKa3biBaeM HOMep *-ctpokh h c KaKoii CTopoHbi mm yKa3biBaeM 

HOMep *-CTpOKH. 3TO CBH3aHO C TeM, HTO Mbi MOJKeM HyMepOBaTb SJieMeHTbl MaT- 

piiHM pasjiii^iHbiMH cnoco6aMii. Ecjih mm xothm yKa3biBaTb HOMepa *-ctpokh h *- 
ctpokh corjiacHO onpeflejieHHio 2.1.1, to paBeHCTBO (2.1.1) npiiMeT bh^ 

j (A T )i = i A j 

B CTaH^apTHOM npe^CTaBjieHini paBGHCTBO (2.1.1) npHMeT bh^ 

(A T )i = A) 

□ 

Mbi na3biBaeM MaTpiiny 2 ' 2 

(2.1.2) UA = [i-HAi) = (CTA.L)- 1 ) 

o6paineHHeM A/iaMapa MaTpHiiM A = (bA a ) ([8]-page 4). 

51 nojib3yiocb 3iiHinTeHHOBCKiiM corjiaineHiieM o cyMMiipoBamiH. 3to 03HaHa- 
eT, hto, Kor^a hh^gkc npiicyTCTByeT b BbipajKeniiii flBajK/nj h mho>kgctbo hh^gkcob 
H3BGCTHO, y mchh ecTb cyMMa no 3TOMy HHfleKcy. 51 6yzry hbho yKa3biBaTb MHOxe- 
ctbo HH^eKCOB, ecjiH sto Heo6xofliiMO. KpoMe Toro, b stoh CTaTbe h Hcnojib3yio 
Tysce KopHeByio 6yKBy pjin MaTpiiirbi ii ee sjieMeHTOB. 

Mbi 6yn,eM iisy^aTb MarpHHbi, sjieMeHTbi kotopmx npiniafljiejKaT Tejiy D. Mbi 
Taitace 6yn,eM HMeTb b Bii/jy, hto BMecTO Tejia D mm mojkcm b TeKCTe niicaTb nojie 
F. Mm 6yn,eM hbho imcaTb nojie F b Tex cjiynaax, Kor^a KOMMyTaTHBHOCTb 6yn,eT 
nopojKflaTb HOBbie fleTajm. 06o3Ha x iHM nepe3 1 e/niHiiHHbiii sjigmght Tejia D. 

IlycTb /, \I\ = n - MHOJKecTBO HHfleKCOB. Chmboji KpoHexepa onpeflejieH 
paBencTBOM 



(2-1.3) 6}= I n . /. i,j€l 




2.2. Bhkojibito 

Mm 6yn,eM paccMaTpHBaTb MaTpiiHM, sjieMeHTM kotopmx npima/TjiejKaT Tejiy 

D. 

IlpOH3BefleHIie MaTpiIH, CBH3aHO C npOH3BefleHHeM rOMOMOp(pH3MOB BeKTOpHMX 

npocTpaHCTB Hafl nojieM. CorjiacHO Tpafliiniiii npon3Be,u,eHHe MaTpiin, A h B onpe- 
,n,ejieHO KaK npoii3Be,a,eHiie ^-erpoK MaTpiinbi A h *-ctpok MaTpiinbi B. YcjiOBHOCTb 
SToro onpeflejieHHH CTaHOBHTCH oneBHflHoii, ecxm mm o6paTiiM BHiiMaHHe, hto „- 
CTpoKa MaTpnnbi A MO»ceT 6biTb ctoji6uom stoh MaTpanbi. B stom cjiynae mm 



3anHCt> ('■ A. J _) 1 03HaMaeT, mto npii o6pairj,eHHH A^,aiviapa CTOji6irf>i h ctpokh MeiraioTcsi 
MecTaMH. Mm MOjKeivi cpopMantHO 3anncaTi> 3to BbipajKeHHe cne,n,yioinHM o6pa30M 

(ta j r 1 = — 
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yMHOJKaeM ctoji6hbi MaTpiiHBi A Ha CTpoxii MaTpimti B. TaKiiM o6pa30M, mbi mo- 
meM onpeflejiHTb flBa BH^a npoii3Be,n,eHHH MaTpnn;. Hto6bi pasjnrqaTB sth npora- 
Be/i,eHHH, Mbi BBOfliiM hobbig o6o3Ha x ieHiia. 2 ' 3 



Onpe^ejieHHe 2.2.1. s *-npoH3BefleHHe MaTpnu, A h B HMeeT bh,h, 

(2 2 1) J A ** B = ( a ^^) 

\ a {A**B) b = a A c c B b 

h MO»ceT 6biTb Bbipa>KeHO KaK npoH3Be/i,eHHe *-CTpOKH MaTpHHBI A H *-CTpOKH 
MaTpHHBi B. 2A □ 

Onpe/jejiemie 2.2.2. f ,-npoH3Be^eHHe MaTpnu; An B HMeeT bh^ 

(2 2 2) { A%B = {aAC cBh) 

\ a{A\B) b = a A- c B b 

h MO»ceT 6bitb BbipasKeHO Kax npoH3BefleHHe *-ctpokh MaTpiiHBi A Ha *-CTpoKy 

MaTpHHBI B. 2 5 □ 

3aMeiaHHe 2.2.3. Mbi 6yj\em nojiB30BaTBCH chmbojiom **- hjih %- b hmchh cbohctb 
Ka?K/i,oro npoH3Be^eHHa h b o6o3HaneHHHx. CorjiacHO 3aMenaHHio 2.1.3 mbi MO»ceM 
HiiTaTB chmbojibi ** h % KaK rc-nponsBefleHHe h cr-npoii3Be,n,eHHe. 3to npaBHjio 
mbi pacnpocTpaHHM Ha nocjieflyioiHyio TepMimojiornio. □ 

3aivreHaHHe 2.2.4. TaK»ce KaK h b 3aMenaHHH 2.1.4, a xony o6paTHTB BHHMamie 

Ha TO, HTO H MeHHIO HyMepaHHIO SJieMeHTOB MaTpHHBI. ECJIH MBI XOTHM yKa3BIBaTB 

HOMepa ^-CTpoKH h *-ctpokh corjiacHO onpeflejieHHio 2.1.1, to paBeHCTBO (2.2.2) 

npHMeT BHfl 

(2.2.3) b {A\B) a = c A a b B c 

O^naKO (popMaT paBencTBa (2.2.3) hcckojibko Heo6BineH. □ 

MnojKecTBO n x n MaTpnu; 3aMKHyTO othochtghbho „*-npoii3BefleHHH h **- 
npoH3BefleHHH, a TaKJKe othocht6jibho cyMMH, onpeflejieHHOii corjiacHO npaBiijiy 

(A + B) b a =A b a + B b 



2 ^J\jisi COBMeCTHMOCTH o6o3HaHeHHH C CymeCTByiOIHHMH MM SyflBM HM6TL B BHfly **-npoH3Be- 

fleHHe, Kor^a hct hbhbix o6o3Ha ,L ieHHH. 

2 "^B ajibTepHaTHBHOH (J)opMe onepauHH coctoht h3 a b Y x chmbojiob *, KOTOpbie 3anHCbiBaiOTCs 
Ha MecTe HHfleKca cyMMHpOBaHHa. B CTaH,a,apTHOH 4>opivie onepauHH HMeeT bh^ 

A,*B = (A°B%) 
{A**B)l = AgBg 

H MOJK6T 6bITb HHTepnpeTHpOBaHa KaK CHMBOJIIiHeCKaSI 3anHCt. 

A**B = A*B* 

r^e mm 3anHCbiBaeM chmboji * Ha MecTe HH^eKca, no KOTOpOMy npe^nojiaraeTCH cyMMHpOBaHHe. 

2 "^B ajibTepHaTHBHoft 4>opMe onepauHH coctoht h3 A B y x chmbojiob *, KOTOpbie 3anHCbiBaiOTCs 
Ha MecTe HH^eKca cyMMHpOBaHHH. B CTaH^apTHOH 4>opMe onepauHH HMeeT bh/i, 

A*,B = {A c a B b c ) 
(A'.B)° = A* B b c 
h MOjKeT 6biTb HHTepnpeTHpOBaHa KaK CHMBonHnecKyio 3anHCi> 

A%B = A*B, 

r^e mm 3anHCMBaeM chmboji * tia MecTe HH^eKca, no KOTopoMy npe^nojiaraeTCH cyMMHpOBaHHe. 



2.2. BHKOjibii;o 
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Teoperna 2.2.5. 

(2.2.4) (A** B) T = A T **B T 

flOKA3ATEJlbCTBO. U,enoHKa paBeHCTB 

a ((A**B) T ) b = a {A**B) b 
= a A c c B b 

(2.2.5) 

= a (A T y c (B T ) b 
= a ((AT)%(B T )f 

cjie^yeT H3 (2.1.1), (2.2.1) h (2.2.2). PaBeHCTBO (2.2.4) cjie^yeT H3 (2.2.5). □ 

MaTpuna 5 = (6^) HBjiaeTCH e/niHHueii fljia o6ohx npoiiSBe^eHHH . 

Onpe/jejiemie 2.2.6. Bhkojibijo A - sto mhcokcctbo, Ha kotopom mm onpeflejiii- 
jih yHapHyio onepanino, Ha3MBaeMyio TpaHcno3iiHiieH, h Tpii 6nHapHbix onepaniiii, 
Ha3BiBaeMBie **-npoH3BefleHHe, %-npoH3BefleHHe h cyMMa, Taxne hto 

• **-npoH3Be,ii;eHHe h cyMMa onpeflejiaiOT CTpyKTypy KOJibH,a Ha A 

• *»-npoH3Be r ii;eHHe h cyMMa onpeflejiaiOT CTpyKTypy KOJibH,a Ha A 

• o6a npoii3BefleHHH hmciot o6myio e/niHiiuy 6 

• npoH3BefleHHH yflOBjieTBopsnoT paBeHCTBy 

(2.2.6) (A**B) T = A T \B T 

• TpaHCnCGHHHH eflHHHHM eCTb eflHHHHa 

(2.2.7) S T = 5 

• ,a,BOHHaH TpaHcno3Hu;HH ecra. hcxo,h,hmh ajieMeHT 

(2.2.8) (A T ) T = A 

□ 

TeopeMa 2.2.7. 

(2.2.9) {A\B) T = (A T )**(B T ) 

^],OKA3ATEJlbCTBO. Mm mcxjkbm flOKa3aTb (2.2.9) b cjiynae MaTpnii, TeM »ce 
o6pa30M, hto mm ^,OKa3ajiH (2.2.6). TeM He MeHee pjin Hac 6ojiee Ba>KHO noKa3aTb, 
hto (2.2.9) cjie^yeT HenocpeflCTBeHHO H3 (2.2.6). 

IlpHMeHHH (2.2.8) k Ka»{/i,OMy cjiaraeMOMy b jieBofi nacTH (2.2.9), mm nojiyHHM 

(2.2.10) {A\B) T = ((A T f%(B T ) T f 
Eh (2.2.10) h (2.2.6) cjie^yeT, hto 

(2.2.11) {A\B) T = ((A T **B T ff 

(2.2.9) cjie^yeT H3 (2.2.11) h (2.2.8). □ 

Onpe^ejieHHe 2.2.8. Mm onpeflejniM ,*-CTeneHb ajieMeHTa A 6HKOjibH,a A, nojib- 
3yacb peKypcHBHbiM npaBHjiOM 

(2.2.12) A ** = S 

(2.2.13) A n '' ^ A n ^'\* A 

□ 
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Onpe/i,ejieHHe 2.2.9. Mm onpeflejniM %-CTeneHb sjieMeHTa A 6iiKOjibn,a A, nojib- 
3yacb peKypcHBHbiM npaBHjiOM 

(2.2.14) A ** =5 

(2.2.15) A n% = A' l " r *%A 

□ 

Teopeivra 2.2.10. 

(2.2.16) (A T ) n ** = (A n **) T 

(2.2.17) (A T ) n% = (A n '*) T 

,3,OKA3ATEJl£>CTBO. Mbi npoBe^eM flOKa3aTejibCTB0 HHflyKniieii no n. 
Ilpn n — yTBepjKfleHHe HenocpeflCTBenHO cjiepyeT 113 paBeHCTB (2.2.12), 
(2.2.14) h (2.2.7). 

^onycTHM yTBepjK/jemie cnpaBefljiiiBO npii n = k — 1 

(2.2.18) (A T )"- U * = (^"- r *) T 
Ha (2.2.13) cjie^yeT 

(2.2.19) {A T ) k ** ={A T ) k ~ 1 '\*A T 
Hs (2.2.19) h (2.2.18) cjie fl ye T 

(2.2.20) (A T ) fc ** = (A fe - 1% ) T ,M T 
Hs (2.2.20) h (2.2.9) cjie^yeT 

(2.2.21) (A T ) fc ** = (A fc - 1% %A) T 

Hs (2.2.19) n (2.2.15) cjie fl ye T (2.2.16). 

Mbi MO»ceM ,n,OKa3aTb (2.2.17) no,u;o6HbiM o6pa30M. □ 

Onpe^ejieHHe 2.2.11. 3jieMenT A~ lr 6HKOJibna A - sto »*-o6paTHbifi 3Jie- 
MeHT sjieMeHTa A, ecjui 

(2.2.22) A** A- 1 '* =5 

3jieMeHT A^ 1 * 6HKOJii>n,a A - sto *,-o6paTHbifi ajieivieHT sjieMeirra A, ecjiH 

(2.2.23) A\A~ l "*=5 

□ 

TeopeMa 2.2.12. IIpednoAoatcuM, umo SAeMenm A e A UMeem ** -o6pamHuu 
DJieMenm. Tozda mpancnoHupoeaHHUu BAeMenm A T UMeem * *-o6pamHuu 3JieMewm 
u 3mu SJieMewmu ydoeAemeopjitom paeencmey 

(2.2.24) {A T )- 1% = {A- U *) T 

IIpednoAOJtcuM, umo SAeMenm A £ A UMeem * \-o6pamwbiu BAeMenm. Tozda mpanc- 
noHupoeaHHuil SACMewm A T UMeem ** -o6pam,Huu SACMenm u smu 9AeMenmu ydo- 
eAemeopsiem paeencmey 

(2.2.25) {A T y u * = (A- r *) T 
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^OKA3ATEJTbCTBO. Ecjih mm B03bM6M TpaHcnoHHpoBaHiie o6enx nacTeft (2.2.22) 
h npiiMeHHM (2.2.7), mm nojiyniiM 

(A^A-^'f = S T = 6 

IIpHMGHHs (2.2.6), mm nojiyniiM 

(2.2.26) 6 = A T \{A~ U *) T 

(2.2.24) cjie^yeT H3 cpaBneHHH (2.2.23) h (2.2.26). 

Mm MO»ceM ,n,OKa3aTb (2.2.25) noflo6nbiM o6pa30M. □ 

TeopeMbi 2.2.5, 2.2.7, 2.2.10 h 2.2.12 noKa3MBaiOT, hto cymecTByeT iiBOHCTBeH- 
hoctb Me»cfly **-npoH3Be/i,eHHeM h %-npoH3Be,a,eHHeM. Mbi MoaceM o6 r be,n;HHHTb 3th 
yTBepjKfleHiia. 

TeopeMa 2.2.13 (npimirHn /rBOHCTBeHHOCTH flJiH GnKOJitiia). IIycmt> 21 - 
ucmuHHoe ymeepcncdeHue o 6uKOA&v,e A. Ecau mu 3&M6HUM odnoepeMeHHO 

• Ae A u A T 

• ** -npou3eedenue u * ^-npouseedenue 

mo mu cnoea ncuiyuuM ucmuHHoe ymeepotcdenue. 

TeopeMa 2.2.14 (npHHijHn .zjBOHCTBeHHOCTH ,h;jih 6HKOJii>ij;a MaTpim;). Ylycm-b 
A neAsiemcti 6uKOAbv,OM Mampuu,. Tlycmt, 21 - ucmuHHoe ymeepotcdenue o Mampu- 
vflx. Ecau mu 3aMenuM odnoepeMenno 

• * -cmpoKU u „-cmpoKU ecex Mampuv, 

• ** -npou3eedeHue u * ^-npouseedenue 

mo mu cnoea noAyuuM ucmuHHoe ymeepotcdenue. 

^OKA3ATEJibCTBO. Henocpe^CTBeHHoe cjie^CTBHe TeopeMbi 2.2.13. □ 
3aMenaHHe 2.2.15. B BbipajKeHim 

A**B**C 

mm BbinojiHseM onepaniiio yMHOJKenna cjieBa HanpaBO. O/niaKO mbi mojkbm Bbinoji- 
HHTb onepannio yMHOJKeHHH cnpaBa HajieBO. B Tpa/ninnoHHOii 3anHCH sto Bbipa- 
»ceHiie npiiMeT Bim 

C *B *A 

Mm coxpaHHM npaBiijio, hto noKaaaTejib CTeneHii 3anncbiBaeTCH cnpaBa ot bm- 
pajKeHiia. Ecjih mm nojib3yeMCH CTaHiiapTHMM npeflCTaBjieHiieM, to HHjreKCM TaK- 
me 3anHCMBaiOTCH cnpaBa ot BbipajKeHiia. Ecjih mm nojib3yeMCH ajibTepHaTiiBHMM 
npejj,CTaBjieHHeM, to hhackcm HHTaiOTCH b tom »;e nopa/pce, hto h chmbojim one- 
panim h KopHeBbie 6yKBM. HanpiiMep, ecjin ncxoflHoe BbipajKeHiie HMeeT bh^ 

A * B a 

to BbipasceHiie, nnTaeMoe cnpaBa HajieBO, npHMeT bhjj, 

B a *A 

b CTaH^apTHOM npejj,CTaBjieHHH jih6o npHMeT bha 

a B r A 

b ajibTepHaTHBHOM npeflCTaBjieHHH. 
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Ecjih 3aflaTb nopHflOK, b kotopom mm 3aniicbiBaeM HHfleKCbi, to mm mojkbm 
yTBepjKflaTb, mo Mbi HHTaeM BbipajKeHne CBepxy bhh3, HHTaa cnepBa BepxHne hh- 
fleKCbi, noTOM HHJKHiie. ,I[oroBopiiBniHCi>, hto sto CTaHflapTHaa cpopMa HTemis:, mbi 
mojkem nponecTb BbipaxeHHe CHii3y BBepx. IlpH stom Mbi /i,onojiHHM npaBiuio, hto 
chmbojim onepaniiH TaKJKe HHTaiOTca b tom xe HanpaBjieHHH, hto h HH^eKCbi. Ha- 
npHMep, BbipajKeniie 

npoHTCHHoe CHH3y BBepx, b CTaH^apTHOii (popMe HMeeT Bp, 

A a *B = C a 

CorjiacHO npHHHimy ^bohctbghhocth, ecjia BepHO OflHO yTBep»cfleHHe, to Bepno h 
APyroe. □ 

TeopeMa 2.2.16. Ecjiu Mampui^a A uMeem »* -o6pamnym Mampu%y, mo 3aji jiw- 
6ux Mampuv, B u C U3 paeencmea 

(2.2.27) B**A = C**A 
CAedyem paeencmeo 

(2.2.28) B = C 

^OKA3ATEJlbCTBO. PaBeHCTBO (2.2.28) cjie^yeT H3 (2.2.27), ec™ o6e nacTH 
paBencTBa (2.2.27) yMHOsoiTb Ha A^ 1 * . □ 

2.3. KBa3HfleTepMHHaHT 

TeopeMa 2.3.1. IlpednoAOOKUM, umo n x n Mampuufl A UMeem -o6pamHym 
Mampui^y. 2 5 Tozda k x k Munop ** -o6pamnou Mampuvfii ydoejiemeopjiem 

(2.3.1) (V- 1 -*)./)" 1 * = J A I - J A [I] ^^A [I] y 1 ' ,*[ J U 7 

iHOKA3ATEJlbCTBO. Onpe^ejieHHe (2.2.22) **-o6paTHOH MaTpinxM npHBO/niT k 
CHCTeMe jiHHeiiHbix ypaBHeHHii 

(2.3.2) ^A m ^(A- u *)j + ^A^^iA- 1 '')., = 

(2.3.3) J A [T] ^(A- U ')j + 'A!,* 1 {A' 1 ''). j = 5 

Mbi yMHOJKIIM (2.3.2) H a { [J] A m ) * 

(2.3.4) l^ A -W )j+ ^[J\ A[Ii y u ^A It * I (A- 1 *") J = Q 
Tenepb mh mojkbm noflCTaBHTb (2.3.4) b (2.3.3) 

(2.3.5) - J A [Ih * ( [J] A w y U **WA I ** I (A- u ")j + J A I ** I (A- 1 *")j = 5 
(2.3.1) cjieflyeT hs (2.3.5). □ 



2.6^ TO yTBep^c^eHHe h ero ^OKa3aTejibCTBO ocHOBaHbi Ha yTBepjKfleHHii 1.2.1 H3 [7] (page 8) 

flJIH McLTpHDj Hafl CB060flH£>IM KOJIBIJOM C fleJieHHCM. 
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CjieflCTBHe 2.3.2. IIpednojiocHCUM, umo n x n Mampuup, A UMeem ** -o6pam- 
wyw Mampuvxj. Tozda sjieMetimu ** -o6pamHou Mampui^u ydoejiemeopsi'wm paeen- 
cmey 22 

(2.3.6) i {A~ u *)j = OAi-tAftS ^A^ 1 ' 

(2.3.7) * { UA ~ 1 '*) l = jA * - ' A W** ( blj4 w) 

IIpHMep 2.3.3. PaccMOTpHM MaTpiiny 

( X A X 



□ 



CoraacHO (2.3.6) 



(2.3.8) 


i {A -u* 


h = ( 1 A 1 


~ 1 A 2 { 2 A 2 y 


1 2 A 1 )~ 1 


(2.3.9) 


2 (A~ 1 ** 


)i = ( 1 A 2 


- 1 A l { 2 A 1 y 


1 2 A 2 )~> 


(2.3.10) 


1 (A~ 1 ** 


h = CAi 


- 2 A 2 CA 2 y 


1 'A,)- 1 


(2.3.11) 


2 (A~ 1 ** 


h = { 2 A 2 


-%(%)- 


1 1 ^ 2 )- 1 



" I M 1 - 2 a 2 ( 1 a 2 )- 1 a 1 )- 1 ( 2 a 2 - ^M 1 )" 1 iA 2 y 



□ 



CoraacHO [7] , page 3 y Hac HeT onpeflejieHHH fleTepMimaHTa b cjiy^iae Tejia. TeM 
He MeHee, mm mojkbm onpeflejiiiTt KBa3ii,a,eTepMHHaHT, KOToptiii b kohchhom more 
,u,aeT noxo»cyio KapTHHy. B onpeflejieHHH, flaHHOM HiiJKe, mbi cjie^yeM onpeflejieHiiio 
[7]-1.2.2. 

Onpe^ejieHHe 2.3.4. (J *-KBa3HflerepMHHaHT n X n MaTpimti A - sto cpop- 
MajibHoe Bbipa>KeHHe 2 ' 2 

(2.3.12) j dot (A, /). = 1 (UA- I ''^j 

CorjiacHO 3aMeiaHHK) 2.1.2 mh mojkcm paccMaTpuBaTB (^)- st *-KBa3iifleTepMHHaHT 
KaK ajieMeHT MaTpiiuBi det (a, **), KOTopyro Mbi 6yn,eM Ha3BiBaTB **-KBa3n,zi,eTep- 

MHHaHTOM. □ 

TeopeMa 2.3.5. BupaDfcenue 3asi aAeMenmoe -o6pamnou Mampuvfii UMeem eud 

(2.3.13) A~ u " =Hdct{A^*) 

^OKA3ATEJibCTBO. (2.3.13) cjie^yeT H3 (2.3.12). □ 
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2. Biikojibuo MaTpim 



TeopeMa 2.3.6. Bupawcenue djin (£)-** -Kea3udemepMUHaHma UMeem Jim6ym U3 
CAedywwyix cfiopM 

(2.3.14) J 'det(A,/)i= i ^i-^[fl**( b ' 1 ^M)~ 1 * 

(2.3.15) J 'det(A,.*)i = - ^[ij.'Hdct ( [j U [2] ,»*) /^Aj 
^],OKA3ATEJibCTBO. YTBepjKfleHHe cjie^yeT H3 (2.3.7) h (2.3.12). □ 

IIpHMep 2.3.7. PaccMOTpHM MaTpHny 

pi X A 2 \ 



CoraacHO (2.3.14) 
det (A, **) 

dot (A, %) 



^ - l AtfA 2 y l 2 Ai M 2 - 1 Ar{ 2 A 1 )- 1 2 A 2 

2A t - *A 2 ?A a )- 1 Mi 2 ^ 2 - ^(^i)- 1 U 2> 

\a 1 - a 2 ( 2 A 2 )- 1 2A 1 2A 1 - a^M 2 )- 1 x A lN 

i A 2 - x^M 1 )- 1 2 A 2 2 A 2 - 2 A\ 1 A 1 )- 1 t A\ 



□ 



Teopeivra 2.3.8. 

(2.3.16) j det (^ T , „*)' = 3 dot (A, %). 
^OKA3ATEJibCTBO. CoraacHO (2.3.12) h (2.1.2) 

J dBt(A r ) /) < = (^_((A r )- 1 --)T)- 1 
IIojib3yHCb TeopeMoii 2.2.12, Mbi nojiy^HM 

J det(A r ) .*) < = (^_((A- 1 '-) r )T)- 1 
IIojii>3yHCb (2.1.1), mh HMeeM 

(2.3.17) j-det^.'^CTCA- 1 **).*:)- 1 

nojibsyacb (2.3.17), (2.1.2), (2.3.12), mh nojiyniiM (2.3.16). □ 

TeopeMa 2.3.8 pacnmpfleT npHHHim flBOHCTBemiocTii, TeopeMa 2.2.14, Ha yTBep- 
>KfleHHH o KBa3HfleTepMiiHaHTax h yTBepjK^aeT, hto o,h,ho h Toace BbipajKenne hb- 

JIHeTCH 4 ,*-KBa3HfleTepMIIHaHT0M MaTpHII,BI A II **-KBa3HfleTepMHHaHT0M MaTpHii,H 

A T . Ilojib3yHCb 3toh TeopeMofi, mbi mojkbm 3anHcaTb jiio6oe yTBepacfleHiie o %- 
MaTpiine, oniipaacb Ha noflo6Hoe yTBepjK^eHiie o „*-MaTpime. 

TeopeMa 2.3.9 (irpHHrnin ^bohctbchhocth) . Ilycmb 21 - ucmuHHoe ymeepwcdenue 
o 6uKOAbii,e Mampuv,. Ecau mu odnoepeMeHHO 3aMenuM 



'■'Mh MOjKeM flaTb noflo6Hoe flOKa3aTejiBCTBO fljia (J)-* ,-KBa3HfleTepMHHaHTa. OflHaKO mm 
MCwaceM 3anHcaTb coo-TBeTCTByioirj,He yTBep^KfleHHH, ormpaHCb Ha npntmHn ^bohctbghhoctii . TaK, 
ecjiH nponecTB paBGHCTBO (2.3.14) cnpaBa HajieBO, to mbi nojiyMHM paBeHCTBO 

J 'det(A,*,)j = j Ai - li] Ai*„ ( [jl A H ) _1 * *JA W 
idet(A,\) i = j A t - WAi**Hdet (^A [{] ,*») *, J A [i} 
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• *-cmpoKy u -cmpoKy 

• ** -KeasudemepMUHaHm u * *-K6a3udemepMUHa,Hm 
mo mu cnoea noJiyuuM ucmuHHoe ymeepotcdenue. 

TeopeMa 2.3.10. 

(2.3.18) (mi)- 1 ** = A-^'m' 1 

(2.3.19) (Am)- 1 ** =m- 1 A- 1 ** 

,3,OKA3ATEJlL>CTBO. Mh flOKajKBM paBeHCTBO (2.3.18) HHflyKinieii no pa3Mepy 
MaTpimti. 

Jlflsi lxl MaTpimti yTBepjKfleHne oneBimno, Tax KaK 

{mA)~ u * = (imAy 1 ) = (A^m- 1 ) = (A' 1 ) m" 1 = A~ 1 ** mT l 

^onycTHM yTBep^KfleHHe cnpaBefljiHBO fljra (n — 1) X (n — 1) MaTpiinbi. Toiyja 
H3 paBencTBa (2.3.1) cjie^yeT 

('(H)- 1 *');)- 1 '* =V)i- J M)[fl»' ( [J] (mA) m y U ** [J W)/ 

=mM 7 -m M m »* ( lJ] A m Y * m"Vm t J M, 



(2.3.20) ('(M)" 1 -');)- 1 -* = m / (A~ 1 **)j 

H3 paBGHCTBa (2.3.20) cjie^yeT paBeHCTBO (2.3.18). AHajiorHHHO flOKastiBaeTca: pa- 
BencTBO (2.3.19). □ 

TeopeMa 2.3.11. Ilycmb 

(2.3.21) A 

Toeda 

(2.3.22) i 



1 , ' 



(2.3.23) A 



-1*, 




^OKA3ATEJIbCTBO. H3 (2.3.8) H (2.3.11) CrTCBHflHO, ^TO ^A -1 **)! = 1 H 

2 (A _1 * )a = 1. TeM He MeHee BbipajKemie fljia 2 (A~ 1 * )i 11 1 (A _1 * )2 ne momt 
6biTb onpeflejieHO H3 (2.3.9) h (2.3.10) Tax KaK 2 Ai = 1 A 2 = 0. Mbi MCtaceM 
npeo6pa30BaTb sth BbipajKemiH. HanpiiMep 

2 (A- 1 --) 1 = CA 2 - 1 A 1 ( 2 A 1 )-i 2 As)- 1 

= ( 1 A 1 (( 1 A 1 y 1 1 A 2 -( 2 A 1 )- 1 M 2 ))- x 

= ((Mi)- 1 1 A 1 ( 2 A 1 ( 1 A 1 )- 1 M 2 - Ms))" 1 

= (M 1 (M 1 (M 1 )" 1 M 2 -M 2 ))- x Mi 
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2. BiiKOjibijo MaTpim 



Mm nenocpeflCTBeHHO bh,hhm, hto 2 {A~ l * )i = 0. TaKHM iKe o6pa30M mbi mojkbm 
HaflTH, hto 1 (A~ 1 * )2 = 0. 3to 3aBepinaeT flOKa3aTejibCTB0 (2.3.22). 

PaBGHCTBO (2.3.23) cjie^yeT H3 (2.3.22), TeopeMbi 2.3.8 h chmmgtphh MaTpimti 
(2.3.21). □ 



TjiaBa 3 



Ilpe^cTaBJieHHe yHHBepcajibHoii ajireGpu 

3.1. IIpeflCTaBJieHHe yHHBepcajibHOH ajire6pti 

Onpe/jejiemie 3.1.1. HycTB Ha MHO»cecTBe M onpe;i,ejieHa CTpyKTypa f22-ajire6- 
pti ([2, 14]). Mm 6yn,eM Ha3BraaTB 3H,zi,OMopcpH3M r22-ajire6pt>i 

t : M M 

npeo6pa30BaHHe yHHBepcajitHoii ajire6pbi M. □ 

Mbi 6y^eM o6o3HaHaTB 5 TO>KflecTBeHHoe npeo6pa30BaHiie. 

Onpe/jejiemie 3.1.2. IIpeo6pa30BaHiie Ha3BiBaeTCH jieBOCTopoHHHM npeo6pa- 
30BaHHeM hjih T*-npeo6pa30BaHHeM, ecjin oho fleficTByeT cjieBa 

v! = tu 

Mbi 6yn,eM o6o3HaHaTB *M mhojkectbo T*-npeo6pa30BaHiiH MHOJKecTBa M. □ 

Onpe^ejieHHe 3.1.3. Ilpeo6pa30BaHHe Ha3BiBaeTCs npaBOCTopoHHHM npeo6- 
pa30BaHneM hjih *T-npeo6pa30BaHHeM, ecjin oho jreiicTByeT cnpaBa 

u = ut 

Mbi 6yn,eM o6o3HaHaTB M* mhojkectbo *T-npeo6pa30BaHiiH MHOJKecTBa M . □ 

Onpe^ejieHHe 3.1.4. HycTB Ha MHOJKecTBe *M onpejrejieHa CTpyKTypa fii-aji- 
re6pbi ([2]). IlycTB A HBjiaeTCH f2i-ajire6poH. Mbi 6yn,eM Ha3BiBaTB roMOMopcpH3M 

(3.1.1) f:A^*M 

JieBOCTopoHHHM hjih T*-npe,a;cTaB.neHHeM r2i-ajire6pbi A b £l2-ajire6pe M 

□ 

Onpe,n,ejieHHe 3.1.5. IlycTb Ha MHOJKecTBe M* onpejrejieHa CTpyKTypa fii-aji- 
re6pBi ([2]). IlycTb A HBjiaeTca ni-ajire6poii. Mbi 6yn,eM Ha3BiBaTB roMOMopcpH3M 

/ : A ->• M* 

npaBOCTopoHHHM hjih *T-npe,zi;cTaBJieHHeM f2i-ajire6pbi A b f22-aJire6pe 

M □ 

Mbi pacnpocTpaHHM Ha Teopnio npej^CTaBjieHHH corjianieHne, onncaHHoe b 3a- 
MenaHHH 2.2.15. Mbi mojkcm 3anncaTB npHHinin jxBoiicTBeHHOCTii b cjiejryioiHeH 
cpopivie 

TeopeMa 3.1.6 (npiiHinin jtbohctbchhocth) . JIm6oe ymeepatcdeHue, cnpaeedjiueoe 
dAM T-k-npedcmaeJieHUJi U,\-aAze6pu A, 6ydem cnpaeedjiueo 3am *T -npedcmaeAe- 
nusi Qi-aAge6pu A. 



^"^Ecjih mho>k6ctbo onepairxifi n2-ajire6pbi nycTO, to t sbjihgtch oto6pei>k6hhgm . 
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3. npeflCTaBjieHiie yHHBcpcajibHOH ajirc6pti 



3aivreMaHHe 3.1.7. CymecTByeT ppe cpopMBi 3anHCH npeo6pa30BaHHs f22-aJire6pBi 
M. Ecjih mbi nojiB3yeMca onepaTopHoii 3anHCbio, to npeo6pa30BaHiie A 3aniiCBiBa- 
eTCH b BH^e Aa hjih aA, hto cooTBeTCTByeT T*-npeo6pa30BaHHK> hjih *T-npeo6pa- 
30BaHHK>. Ecjih mbi nojiB3yeMCH (pyHKiniOHajiBHOii 3aniiCBio, to npeo6pa30BaHHe A 
3anHCbiBaeTCH b Bii^e A[a) HG3aBHCHMO ot Toro, 3to T*-npeo6pa30BaHHe hjih *T- 
npeo6pa30BaHHe. 3ia 3anncB corjiacoBaHa c npHHininoM jtbohctbchhocth. 

3to 3aMenaHHe aBjiaeTca ochoboh cjiejryioiHero corjianieHHa. Korjia mbi nojiB- 
3yeMCH cpyHKii,HOHajiBHOH 3anHCBio, mbi He pa3JiHnaeM T*-npeo6pa30BaHHe h ★T- 
npeo6pa30BaiiHe. Mbi 6ya,eM o6o3Ha x iaTB *M MHoacecTBO npeo6pa30BaiiHii fl2-a.11- 
re6pbi M. IlycTB Ha MHOscecTBe *M onpeflejieHa CTpyKTypa f2i-ajire6pBi. ITycTB A 
HBjiaeTCH r2i-ajire6poii. Mbi 6ya;eM Ha3BiBaTB rOMOMopcpH3M 

(3.1.2) f:A-> *M 

npeflCTaBJieHHeM ili-ajire6pti A b f22-ajire6pe M. 

CooTBeTCTBne Me>KJi,y onepaTopHoii 3anHCBio h (pyiiKiriiOHajiBHOH 3aniiCBio oji- 
H03HaHHO. Mbi mojkbm BBi6npaTB jno6yio (popMy 3anHCH, KOTopaa yn,o6Ha pjin H3- 

JIOJKeHHH KOHKpeTHOH TGMBI . □ 



^iiarpaMMa 



/O) 

M -¥ M 



f 



A 

03HaHaeT, ^ito mbi paccMaTpHBaeM npeflCTaBjieHne f2i-ajire6pBi A. OTo6pa»ceHHe 
/(a) sBjiiieTcs o6pa30M a e A. 

Onpe^ejieHHe 3.1.8. Mbi 6yu,eM Ha3BiBaTB npe^CTaBjieHHe f2i-ajrre6pBi A acp- 
4>6KTHBHbiM , ecjiH OTo6pa»ceHHe (3.1.2) - H30MopcpH3M £7i-ajire6pBi A b *M. □ 

3aMeMaHHe 3.1.9. Ecjih T*-npeflCTaBjieHHe f2i-ajire6pBi sepcpeKTHBHO, mbi mojkcm 
OTOKflecTBjiHTB sjieMeHT f2i-ajire6pBi c ero o6pa30M h 3anncBiBaTB T*-npeo6pa30- 
BaHHe, nopojKjreHHoe sjicmchtom a £ A, b cpopMe 

v = av 

Ecjih *T-npe [ n;cTaBjieHHe f2i-ajire6pBi acpcpeKTHBHO, mbi mojkcm OTOXixecTBjisTB 
3JICMCHT f2i-ajire6pBi c ero o6pa30M h 3anHCBiBaTB *T-npeo6pa30BaHHe, nopo>K- 
^eHHoe sjieMeHTOM a 6 A, b cpopMe 

v = va 

a 

Onpe^ejieHHe 3.1.10. Mbi 6yn,eM Ha3BiBaTB npeflCTaBjieHne f2i-ajire6pBi TpaH- 
3HTHBHHM, ecjiH fljiH jiio6bix a, b 6 V cymecTByeT Taxoe g, hto 

a = f(g)(b) 

Mbi 6y#eM Ha3BiBaTB npeji,CTaBjieHHe f2i-ajire6pBi oflHOTpaH3HTHBHMM . ecjiH oho 

TpaiI3HTHBHO H SCpCpeKTHBHO. □ 

TeopeMa 3.1.11. T-k-npedcmaeAenue odnompaHsumueHO mozda u moAbKO mozda, 
Kozda 3asi ak>6ux a, b G M cym,ecmeyem odno u moAbKO odno g € A maKoe, nmo 

^OKA3ATEJlt>CTBO. CjieflCTBHe onpeflejieHHit 3.1.8 h 3.1.10. □ 



3.2. Mop4>H3M npeflCTaBjieHHH yHHBcpcajitHOH ajirc6pt>i 
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3.2. Mop4>H3M npeflCTaBJieHHH yHHBepcajitHoii ajire6pbi 
TeopeMa 3.2.1. Ilycmb A u B - Q,\-ajize6pu. IIpedcmaeAeHue Qi-aAge6pu B 

g:B^r*M 

u 80MOMopc/}U3M Cli-aAge6pu 
(3.2.1) h:A^B 
onpedejiMiom npedcmaeAenue f Qi-ajige6pu A 

f 




,3,OKA3ATEJlL>CTBO. OTo6pa»ceHHe / HBjiaeTCH roMOMopcpii3MOM f2i-ajrre6pbi 
A b f2i-ajire6py *M, t&k kbr OTo6pa^KeHiie g HBjiaeTCH roM0MopcpH3M0M fii-aji- 
re6pbi B b Jli-ajire6py * M . □ 

Ecjih Mbi H3yHaeM npeflCTaBjieHiie r^-ajrreGpti b f2 2 -ajire6pax M ii N, to Hac 
HHTepecyiOT OTo6pa»ceHHH H3 M b N, coxpaHHiomne CTpyKTypy npeflCTaBjieHHH. 

Onpe^ejieHHe 3.2.2. IlycTb 

/ : A ->■ *M 

npeflCTaBjieHHe f2i-ajrre6pti A b f22-a->ire6pe M h 

g : B -)• *N 

npe^CTaBjieHHe f2i-ajire6pi>i B b 02-ajire6pe N. Ilapa OTo6pa>KeHHH 

(3.2.2) (r : A —> B,R: M — > TV) 

TaKHX, ^ITO 

• r - roMOMopcpH3M f2i-ajire6pbi 

• R - roMOMopcpH3M f2 2 -a.nre6pBi 
• 

(3.2.3) Rof(a)=g(r(a))oR 

Ha3biBaeTca MopcpH3MOM npe,a,CTaBJieHHH H3 / b g. Mbi TaKHce 6yn,eM roBopiiTB, 
hto onpeflejien MopcpH3M npG/3,CTaBJiGHHH ili-ajire6pti b f22-ajire6pe. □ 

JIjir npoii3BOjiBHoro m G M paBCHCTBO (3.2.3) HMeeT bh/i, 

(3.2.4) R(f(a)(m)) = g(r(a))(R(m)) 

3aMeMaHHe 3.2.3. Mh mojkcm paccMaTpiiBaTb napy OTo6pajKeHiiH r, R Kax oto6- 
paxeHiie 

F : A U M -)• B U N 

Taxoe, hto 

F(A) = B F(M) = N 
IlosTOMy b ,n,ajibHeHnieM mm Gyp/SM. tobophtb, hto flaHO OTo6pajKenHe (r, R). □ 
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3. npcflCTaBjicHHe yHHBcpcajibHOH ajirc6pti 



3aivreMaHHe 3.2.4. PaccMOTpiiM MopcpH3M npeflCTaBjieHiiii (3.2.2). Mm moxbm 
o6o3neL T ieLTi> 3jieMeHTbi MHO»cecTBa B, nojib3yHCb 6yKB0ii no o6pa3ny b £ B. Ho 
ecjiH mm xothm noKa3aTb, hto b HBjiaeTCH o6pa30M sjieMeHTa a £ A, mm 6yn,eM 
nojib30BaTBCH o6o3HaHeHiieM r(a). TaxiiM o6pa30M, paBeHCTBO 



03HaHaeT, hto r(a) (b jieBoii nacTH paBeHCTBa) HBjiHeTCH o6pa30M a £ A (b npa- 
Boft nacTH paBeHCTBa) . IIojib3yHCb iio,zi,o6hmmh coo6pa»ceHHHMH, mm 6yn,eM o6o3Ha- 
naTb sjieMeHT MHOJKecTBa TV b Bii,a,e R(m). Mm 6yn,eM cjie,n,OBaTb STOMy corjiame- 
hhk), H3ynaH cooTHOiiieHHH Mempy roMOMopcpii3MaMH r2i-ajire6p h OTo6pa»ceHiiHMH 
Mempy MHO»cecTBaMH, rpe onpeflejieHM cooTBeTCTByiomHe npeflCTaBjiemifl. 
Mm mojkem HHTepnpeTHpoBaTb (3.2.4) ^,ByMH cnoco6aMii 

• IlycTb npeo6pa30BaHHe /(a) OTo6pa»caeT m G M b /(a)(m). Toiyja npe- 
o6pa30BaHHe g(r(a)) OTo6pa»caeT R(m) G N b R(f(a)(m)). 

• Mm moxbm npe/i,CTaBHTb Mop(pii3M npeflCTaBjieHiift H3 / b g, nojib3yHCb 
flHarpaMMOfi 



r(a) = r(a) 



M 



R 



N 



/(«) 




(1) 



A 



r 



B 



H3 (3.2.3) cjie/i,yeT, hto /niarpaMMa (1) KOMMyTaTiiBHa. 



□ 




h : A 



B 



H : M 



N 
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TaK KaK h - roMOMopcpH3M, H3 (3.2.7) cjie^yeT 

(3.2.8) H o to(f(ax), f(a n )) = g(u{h{ ai ), h{a n ))) o H 

Tax KaK g - roMOMopcpii3M, H3 (3.2.8) cjie,nyeT (3.2.5). □ 
TeopeMa 3.2.6. nycmt omo6pawceuue 

h : A B H : M *- N 

RBJisiemcsi Mop<fiu.3MOM U3 npedcmaeAenusi 

f :A^*M 

Q\-aAze6pu A e npedcmaeAeuue 

g:B^*N 

£l\-aAze6pu B. Ecau npedcmaeAeuue f agjgjeKmueno, mo omo6paotceuue 

*H : *M ->■ *N 

onpedeAeuuoe paeeucmeoM 

(3.2.9) *H(f(a))=g(h(a)) 
sie-Afiemcsi zoMOMopaiu3MOM Qi-aA8e6pu. 

,3,0k A3ATEJi£>CTBO. TaK KaK npeflCTaBjieHHe / sepcpeKTiiBHO, to fljia BtiGpan- 
Horo npeo6pa30BanHH /(a) Bbi6op sjieMeHTa a onpe^ejieH o,n,HO3HaHH0. CjieflOBa- 
tcjibho, npeo6pa30BanHe g(h(a)) b paBencTBe (3.2.9) onpeflejieHO KoppeKTHO. 

TaK KaK / - rOMOMOp(pI13M, mbi HMeeM 

(3.2.10) *H(u(f(ai),...J(a n ))) = *H(f(u(a 1 ,...,a n ))) 
Hs (3.2.9) h (3.2.10) cjie fl ye T 

(3.2.11) *H(u(f( ai ), /(o»))) = fl(ft(w(oi, On))) 
TaK KaK h - roMOMopcpn3M, H3 (3.2.11) cjie^yeT 

(3.2.12) *ff(w(/(oi), f(a n ))) = g(u(h( ai ), .... h{a n ))) 
TaK KaK g - roMOMopcpiOM, 

*H{uj{f{ ai ), /(«„))) = oj(g(h( ai )), g(h(a n ))) = w(*ff(/(ai)), *H(f(a n ))) 

cjie^yeT H3 (3.2.12). CjieflOBaTejibHO, OTo6pajKeHHe *H HBjiaeTCH roMOMopcpH3MOM 
f2i-ajire6pbi. □ 

TeopeMa 3.2.7. Ecau npedcmaeAeuue 

f :A^*M 

Vt\-aAze6pu A oduompausumueHO u npedcmaeAeuue 

g:B^*N 

Vt\-aAze6pu B oduompan3umueno, mo cyuificmeyem Mopgiu3M 

h : A »- B H : M N 

npedcmaeAeuuu U3 f eg. 
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3. npcflCTaBjieHiie yHHBcpcajibHOH ajirc6pti 



^OKA3ATEJTbCTBO. Bbi6epeM roMOMop(J)H3M h. Bbi6epeM sjieMeirr m 6 M 
h ajieMeHT n G N. Mto6h nocTpoiiTb OTo6pa>KeHHe H, paccMOTpHM cneflyiomyio 
,n,narpaMMy 

H 




H3 KOMMyTaTiiBHOCTH ,n,HarpaMMi>i (1) cjie^yeT 

H(am) = h(a)H(m) 

J^jih npoii3BOjii>Horo m! € M o^HOSnaHHO onpeflejieH a G A TaKoii, hto m! = am. 
CjieflOBaTejibHO, mm nocTpomiii OTo6pa»ceHHH H, KOTopoe yflOBjieTBopaeT paBen- 
c TB y (3.2.3). □ 

TeopeMa 3.2.8. Ecau npedcmaeAenue 

f :A^*M 

Qi-aA3e6pu A odHompaHaumueHO u npedcmaeAenue 

g:B^*N 

£li-aji8e6pu B odHompaH3umueHO, mo 3ah 3adannozo zoMOMopg?u3Ma Sl\-aAze6pu 

h : A *• B 

omo6paotceHue 

H : M *- N 

manoe, nmo (h, H) neAsiemcti Mop$u3MOM npedcmaeAenuti U3 f e g, eduncmeenno 
c moHHOcmbio do eu6opa o6pa3a n = H(m) G ./V sadannozo DAeMenma m G M. 

^OKA3ATEJibCTBO. H3 ^OKa3aTejibCTBa TeopeMbi 3.2.7 cjieflyer, hto Bbi6op 
roMOMop<pH3Ma h h ajieMeHTOB m G M , n G iV o^,H03HaHHO onpe^ejiaeT OTo6pajKe- 
HH e H. □ 

TeopeMa 3.2.9. Ecau npedcmaeAenue 

f :A^*M 

Q\-aAze6pu A odnompan3umueHo, mo 3am ak>6ozo 3ndoMopgiu3Ma Qi-aAze6pu A 
cyuificmeyem 3ndoMopgju3M 

P : A A P:M >■ M 

npedcmaeAenue f . 
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^OKA3ATEJibCTBO. PaccMOTpiiM cneflyioinyio flHarpaMMy 



M >■ M 

a p{ a ) 




YTBepjKfleHHe TeopeMbi hbjihctch cjieflCTBiieM TeopeMbi 3.2.7. □ 
TeopeMa 3.2.10. Ilycmb 

f :A-+*M 

npedcmaeAenue VL\-aAze6pu A, 

g:B^*N 

npedcmaeAenue Qi-aAee6pu B, 

h:C^*L 

npedcmaeAenue Q,\-aAze6pu C. Ilycmb onpedeAenu Mopg3u3MU npedcmaeAenuu 
£li-aAze6pu 

p : A ^ B P : M *- N 

q:B Q-N s~ L 

Tozda onpedeAen Mopqiu3M npedcmaeAenuu ^l\-aAze6pu 

r : A >- C R:M >- L 

zde r = qp, R = QP. Mu 6ydeM naaueamb Mopg5u3M (r, R) npedcmaeAenuu U3 
f e h npoH3Be^,eHHeM MopcpH3MOB (p, P) h (q, Q) npe/jcTaBJiemiH yHHBep- 
cajitHofi ajire6pti. 



:S4 



3. npcflCTaBjicHHe yHHBepcajibHOH ajirc6pti 



,3,0k A3ATEJTbCTBO. Mh MO>KeM npeflCTaBiiTb yTBepacfleniie TeopeMbi, nojib- 
3yacb flHarpaMMOft 

Q 




OTo6pa*;eHHe r HBjuieTCH roMOMopcpH3MOM f2i-ajire6pbi A b f2i-ajrre6py C . HaM 
HaflO noKa3aTb, hto napa OTo6pajKeHHii (r,R) yn,OBjieTBopa:eT (3.2.3): 

R(f(a)m) = QP(f(a)m) 

= Q(g(p(a))P(m)) 

= h(qp(a))QP(m)) 

= h(r(a))R(m) 

□ 

Onpe^ejieHHe 3.2.11. flonycTiiM A KaTeropiia f2i-ajrre6p. Mbi onpeflejiiiM Ka- 
TeropHio T -k A T*-npe,n;cTaBJieHHH yHHBepcajitHoii ajire6pM H3 KaTero- 

pnH A. 06 r beKTaMH stoh KaTeropmi hbjihiotch T*-npe,a,CTaBjieHHfl:MH £7i-ajrre6pbi. 
MopcpH3MaMii 3Toii KaTeropHH HBjiHiOTCfl MopcpH3Mbi T*-npe,a,CTaB.jieHHH r2i-ajire6- 
pbi. □ 

TeopeMa 3.2.12. 9ndoMopqiu3MU npedcmaeJiemisi f nopootcdamm noAyzpynny. 

^I,OKA3ATEJibCTBO. H3 TeopeMbi 3.2.10 cjie^yeT, hto npoii3Be,n,eHHe SH^OMop- 
4)H3mob (p,P), (r,R) npeflCTaBjieHHH / HBjiaeTCH 3HflOMop(pn3MOM (pr,PR) npe/i,- 

CTaBJieHHH /. □ 

Onpe/jejiemie 3.2.13. IlycTb Ha MHO»cecTBe M onpeflejieHa SKBiiBajieHTHOCTb S. 
IIpeo6pa30BaHHe / Ha3biBaeTCH corjiacoBaHHbiM c SKBHBajieHTHOCTtio S, ecjiH 
H3 ycjiOBiia mi = m^modS*) cjie^yeT /(mi) = /(m^XmodS*). □ 

TeopeMa 3.2.14. Ilycmb na Mnootcecmee M onpedeAena OKeueaAenmnocmb S. 
Piycmt) na Mnootcecmee *M onpedeAena Q\-aAze6pa. Ecau npeo6pa3oeanun coZAa- 
coeaHHU c 9KeueaAenmHocmt>m S, mo mu MootceM onpedeAumt cmpyKmypy 
aAze6pu na Mnootcecmee *{M/S). 

3,OKA3ATEJibCTBO. HycTb h = nat S. Ecjih m x = m 2 (modS'), to h{mi) = 
h(m2). IIocKOjibKy / € *M corjiacoBaHHO c SKBHBajieHTHOCTbio S, to h(f(mi)) = 



3.2. Mop4>H3M npeflCTaBjieHHH yHHBcpcajitHOH ajirc6pt>i 



:sr> 



h(f(ni2))- 3to no3BOJiaeT onpeflejiHTb npeo6pa30BaHHe F corjiacHO npaBHjiy 

F([m]) = h(f(mj) 
IlycTb oj - n-apHaa onepainiH Oi-ajire6pbi. ITycTt /i, /„ £ *M h 
F 1 {[m\) = h{f 1 {m)) ... F n ([m]) = h(f n (m)) 
Mm onpe,n;ejiHM onepanino Ha MHOJKecTBe *(M/S) no npaBHjiy 

uj(Fi,...,F n )[m] = ...,/„)m) 
3to onpeflejiemie KoppeKTHO, TaK KaK / n ) € *M h corjiacoBaHHO c skbh- 

BajieHTHOCTblO S 1 . □ 

TeopeMa 3.2.15. Ilycmb 

f:A-> *M 

npedcmaeAenue £li-ajize6pu A, 

g:B^*N 
npedcmaeAenue £li-ajize6pu B. Ilycmb 

r : A >- b R : M >- N 

Mop(pu3M npedcmaeAenuu U3 f eg. TIoaomcum 

s = rr' 1 S = RR~ l 

Toeda 3jih omo6paatceHuu r, R cymficmeywm pa3A0Mcenusi, Komopue mochcho onu- 
camt duazpaMMOu 



M/S 



RM 




(1) s — kcr r nejisiemcfi Kompysnuueu na A. Cyuificmeyem pa3A0mcenue zo- 

M0M0p(f)U3Ma r 

(3.2.13) r = itj 

j = nat s - ecmecmeeuHuu zoMOMopqiu3M 

(3.2.14) j(a)=j(a) 



3. npcflCTaBjicHHe yHHBepcajibHOH ajirc6pti 



t - U30M0ptfiu3M 

(3.2.15) r(a)=t(j(a)) 
i - eAomcenue 

(3.2.16) r(a)=i(r{a)) 

(2) S = ker R neAsiemcsi DKeueaAeHmHocmtm na M. Gyuificmeyem pa3A0- 
Mcenue omo6pacnceHUJi R 

(3.2.17) R = ITJ 

J = nat S - cmpzeKuun 

(3.2.18) J(m) = J(m) 
T - Buckualr 

(3.2.19) R(m) = T(J(m)) 
I - eAowcenue 

(3.2.20) R(m) = I(R(m)) 

(3) F - T-k-npedcmaeAertue VL\-aAze6pu A/s e M/S 

(4) G - T-k-npedcmaeAenue VL\-aAze6pu rA e RM 

(5) (j, J) - Mop(f>u3M npedcmaeAenuu f u F 

(6) (t, T) - Moptfiu3M npedcmaeAenuu F u G 

(7) (< _1 ,T _1 ) - Moptf>u3M npedcmaeAenuu G u F 

(8) (i, I) - Mopc/ju3M npedcmaeAeHuti G u g 

(9) Cyuificmeyem pasAoatcenue Mopqiu3Ma npedcmaeAenuu 

(3.2.21) (r,R) = (i,I)(t,T)(j,J) 

,3,OKA3ATEJlL>CTBO. CymecTBOBaHHe fliiarpaMM (1) h (2) cjie^yeT H3 TeopeMti 
II.3.7 ([14], c. 74). 

Mh naHHGM c flnarpaMMbi (4). 

IlycTb mi = m2 (mod S). CjieflOBaTejibHO, 

(3.2.22) R(mi) = R{m 2 ) 
Ecjih ai = 02 (mods), to 

(3.2.23) r(ai)=r(a 2 ) 

Cjie/i,OBaTejibHO, j(ai) = j{a 2 )- TaK KaK (r,R) - Mopcpii3M npeflCTaBjiemiH, to 

(3.2.24) R(f( ai )( mi )) = g(r( ai ))(R( mi )) 

(3.2.25) R(f(a 2 )(m 2 )) = g(r(a 2 ))(R(m 2 )) 
Ha (3.2.22), (3.2.23), (3.2.24), (3.2.25) cjie fl ye T 

(3.2.26) fl(/(oi)(mi)) = R(f(a 2 )(m 2 )) 
H3 (3.2.26) cjie^yeT 

(3.2.27) /(ai)(mi) = f(a 2 )(m 2 )(modS) 
h, cjieflOBaTejiBHO, 

(3.2.28) J(/(oi)(mi)) = J(/(a 2 )(m 2 )) 
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F(j(a))(J(m)) = J(/(a)(m))) 



onpeflejieHO KoppeKTHO h smjisieicsi npeo6pa30BaHiieM MHOJKecTBa M/ S. 

H3 paBeHCTBa (3.2.27) (b cjiynae a\ = 02) cne/ryeT, hto ajih jiK)6oro a npeo6- 
pa30BaHHe corjiacoBaHHO c SKBHBajieHTHOCTbio S. H3 TeopeMbi 3.2.14 cjie^yeT, hto 
Ha MHOJKecTBe *(M/S) onpeflejieiia CTpyKTypa f2i-ajire6pbi. PaccMOTpHM n-apnyio 
onepanxiio uj h n npeo6pa30BanHii 



CjieflOBaTejibHO, OTo6pajKeHiie F HBjiHeTCH npeflCTaBjieHneM f2i-ajrre6pM A/s. 

H3 (3.2.29) cjie^yeT, hto (j, J) aBjiaeTCH Mop<pii3MOM npe^CTaBjieHHit / 11 F 
(yTBepjKfleHiie (5) TeopeMbi). 

PaccMOTpHM ,n;iiarpaMMy (5). 

TaK KaK T - GlieKDTIfl, TO MM MOJKeM OTOSCfleCTBHTB SJieMeHTbl MHOJKeCTBa M/S 

h MHOJKeCTBa MR, npineM sto OTOJKflecTBjieHiie HMeeT bh^ 



MHOJKeCTBa RM . ITpeo6pa30BaHHe (3.2.32) 3aBiiCHT ot j(a) £ A/s. TaK KaK t - 

6HeKiniH, TO MM MOJKeM OTO>KfleCTBHTb SJieMeHTbl MHOJKeCTBa A/s II MHOJKeCTBa 

rA, npuneM sto OTOJKflecTBjieHHe HMeeT bha 



(3.2.35) u 1 (G(r(a 1 )),...,G(r(a n )))(R(m))=T(u,(F(j(a 1 ),...,F(j(a n )))(J(m)^ 



CorjmcHO (3.2.34) onepairiiH to KoppeKTHO onpeflejieHa na MHOJKecTBe *RM. Cjie- 
/jOBaTejibHO, OTo6pa»;eHHe G HBjiaeTCH npeflCTaBjieHHeM ni-ajire6pM. 

H3 (3.2.34) cjie/iyeT, hto (t,T) HBjiaeTCH Mopcpii3MOM npe^CTaBjieHHii F h G 
(yTBepjKfleHHe (6) TeopeMbi). 

TaK KaK T - 6iieKirHH, to h3 paBeHCTBa (3.2.30) cjie/ryeT 






corjiacHO paBCHCTBy 




(3.2.36) 



J(m) = T-\R{m)) 
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3. IlpcflCTaBJicHHe yHHBcpcajibHoft ajrrc6pbi 




(3.2.38) T _1 (i?(m)) -> T^G^a))^™))) 



MHOJKecTBa M/S. Ilpeo6pa30BaHHe (3.2.38) 3aBHCHT ot r(a) £ rA. Tax KaK t - 
6iieKii,Ha, to H3 paBGHCTBa (3.2.33) cjie,n,yeT 



TaK KaK no nocTpoeHHio fluarpaMMa (5) KOMMyTaTHBHa, to npeo6pa30BaHHe (3.2.38) 
coBna/i,aeT c npeo6pa30BaHiieM (3.2.31). PaBeHCTBO (3.2.35) mojkho 3aimcaTb b bh- 



(3.2.40) T-\u(G{r{ ai )), .., G{r{a n ))){R{m))) = w(F(j(ai), F(j(a n )))(J(m)) 



CjieflOBaTejibHO, (t _1 ,T _1 ) HBjiaeTCH MopcpH3MOM npeflCTaBjieHiift G h F (yTBep- 
>KfleHHe (7) TeopeMbi). 

^aarpaMMa (6) flBjiaeTca caMMM npocTMM cjrynaeM b HanieM /i,OKa3aTejn>CTBe. 
EtocKOJiBKy OTo6pa»:eHiie / hbjihctch Bjio»ceHHeM h /niarpaMMa (2) KOMMyTaTHBHa. 
mm MoaceM OTOJKflecTBHTb n £ N h R(m), ecjiH n S Imi?. AHajiorHHHO, mm mojkcm 
OTO^cflecTBHTb cooTBeTCTByioii],HG npeo6pa30BaHHs. 



Cjie/i,OBaTejibHO, (i, I) aBjraeTCH Mopcpii3MOM npe/jCTaBjiemiH G vl g (yTBep»c,zi,eHHe 
(8) TeopeMbi). 

J\na ^i,OKa3aTejibCTBa yTBepjKfleHHH (9) TeopeMM ocTajioct noKa3aTb, hto onpe- 
,n,ejieHHoe b nponecce ,n,OKa3aTejibCTBa npe/jCTaBjieHHe g' coBna,naeT c npeflCTaB- 
jieHHGM g, a onepaniiH Hafl npeo6pa30BaHHSMH coBna,n;aiOT c cooTBeTCTByronniMH 
onepau,HHMH Ha * N . 



(3.2.39) 




(3.2.41) 




w( ff , (r(ai)),..., fl / (r(o n )))(iJ(m)) = /(a;(Gf(r(ai),...,G(r(a n )))(ii(m))) 




= IT(F(j(a))(J(m))) coraacHO (3.2.34) 

= ITJ(f(a)(m)) coraacHO (3.2.29) 

= R(f(a)(m)) coraacHO (3.2.17) 

= g(r(a))(R(m)) coraacHO (3.2.3) 



w(G(r(ai)), G(r(a n )))(R(m)) = T( W (F(j(ai), F(j(a n )))(J(m))) 



= T(F(uj(j(a 1 ),...J(a n )))(J(m))) 
= T(F(j(cj(a h ...,a n )))(J(m))) 
= T(J(f(Lu(a 1 ,...,a n ))(m))) 



□ 
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Onpe^ejieHHe 3.2.16. HycTb 

/ : A -» *M 

npeflCTaBjieHHe f2i-ajire6pbi A, 

g:B^*N 
npeflCTaBjienne f2i-ajire6pbi B. IlycTb 

r : A >- B R:M 



*■ N 

MopcpH3M npeflCTaBjieHHfi H3 r b R TaKofi, hto / - H30Mopcpii3M f2i-ajire6pbi H <7 
- H30Mop<pii3M f22-ajire6pbi. Torfla OTo6pajKeHHe (r, -R) Ha3biBaeTCH H30MopcpH3- 
mom npeflCTaBJieHHH. □ 

TeopeMa 3.2.17. 5 pa3AoatceHuu (3.2.21) omo6paotceHue (t,T) RGJinemcsi U30- 
Mop(pu3MOM npedcmaejieHuu F u G. 

flOKA3 ATEJlbCTBO . CjieflCTBHe onpeflejieHHH 3.2.16 h yTBepjKfleHiift (6) h (7) 
TeopeMbi 3.2.15. □ 

H3 TeopeMbi 3.2.15 cjie^yeT, hto mm mcokcm cbccth sa^any H3yHeHHH Mopcpii3- 
Ma npe^CTaBjieHHii J7i-ajire6pbi k cjiynaio, oniicbiBaeMOMy ^iiarpaMMOii 



(3.2.42) 



M/S 




TeopeMa 3.2.18. JJ^uazpaMMa (3.2.42) Mowcem 6um& donoAHena npedcmaeAeHu- 
eM F\ VL\-ajize6pu A e MHootcecmee M/S marc, nmo duazpaMMa 

(3.2.43) 




KOMMymamuena. IIpu smoM MHOotcecmeo npeo6pa3oeanuu npedcmaejienusi F u 
MHOotcecmeo npeo6pa3oeaHuu npedcmaejieHUfi F\ coenadawm. 
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,3,0k A3ATEJTbCTBO. Jlflsi AOKa3aTejibCTBa TeopeMBi floCTaTOHHO nojioaarrb 

F 1 {a) = F(j(a)) 

Tax KaK OTo6pa»ceHHe j - ciopbeKHHH, to ImFi = ImF. Tax KaK j n F - roMOMop- 
cpH3MM f2i-ajire6pbi, to F± - TaioKe roMOMopcpH3M f2i-ajrre6pbi. □ 

TeopeMa 3.2.18 3aBepinaeT hhkji TeopeM, nocBsmeHHBix CTpyKType Mopcpn3Ma 
npeflCTaBjieHHii f2i-ajire6pBi. H3 sthx TeopeM cjie^yeT, hto mm mojkcm ynpocTHTB 
saflany H3yneHHH Mopcpii3Ma npeflCTaBjieHHii ili-ajrre6pM h orpamraiTbCH Mop- 
cpH3M0M npeflCTaBjieHHii BH^a 

id : A ^ A R : M *- N 

B 3tom cjiy^ae mm MO»ceM OTOJK/jecTBHTb MopcpH3M (id, R) npeflCTaBjieHiiH f2i- 
ajire6pbi 11 OTo6pa>KeHHe R. Mm 6ya,eM nojib30BaTbCH flnarpaMMOii 

M >■ N 

f(a) 9 (a) 




A 



pjin npeflCTaBjieHHH Mop<pH3Ma (id, R) npeflCTaBjieHHft f2i-ajrre6pbi. H3 /piarpaMMM 
cjie^yeT 

(3.2.44) Rof(a)=g(a)oR 

Mm flaflra cjieflyiomee onpeflejieHHe no aHajioraii c onpe^ejieHHeM 3.2.11. 

Onpe^ejieHHe 3.2.19. Mbi onpeflejiiiM KaTeropnio T * A T*-npe/i,CTaBJieHHH 
r2i-ajire6pBi A. 06 r beKTaMn stoh KaTeropHH sbjihiotch TVnpeflCTaBjieHHHMH Cli- 
ajire6pbi A. Mop<pH3MaMH stoh KaTeropHH hbjihiotch MopcpH3MM (id, R) T-k-wpep,- 
CTaBjieHHH f2i-ajire6pbi A. □ 

3.3. ABTOMop<pH3M npeflCTasjieHHH yHHBepcajiBHofi ajire6pbi 
Onpe/jejieHHe 3.3.1. IlycTB 

/ : A ->■ *M 

npe^CTaBjieHHe f2i-ajire6pbi A b f22-ajire6pe M. MopcpH3M npeflCTaBjieHiiit f2i-aji- 
re6pbi 

(r : A -> A, R : M -)• M) 
TaKoii, hto r - 3HflOMopcpH3M Qi-ajrre6pbi h R - 3H,n,OMopcpH3M 02-a-Jire6pBi Ha3bi- 

BaeTCH 3HflOMOp<pH3MOM npeflCTaBJieHHH /. □ 

Onpe^ejieHHe 3.3.2. IlycTB 

/ : A -» *M 

npeflCTaBjieHHe f2i-ajrre6pbi A b f22-ajire6pe M. MopcpH3M npeflCTaBjieHHft fii-aji- 
re6pbi 

(r : A -> A, R : M ->■ M) 



3.4. npcflCTaBjicHHC rpynnti 



41 



TaKofi, mo r - aBTOMop(J)H3M f2i-ajrre6pbi 11 R - aBTOMopcpH3M f22-ajire6pbi Ha3bi- 

BaeTCH aBTOMOpCpH3MOM npeflCTaBJieHHH /. □ 

TeopeMa 3.3.3. FTycmb 

/ : A — > *M 

npedcmaeAenue Qi-ajize6pu A e f2 2 -ayi2e5pe M. Mnowcecmeo aemoMopcfiuaMoe 
npedcmaejieHusi / nopootcdaem Jiyny 2t(/) . 

,ZI,OKA3ATEJibCTBO. IlycTb (r,R), (p,P) - aBT0Mop<pH3Mbi npeflCTaBjieraH /. 
CorjiacHO onpe,n,ejieHHK) 3.3.2 OTo6pa»ceHiia r, p hbjihiotch aBTOMop<pH3MaMii 
ajire6pbi A ii OTo6pa:sceHHH R, P hbjihiotch aBTOMopcpH3MaMii f22-ajire6pbi M. 
CorjiacHO TeopeMe II. 3. 2 ([14], c. 60) OTo6pa»ceHHe rp hbjihgtch aBTOMopcpii3MOM 
f2i-ajire6pi>i A h OTo6pa:aceHiie RP hbjihctch aBTOMopcpH3MOM f22-ajrre6pbi M . H3 
TeopeMbi 3.2.10 h onpeflejieHHH 3.3.2 cjieflyeT, hto npoii3Bejj,eHHe aBTOMopcpii3MOB 
(rp, RP) npe^CTaBjieHiiH / hbjihctch aBTOMopcpH3MOM npe^,CTaBjieHHH /. 

nycTb (r, R) - aBTOMopcpii3M npeflCTaBjieHHH /. CorjiacHO onpeflejieHHio 3.3.2 
OTo6pa»ceHiie r hbjih6tch aBTOMopcpii3MOM f2 1 -ajrre6pbi A h OTo6pa»:eHiie R hbjih- 
eTCH aBTOMopcpn3MOM r2 2 -ajire6pi>i M . CjieflOBaTejibHO, OTo6pa»:eHiie r hbjihct- 
ch aBT0M0pcpii3M0M f2i-ajrre6pbi A h OTo6pa>KeHne R" 1 hbjihctch aBTOMopcpii3MOM 
n2-aJire6pbi M. ^jth aBTOMopcpn3Ma (r,R) cnpaBefljiiiBO paBeHCTBO (3.2.4). IIojio- 
2!hm a' = r(a), m! = R(m). TaK KaK r 11 R - aBTOMopcpii3Mbi, to a = r~ 1 (a'), 
m = R~ 1 (m!) 11 paBeHCTBO (3.2.4) mojkho 3aniicaTb b BH^e 

(3.3.1) R{J{r-\a')){R-\m'))) = g(a')(m') 

aa TaK KaK OTo6pa»ceHiie R hbjihctch aBTOMopcpH3MOM f22-ajire6pbi M, to 113 pa- 
BeHCTBa (3.3.1) cjie^yeT 

(3.3.2) /(r- 1 (a'))(i?" 1 K)) = Rr l (g{a'){ m ')) 

PaBeHCTBO (3.3.2) cooTBeTCTByeT paBeHCTBy (3.2.4) fljia OTo6pa*;eHHH (r _1 ,i? _1 ). 
Cjieji,OBaTejibHO, OTo6pa>KeHHe (r _1 , R~ r ) hbjihctch aBTOMop(pH3MOM npe^CTaBjie- 

HHH /. □ 

3aMeiaHHe 3.3.4. OneBiiflHO, hto mhojkcctbo aBTOMop<pH3MOB i7i-ajrre6pbi A 
TaK»ce nopojKflaeT Jiyny. Kohchho, saMaHiiiBO npejrnojiojKHTb, hto MHO»cecTBO aB- 
TOMopcpH3MOB nopo>K,n,aeT rpynny. TaK KaK npoii3Beji,eHiie aBTOMop<pii3MOB / h g 
HBjineTCH aBT0Mop<pH3M0M fg, to onpe,zi,ejieHbi aBTOMop<pH3Mbi (fg)h h f{gh). Ho 
H3 3Toro yTBepjKfleHHH He cjiejryeT, hto 

(fg)h = f(gh) 

□ 

3.4. npe,n,CTaBJieHHe rpynribi 

Tpynna - o,znia 113 hcmhothx ajire6p, KOTopan no3BOjiHeT paccMaTpHBaTb npoira- 
BefleHne npeo6pa30BaHiiii MHOJKecTBa M tskhm o6pa30M, hto ecjin npeo6pa30BainiH 
npimafljiejKaT npeji,CTaBjieHHio, to hx npoH3Beji,eHiie TaKJKe npiiHa^jiOKHT npejx- 
CTaBjienHio. B cjiynae npej^CTaBjieHHH rpynn roMOMopcpH3M (3.1.1) mojkct 6biTb 
onpeji,ejieH jhi6o KaK 

f(ab) = f(a)of(b) 

^' 2 OnpeflejieHne jiynBi npHBefleHHO b [5], c. 24, [4], c. 39. 
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JIIl6o KaK 

f(ab) = f(b)of(a) 

Ilpn 3tom cjie^yeT noMHHTt, hto nopaflOK OTo6pa>KeHHH npn cynepno3nniiH 3a- 
bhcht ot nopaflKa OTo6pajKeHHii Ha flHarpaMMe n c KaKOii CTopoHbi OTo6pa»ceHHH 
fleiicTByiOT Ha ajieMeHTbi MHOJKecTBa. 

Onpe^ejieHHe 3.4.1. ITycTb *M - rpynna h 8 - eflHHnna rpynnbi *M. HycTb G - 
rpynna. Mbi 6yfleM Ha3biBaTb roMOMopcpii3M rpynn 

(3.4.1) f:G^*AI 

KOBapHaHTHMM T*-npe,zi;cTaBJieHJieM rpynnbi G b mho>k6ctbc M, ecjiH oto6- 
pajKeHne / ynpBjieTBopaeT ycjiOBiiHM 

(3.4.2) f(ab)u=f(a)(f(b)u) 

□ 

3aMenaHHe 3.4.2. IIocKOJibKy OTo6pajKGHiie (3.4.1) - roMOMopcpii3M, to 

(3.4.3) f(ab)u = (f(a)f(b))u 
Mbi 3,nect> nojib3yeMca corjiamenneM 

f(a)f(b) = /(a) o f{b) 

TaKHM o6pa30M. KOHnennnH KOBapnaHTHoro npeflCTaBjiennsi coctoht b tom, hto b 
KaKOM nopa/nte Mbi nepeMHOJKaeM sjieMeHTbi rpynnbi, b tom nopaflKe nepeMno- 
»caiOTCH cooTBeTCTByioiinie npeo6pa30BaHHH npeflCTaBjieHns:. H3 paBencTB (3.4.2) 
h (3.4.3) cne/ryeT 

(3.4.4) (f(a)f(b))u = f(a)(f(b)u) 

PaBencTBO (3.4.4) coBMecTHO c acconnaTHBnocTbio nponsBefleHiia npeo6pa30BaHnn 
npeflCTaBjiaeT co6oii 3&koh accoLjnaTHBHOCTH ajih KOBapHaHTHoro T*-npe,zi;- 
CTaBJieHHH. 3to no3BOjiHeT 3anncbiBaTb paBCHCTBO (3.4.4) 6e3 Hcnojib30BaHiia: cko- 
6ok 

f(ab)u = f(a)f(b)u 

□ 

Onpe/jejiemie 3.4.3. IlycTb *M - rpynna n 8 - eflHHHna rpynnbi *M. IlycTb G - 
rpynna. Mbi 6yfleM Ha3biBaTb aHTnroMOMOpcpH3M rpynn 

/ : G *M 

KOHTpaBapnaHTHtiM T*-npe/;cTaBJieHHeM rpynnbi G b MHO»cecTBe M, ecjin 
OTo6pa»ceHHe / yn,OBjieTBopa:eT ycjiOBHSM 

(3.4.5) f(ba)u=f(a)(f(b)u) 

□ 

Onpe/jejiemie 3.4.4. IlycTb M* - rpynna n 8 - eflHHnna rpynnbi M*. IlycTb G - 
rpynna. Mbi 6yfleM Ha3biBaTb roMOMOpcpii3M rpynn 

(3.4.6) / : G M* 

KOBapHaHTHbiM *T-npeflCTaBJieHHeM rpynnbi G b MHoacecTBe M, ecjin oto6- 
pajKeHne / y^OBjieTBopaeT ycjiOBiiHM 

(3.4.7) uf(ab) = (uf(a))f(b) 
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□ 

3aMeHaroie 3.4.5. IIocKOJibKy OTo6pa>KeHHe (3.4.6) - roMOMop<pii3M, to 

(3.4.8) uf(ab) = u(f(a)f(b)) 
H3 paBeHCTB (3.4.7) h (3.4.8) cjie^yeT 

(3.4.9) u(f(a)f(b)) = (uf(a))f(b) 

PaBeHCTBO (3.4.9) coBMecTHO c accou,iiaTHBHOCTBio nporaBefleHHH npeo6pa30BaHHH 
npeflCTaBjiaeT co6oii 3&koh accou,naTiiBHOCTH ajih KOBapHaHTHoro ★T-npe.a;- 
CTaBJieHHH. 3to no3BOjiaeT 3aniicbiBaTb paBeHCTBO (3.4.9) 6e3 HcnojiB30BaHiiH cko- 
6ok 

uf(ab) = uf(a)f(b) 

□ 

Onpe/rejieHHe 3.4.6. IlycTB M* - rpynna h 8 - eflHHHn;a rpynnti *M. HycTB G - 
rpynna. Mm 6y^eM Ha3biBaTb OTo6pa>KeHHe 

/ : G ->• M* 

KOHTpaBapnaHTHtiM ★T-npe,a,CTaBJieHHeM rpynnBi G b MHCcstecTBe M, ecjin 
OTo6pa»ceHHe / yn,OBjieTBopa:eT ycjiOBiiHM 

(3.4.10) uf(ba) = (uf(a))f(b) 

□ 

Onpe/i,ejieHHe 3.4.7. Mm 6yn,eM Ha3biBaTb npeo6pa30BaHHe 

t: M -> M 

HeBbipojKfleHHbiM npeo6pa30BaHHeM, ecjin cym,ecTByeT o6paTHoe OTo6pajKe- 
hhc □ 

TeopeMa 3.4.8. JJjui ak6ozo g S G npeo6pa.3oeaHue f(g) neAsiemcfi neeupocnc- 
deHHUM u ydoeAemeopnem paeencmey 

(3-4.11) fig- 1 ) = /(g)" 1 

^,OKA3ATEJIbCTBO. Ha OCHOBaHHH (3.4.5) II 

/(e) = 

mbi MO»ceM 3anncaTB 

u = S(u) = f{gg- l ){u) = f{g){.f(g- l ){u)) 
3to 3aBepinaeT floxasaTejiBCTBO. □ 

TeopeMa 3.4.9. rpynnoean onepaiiAin onpedeARem dea pa3AUHnux npedcmaeAe- 
huh na zpynne: 

• JleBbiii uau T-k-cfxpvtr t+, 

(3 4 12) h ' = i ^ a ) h = ah 

y ' ' ' b' = U(a)(b) = ab 

sieAfiemcsi KoeapuanmHUM T-k-npedcmaeAenueM 

(3.4.13) U(ab) = U{a) o t*(b) 
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• IIpaBBIH UAU *r-cflBHr *t, 



(3.4.14) 



b' = b i,t(a) = ba 
b' = J(a)(b) = ba 



(3.4.15) 



MeAJiemcM KoeapuanmHUM -kT -npedcmaeAenueM 
*t{ab) = J{a) o J(b) 



,3,0k A3ATEJit>CTBO. T*-cflBHr He HBjiaeTCH npe^CTaBjieHHeM rpynnti b rpyn- 
ne, Tax KaK npeo6pa30BaHiie t+ He aBjiaeTCH roMOMopcpH3MOM rpynnti. T*-c,nBHr 
HBjiaeTCH npeflCTaBjieHiieM rpynnbi b mho jKecTBe , hbjihkdih;iimch HOCHTejieM stoh 
rpynnti. AnajiorHHHoe 3aMenaHHe BepHO pjisi ★T-c^BHra. 

PaBeHCTBO (3.4.13) cjiepyei H3 accounaTHBHOCTH npoH3BefleHHH 



TeopeMa 3.4.10. Ilycmb T-k-npedcmaeAenue 

u' = f(a)u 

RBJisiemcsi KonmpaeapuanmnuM T-k-npedcmaeAenueM. Tozda T-k-npedcmaeAenue 



3aivreHaHHe 3.4.11. Ecjih npe/niojiojKHTB, hto BBi6op c KaKoii CToponbi nncaTi. 
onepaTop npeflCTaBjieHHH npoH3BOjieH, to mojkbt co3flaTbca BnenaTjieHHe, hto mbi 
MOJKeM orpaHHHHTbca: paccMOTpeHHeM jih6o T*-npeflCTaBjieHHH, jih6o KOBapiiaHT- 
Hbix npeflCTaBjieHHfi. Pa3fleji 5.2 cirysaiT xoponieft HjunocTpainieH, hto pa3Hbie 
cpopMbi npeflCTaBjieniiH cymecTBeHHti. B Tex cjiyqaax, Kor^a Heo6xo,a,HMO yKa3aTb 
nopaflOK coMHOJKHTejieft, Mbi 6ya,eM nojib30BaTbCH onepaTopnoii cpopMoii 3anncH. 
TeopeMbi 3.5.12, 3.5.15 hbjihiotch npHMepaMH, KOiyja cpyHKHiiOHajiBHaH 3anHCb 
HMeeT npeHMyniecTBO. □ 

Onpe,n,e.jieHHe 3.4.12. IlycTb / - XV-npeflCTaBjiemie rpynnti G b MHO»cecTBe M . 
JIjisi Jiio6oro v £ M Mbi onpeflejiHM op6HTy T*-npe,a,CTaB.jieHHH rpynnti G KaK 

MHOJKeCTBO 



U(ab)c = (ab)c = a{bc) = t*(a)(U(b)c) = (i*(a) o U(b))c 
AHajiorHHHO flOKa3i>iBaeTCH paBencTBO (3.4.15). 



□ 




□ 



f(G)v = {w = f(g)v :g£G} 



□ 



TaK KaK /(e) = S, to v £ f(G)v. 
TeopeMa 3.4.13. Ecau 
(3.4.16) i 



v £ f(G)u 



mo 



f(G)u 



f(G)v 
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,3,0k A3ATEJlbCTBO. H3 (3.4.16) cjie^yeT cymecTBOBaHiie a S G Taxoro, hto 

(3.4.17) v = f(a)u 
Ecjih w £ f(G)v, to cymecTByeT b £ G TaKoii, hto 

(3.4.18) w = f(b)v 
IIoflCTaBHB (3.4.17) b (3.4.18), mm nojiyHHM 

(3.4.19) w = f(b)(f(a)u) 

Ha ocHOBamiH (3.4.2) H3 (3.4.19) cnepyeT, hto w £ f(G)u. TaKHM o6pa30M, 

f(G)v C f(G)u 
Ha ocHOBaHHH (3.4.11) H3 (3.4.17) cjie^yeT, hto 

(3.4.20) u = /(a^v = /(a -1 )?; 
PaBeHCTBO (3.4.20) 03HaHaeT, hto u £ f(G)v h, cjieflOBaTejitHO, 

f(G)u C f(G)v 

3to 3aBepinaeT ,noKa3aTejibCTBO. □ 
TaKHM o6pa30M, T*-npeflCTaBjieHHe / rpynnbi G b mhojkcctbc M nopojKflaeT 

OTHOineHHe SKBHBajieHTHOCTH S H Op6lITa f(G)u HBJIHeTCH KJiaCCOM SKBHBajieHT- 

hocth. Mm 6yfleM nojib30BaTbCH o6o3HaneHHeM M / '/(G) pjiR cpaKTop MHOJKecTBa 
M/S h mm 6yn,eM Ha3biBaTb sto MHO»cecTBO npocTpaHCTBOM op6nT T*-npe,a,- 

CTaBJieHHH /. 

TeopeMa 3.4.14. Ecjiu onpedejienu T-k-npedcmaeJieHue f± gpynnu G e Mnoofce- 
cmee Mi u T-k-npedcmaeJieHue f 2 epynnu G e MHoofcecmee M 2 , mo mu mochccm 
onpedeAumb npaMoe npoH3Be,a;eHHe T*-npe,n;cTaBJieHHH /i n f 2 rpynnbi 

/ = /i x h ■ G -> M 1 ® M 2 

/(<?) = (/i(<?),/ 2 (<?)) 

^OKA3ATEJ4bCTBO. HTo6bi noKa3aTb, ttto / HBjiaeTCH npeflCTaBjieHneM, flo- 
CTaTO^HO noKa3aTb, hto / yn,OBjieTBopa:eT onpeflejieHHio 3.4.1. 

f(e) = (f 1 (e),f 2 (e)) = (S 1 ,6 2 )=5 

f{ab)u = (fi(ab)ut, f 2 (ab)u 2 ) 

= {h{a){h{b)u 1 ),h{a){f 2 (b)u 2 )) 
= /(a)(/i(6)«i,/a(6)«a) 
= /(«)(/(&)«) 

□ 
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3.5. OflHOTpaH3HTHBHoe T*-npe,n,CTaBJieHHe rpynnti 

Onpe/jejiemie 3.5.1. Mm 6yn;eM Ha3biBaTb a,a,poM HeacpcpeKTHBHOCTH T-k- 
npe^CTaBJieHHH rpynnu G MHCxacecTBO 

K f = {g£G: f(g) = 6} 

□ 

TeopeMa 3.5.2. fldpo neacpqjeKmuenocmu T-k-npedcmaeAenue apynnu G - 3mo 
nodapynna apynnu G. 

,2,0k A3ATEJlbCTBO. flonycTHM f{ai) = S h /(a 2 ) = S. Tor^a 
f(aia 2 )u = f(a 1 )(f(a 2 )u) = u 
f(a- 1 ) = f- 1 (a) = 6 

□ 

TeopeMa 3.5.3. T-k-npedcmaeAenue apynnu G scpcpeKTHBHO moada u moAt>KO 
moada, Kozda sidpo nesqjqjeKmuenocmu Kf = {e}. 

^OKA3ATEJibCTBO. YTBepjKfleHHe HBjiaeTCH cjig/^ctbhgm onpe^ejieHHii 3.1.8 

H 3.5.1 H TGOpCMM 3.5.2. □ 

Ecjih fleitcTBHe He scpcpeKTHBHO, mbi mojkcm nepeiiTH k scpcpeKTHBHOMy 3aMe- 
hiib rpynnofi G\ = G\Kf, nojib3ys:cb (paKTopiisanneii no flflpy HescpcpeKTHBHOCTH. 
3to 03HanaeT, nTO mm mojkbm H3ynaTb tojibko scpcpeKTHBHoe fleftcTBne. 

Onpe^ejieHHe 3.5.4. PaccMOTpHM T*-npeflCTaBjieHHe / rpynnti G b MHOJKecTBe 
M. Majiaa rpynna hjih rpynna CTa6HJiH3au 1 HH ajieMeHra x £ M - sto mhojkc- 
ctbo 

G x = {g £ G : f(g)x = x} 
Mbi 6ya,eM Ha3biBaTb T*-npeflCTaBjieHHe / rpynnti G cbo6o/i;hbim, ecjin jjjlsl 
jno6oro x £ M rpynna CTa6HjiH3arnin G x = {e}. □ 

TeopeMa 3.5.5. Ecau onpedeAeno ceo6odnoe T-k-npedcmaeAenue f apynnu G na 
MHOotcecmee A, mo onpedeAeno eaauMno odno3Haunoe coomeemcmeue Meofcdy op- 
6umaMU npedcmaeAenusi, a manoice Meofcdy op6umoii npedcmaeAenun u zpynnoil 
G. 

,3,OKA3ATEJlbCTBO. flonycTHM fljia tohkh a £ A cymecTByiOT g\, g 2 £ G 
(3.5.1) f(9i)a = f(g 2 )a 

Ymhomm o6e nacTH paBeHCTBa (3.5.1) Ha /(g^ -1 ) 

« = f{9i 1 )f{92)a 

IIocKOjibKy npe^CTaBjieHne CBo6oflHoe, gi = g 2 . TeopeMa flOKa3aHa, TaK Kax mbi 
ycTaHOBHjiH B3aHMH0 0flH03HanH0e cooTBeTCTBHe MejK^y op6nTon n rpynnofi G. □ 

Onpe/jejieHHe 3.5.6. Mm SyzjeM Ha3biBaTb npocTpaHCTBO V o/jhopo/jhbim npo- 

CTpaHCTBOM rpynnti G, ecjin mm HMeeM o,n,HOTpaH3HTHBHoe T*-npe,n,CTaB.jieHHe 
rpynnbi G V. □ 
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TeopeMa 3.5.7. Ecau mu onpedeAUM odHompaH3umueHoe KoeapuaHmnoe nped- 
cmaeAenue f zpynnu G na Mnozoo6pa3uu A, mo mu MootceM odno3HaHHO onpede- 
Aumb Koopdunamu na A, noAb3yncb KoopdunamaMU na zpynne G. 

Ecau f - KoeapuaHmnoe T-k-npedcmaeAenue, mo f(a) SKeueaAenmno T-k-cdeu- 
zy t*(a) na zpynne G. Ecau f - KoeapuaHmnoe *T -npedcmaeAenue, mo /(a) 3Keu- 
eaAenmno *T '-cdeuzy + i(a) na zpynne G. 

^],OKA3ATEJlbCTBO. Mm Bbi6epeM TOHKy v £ A ii onpeflejiiiM KOop/rnnaTBi 
tohkh w £ A KaK KOopfliiHaTM a £ G Taxoro, hto w — f(a)v. Koop/nmaTBi, 
onpeflejieHHbie t9,khm o6pa30M, o/rHOsnanHBi c TonHOCTBio ,n,o BBi6opa HanajiBHOii 

TOHKH V £ A, T&K KaK flefiCTBIie 3(p(peKTHBHO. 

Ecjih / - KOBapHaHTHoe T*-npe,n,CTaBjieHHe, mm 6yn,eM nojiB30BaTBca 3anHCBio 

f(a)v = av 

TaK KaK 3anHCb 

f(a)(f(b)v) = a(bv) = (ab)v = f(ab)v 
coBMecTHMa c rpynnoBoit CTpyKTypoii, mbi bh^hm, hto KOBappiaHTHoe T*-npejj,CTaB- 
jieHne / SKBiiBajieHTHO T-k-cppisry. 

Ecjih / - KOBapnaHTHoe *T-npejj,CTaBjieHHe, mbi 6yn,eM nojiB30BaTBca 3anHCBio 

vf(a) = va 

TaK KaK 3anncb 

(vf(b))f(a) = (vb)a = v(ba) = vf(ba) 
coBMecTHMa c rpynnoBoft CTpyKTypoii, mbi bhjthm, hto KOBapnaHTHoe *T-npejj,CTaB- 

JICHHe / SKBHBajICHTHO *T-c;rBHry. □ 

3aMeiaHHe 3.5.8. Mbi 6yn,eM 3anncBiBaTB T^-KOBapnaHTHoe scpcpeKTHBHoe npeji- 
CTaBjieHHe rpynnBi G b cpopMe 

v = t*(a)w = av 
Op6iiTa 3Toro npeflCTaBjieHHH HMeeT bhjj, 

Gv = U(G)v 

Mbi 6yn,eM nojiB30BaTBCH oGosHaneHiieM M/t+{G) pjisi npocTpaHCTBa op6iiT T-k- 
KOBapHaHTHoro scpcpeKTHBHoro npeflCTaBjieHiia rpynnBi. □ 

3aivreMaHHe 3.5.9. Mbi 6ya,eM 3aniiCBiBaTB Tk-T-KOBapnaHTHoe scpcpeKTHBHoe npeji- 
CTaBjieHHe rpynnBi G b cpopMe 

v = v *t(a) = va 
Op6nTa SToro npejj,CTaBjieHHH HMeeT bhjj, 

vG = v *t(G) 

Mbi 6yn,eM nojiB30BaTBCH o6o3HaneHHeM M / *t{G) pjia npocTpaHCTBa op6iiT -kT- 
KOBapnaHTHOro scpcpeKTHBHOro npeflCTaBjieHHH rpynnBi. □ 

TeopeMa 3.5.10. Ceo6oduoe T-k-npedcmaeAenue sqjqjeKmueno. Ceo6odHoe T-k-nped- 
cmaeAenue f zpynnu G e Mnoofcecmee M odnompaH3umueno na op6ume. 

^Q,OKA3ATEJlbCTBO . CjiejrcTBHe onpeflejieHHH 3.5.4. □ 

TeopeMa 3.5.11. T-k- u -kT-cdeuzu na zpynne G nepecmanoeounu. 
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3. npcflCTaBjieHiie yHHBcpcajibHOH ajirc6pti 



,H,OKA3ATEJl£>CTBO. 3to cjie^CTBHe accon,naTHBHOCTH rpynnti G 
(U{a) o J(b))c = a(cb) = (ac)b = (^(b) o U(a))c 

□ 

TeopeMa 3.5.11 MO*ceT 6biTb ccpopMyjinpoBaHa cjieflyiomHM o6pa30M. 

TeopeMa 3.5.12. Ilycmb G - zpynna. JJjisi aw6ozo a G G omo6paatceHue (id, i*(a)) 
RBAKemcsi aemoMopdiu3MOM npedcmaejiemifi ±t. 

^OKA3ATEJibCTBO. CorjiacHO TeopeMe 3.5.11 

(3.5.2) t*(o)°*t(&)=**(&)° **(<») 

PaBencTBO (3.5.2) coBnaflaeT c paBencTBOM (3.2.3) H3 onpeflejieHHH 3.2.2 npH ya/io- 
bmh r = id, R = t+(a). □ 

TeopeMa 3.5.13. Ecau mm onpedeAUAU odHompaH3umu6Hoe KoeapuanmHoe T~k- 
npedcmaeAeHue f zpynnu G na MHOzoo6pa3uu M, mo mu MocuceM odH03HauHO 
onpedeAumb odHompaH3umu6Hoe KoeapuanmHoe -kT -npedcmaeAenue h gpynnu G 
na MHOzoo6pa3uu M maKoe, umo duazpaMMa 



h(a) 

M >" M 



f(b) 



M — JTl — ^ M 

h(a) 

KOMMymamuena dAsi aw6ux a, b G G. 

^OKA3ATEJTbCTBO. Mh 6yflfiM nojib30BaTBCH rpynnoBBiMii KOopflimaTaMH pjin 
ToneK v G M. Toiyja corjiacHO TeopeMe 3.5.7 mh mojkcm 3aniicaTb T^-cflBHr t+(a) 
BMecTO npeo6pa30BamiH /(a). 

riycTb tohkh vq,v G M. Tor/i,a mm mojkbm HafiTH o,z],ho h TOjibKO o^ho a G G 
TaKoe, HTO 

v = vqci = vq *i(a) 

Mbi npeflnojiojKHM 

h(a) = *i(a) 

CymecTByeT b G G TaKoe, hto 

wo = f(b)v = U(b)v Q w = f(b)v = U(b)v 
CorjiacHO TeopeMe 3.5.11 /iriarpaMMa 



h(a)— <t(a) 

(3.5.3) v —- y —+v 

/(6)=t*(fc) 
Wo 



h(a)— lr t(a) 



KOMMyTaTHBHa. 

H3MeHHH b mbi nojiyHHM, hto wo - 3to npoH3BOjibHaH TOHKa, npHHafljiejKamaa 

M. 



^^3to yTBep^^eHne mo:>kho TaK>Ke HafiTH b [3]. 



3.5. OAHOTpaH3HTHBHoe T*-npc^cTaBjicHHC rpynnt>i 
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Mm BHflHM H3 flHarpaMMbi, hto, ecjiH Do = v than wo = w n cjieflOBaTejibHO 
h(e) = S. C flpyroft ctopohm, ecjin vq ^ v, to wq ^ w noTOMy, hto T*-npe,a,CTaB- 
jieHHe / o^,HOTpaH3HTHBHO. Cjie,n;oBaTejibHO ★T-npe^CTaBjieHHe h scpcpeKTHBHO. 

TaKiiM }Ke o6pa3aM mm MoaceM noKa3aTb, hto pjia ^aHHoro wq Mbi MO»ceM 
HaftTH a TaKoe, hto w = h(a)wQ. CneflOBaTejibHO ★T-npe [ n;cTaBjieHHe h o,n,HOTpaH- 

3HTHBHO. 

B o6in,eM cjiy^ae, npoH3Be,n,eHHe npeo6pa30BaHHii T*-npe,a,CTaBjieHHH / He kom- 
MyTaTHBHO h cjieflOBaTejibHO ^T-npeflCTaBjieHHe h otjihhho ot XV-npeflCTaBjieHHH 
/. TaKHM ace o6pa30M mm MOxeM co3,a;aTb T*-npeflCTaBjieHiie /, nojib3yHCb *T- 
npeflCTaBjiemieM h. □ 

Mbi 6yfleM Ha3bmaTb npeflCTaBjieHHH / h h napHMMH npe,n;cTaBJieHHHMH 
rpynn&i G. 

3aMeMaHHe 3.5.14. OneBimHO, hto npeo6pa30BaHHa £*(a) h *i(a) OTjinnaiOT- 
ca. ecjin rpynna G Hea6ejieBa. TeM He MeHee, ohh hbjuhotch OTo6pajKeHHHMH Ha. 
TeopeMa 3.5.13 yTBepjK,zi,aeT, hto, ecjin o6a npeflCTaBjieHHH *T- h T*-c,n,BHra cy- 
mecTByiOT Ha MHoroo6pa3HH M, to mm mohccm onpe/jejiHTb jxbbl nepecTaHOBOH- 
Hbix npe,n;cTaBjieHHH Ha MHoroo6pa3iiH M. TojibKO T-k- hjih -kT-cppnr He mcbkct 
npe/i,CTaBjiHTb o6a Tnna npeflCTaBjieHHH. Hto6m noHHTb noneMy sto Tax, mbi mo- 
»ceM H3MeHHTB ,zniarpaMMy (3.5.3) h npeflnojiojKHTB h(a)vo = i*(a)uo = v bmccto 
h(a)vo = vo*t(a) = v ii npoaHajnraiipoBaTb, Kaxoe BbipajKeHne h(a) HMeeT b tohkb 
wq. flnarpaMMa 



!'() 



h(a)—t ir (a) 



/(&)=**(&) 



Wo 



SKBHBajieHTHa flnarpaMMe 



h(a) 
ft(a)=t*(o) 



/(&)=**(*>) 



Wo 



h(a) 



W 



h Mbi HMeeM w = bv = bavo = bab~ 1 wo- CjieflOBaTejibHO 

h(a)wo = (bab~ 1 )wo 

Mm bh/i,hm, hto npeflCTaBjieHiie h 3aBHCHT ot ero apryMeHTa. □ 

TeopeMa 3.5.15. Ilycmb f u h - napnue npecmaeJieHusi apynnu G. JJaji jik>6ozo 
a e G omo6paatceHue (id,h(a)) neAKemca aemoMopdiu3MOM npedcmaeAenusi f. 

^I,OKA3ATEJibCTBO. CjieflCTBHe TeopeM 3.5.12 h 3.5.13. □ 

3aMeiaHHe 3.5.16. CymecTByeT Jin aBTOMop<pH3M npeflCTaBjieHiia i*, otjihhhmh 
ot aBTOMopcpH3Ma (id, *i(a))? Ecjih mm hojiojkhm 

r(g) = cgc~ x 

R(a)(m) = cmac~ x 

to HeTpyn,HO y6e/i,HTbCH, ito OTo6pajKeHHe (r,R(a)) HBjiaeTCH aBTOMopcpH3MOM 
npe^CTaBjieHHs t*. □ 



TjiaBa 4 



BeKTopHoe npocTpaHCTBO Ha/i, TejioM 

4.1. BeKTopHoe npocTpaHCTBO 

Hto6h onpeflejiiiTb T^-npeflCTaBjieHHe 

/ : R *M 

KOjibH,a R Ha MHOJKecTBe M mm ^ojckhbi onpe^ejiHTb CTpyKTypy KOJibua Ha mho- 
>KecTBe *M. 4A 

Teopeivra 4.1.1. T-k-npedcmaeAenue f KOAbv,a R na MHocucecmee M onpedeAenHo 
mozda u moAwo mozda, Kozda onpedeAemi T-k-npedcmaeAenusi MyAt>munAUKamue- 
hou u addumuenou zpynn KOAtt^a R u smu T^-npedcmaeAenusi ydoeAemeopjnom 
coorrmouieHUKi 

f(a(b + c))=f(a)f(b) + f(a)f(c) 

,H,OKA3ATEJlt>CTBO. TeopeMa cjie^yeT H3 onpeflejieHHH 3.1.4. □ 

Onpe/jejieHHe 4.1.2. AI - i?*-MO,n,yjiB Hafl KOJibupM R, ecjin M - a6ejieBa rpynna 
h onpeflejieHO T*-npeflCTaBjieHne KOJibua R. □ 

CorjiacHO HaniHM o6o3Ha x ieHHaM R-k-Mopym> - sto jieBBiii MOflyjiB h *i?-MO- 
flyjii. - 3to npaBbifi Mo^yjiB. 

Ilojie HBjiHeTCH nacTHbiM cjiy^aeM KOJibua. IIosTOMy BeKTopHoe npocTpaHCTBO 
Hafl nojieM hmgct 6ojibHie cbohctb neM MO,nyjib Hafl KOJibupM. OneHb TpyznTO, ec- 
jih BOo6me bo3mo}kho, pacnpocTpaHHTb onpe,n;ejieHHH, pa6oTaioiHHe b bcktophom 
npocTpaHCTBe, Ha MO^yjib Ha,n npoH3BOjibHbiM KOjibHOM. Onpe^ejieHiie 6a3Hca h 

^"^Mojkho jih onpe^ejiHTb onepauHio cna>KeHHH Ha MHO^KecTBe *Af, ecjiH 3Ta onepauHH He onpe- 
flejieHa Ha MHCwcecTBe M. Otbbt Ha stot Bonpoc nojiojKHTejibHbiit. 

flonycTHM M = B U C h F : B —¥ C - b39,hmho 0flHO3Ha<iHoe OTo6pa»ceHHe. Mbi onpeflejiHM 
mho>k6ctbo * M T*-npeo6pa30BaHHH MHO^KecTBa M corjiacHO cjreflyiomeMy npaBHjiy. ElycTb V C 
B. T*-OTo6pa>KeHHe Fy hmg6t bha 

x x e B\V 

Fx x e V 

x x £ C\F(V) 

F- X x x € F{V) 
Mbi onpeflejiHM cjio^KeHHe T*-npeo6pa30BaHHH no npaBHjiy 

Fy + F w = F VAW 

v aw = (vuw)\(vnw) 

OieBHflHO, MTO 

F 9 + Fy = Fy 
Fy + Fy = F$ 

CjieflOBaTejibHO, OTo6pa»ceHHe Fq hbjihbtch HyjieM OTHOCHTejibHO cjio»ceHHH, a MHO»cecTBO *M 
HBJIH6TCH a6ejieBOH rpynnoft. 
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4. Bcktophoc npocTpaHCTBO eafl tcjiom 



pa3MepHOCTH BeKTOpHOrO IipOCTpRHCTBcL TeCHO CBH3aHbI C B03M0»CHOCTBIO HRHTH 

peineHHe jiiiiiefiHoro ypaBHemiH b KOjiBije. CBOftcTBa jiimeftHoro ypaBHeHHH b Tejie 
6jih3kh k CBOHCTBaM jiimeHHoro ypaBHeHHH b nojie. IIosTOMy mbi Ha,n,eeMCH hto 

CBOHCTBa BeKTOpHOrO npOCTpaHCTBa Hafl TejIOM 6jIH3KII K CBOHCTBaM BeKTOpHOrO 

npocTpancTBa Hafl nojieM. 

Teopeivra 4.1.3. T-k-npedcmaeAenue mena D acpcpeKTHBHO, ecAU saiaieKmueno 
T-k-npedcmaejieHue MyAt>munAUKamueHou zpynnu vntJia D. 

,ZJOKA3ATEJIbCTBO. HyCTB 

(4.1.1) f:D^*M 

T*-npeflCTaBjieHHe Tejia D. Ecjih sjieMeHTbi a, b MyjiBTiinjiiiKaTiiBHOH rpynnbi no- 
pojKflaroT o/i,ho ii to T*-npeo6pa30BaHne, to 

(4.1.2) f(a)m = f(b)m 

rjhl jiio6oro m G M. BbinojiHHH npeo6pa30BaHiie /(a" 1 ) Hafl o6eiiMH nacTSMii 
paBeHCTBa (4.1.2), mbi nojiynnM 

m = f{a- x ){f{b)m) = f{a- l b)m 

□ 

CoraacHO 3aMenannio 3.1.9, ecjm npe^CTaBjieHiie Tejia scpcpeKTHBno, mbi otojk- 
/jecTBjifleM sjieivieHT Tejia n cooTBeTCTByiomee eMy T*-npeo6pa30Banne. 

Onpe/jejieHHe 4.1.4. V - D*-BeKTopHoe npocTpaHCTBO Ha^ TejiOM D, ecjiH V 
- a6ejieBa rpynna n onpeflejieHO sepcpeKTiiBHoe T*-npeflCTaBjieHne Tejia D. □ 

TeopeMa 4.1.5. dAeMenmu D-k-eeKmopnozo npocmpancmea V ydoeAemeopsiwm 
coomHomeHUMM 

• 3aKOHy aCCOIl,HaTHBHOCTH 

(4.1.3) (ab)m = a{bm) 

• 3aKOHy flHCTpH6yTHBHOCTH 

(4.1.4) a(jn + n)= am + an 

(4.1.5) (a + b)m = am + brn 

• 3aKOHy yHHTapHOCTH 

(4.1.6) lrn = m 

3am ak>6ux a,b G D, m,n G V. Mu 6ydeM Ha3ueamb T-k-npedcmaeAenue D-k- 
npoH3BefleHHeM BeKTopa Ha CKajiap. 

^OKA3ATEJlbCTBO. PaBCHCTBO (4.1.4) cjie^yeT H3 yTBepjKfleHHH, hto T*-npe- 
o6pa30BaHiie a HBjraeTCH aBT0M0p<pH3M0M a6ejieBoft rpynnbi. PaBencTBO (4.1.5) 
cjie^yeT H3 yTBepjKfleroiH, hto T*-npeflCTaBjieHiie HBjraeTCH roMOMop<pii3MOM ap,- 
fliiTiiBHOii rpynnbi Tejia D. PaBencTBa (4.1.3) h (4.1.6) cjie^yiOT 113 yTBep^Kflenns, 
hto T*-npeflCTaBjieHiie HBjiaeTCH KOBapiianTHBiM T*-npe/i,CTaBjieHHeM MyjibTnnjiH- 
KaTHBHOH rpynnbi Tejia D. □ 

CorjiacHO HaniHM o6o3HanenHHM D*-BeKTopHoe npocTpaHCTBO - sto jieBoe 
BeKTopHoe npocTpaHCTBO ii *Z?-BeKTopHoe npocTpaHCTBO - sto npaBoe bok- 
TopHoe npocTpaHCTBO. 



4.2. Thii BeKTopHoro npocTpaHCTBa 
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Onpe,n,e.jieHHe 4.1.6. IlycTb V - £>*-BeKTopHoe npocTpancTBO Hafl tcjiom D. Mho- 
»cecTBO BeKTopoB N - no,a;npocTpaHCTBO D*-BeKTopHoro npocTpaHCTBa V , 

ecjiH 

a + b e 77 
ka G N 
a,belV k G D 

□ 

IIpHMep 4.1.7. OnpeflejiHM Ha MHoacecTBe D™ m x n MaTpnu; Hafl TejiOM D one- 

paHHK) CJIOJKeHHH 

" • >> (<) • (>>:) = (4 + 4) 

H yMHOJKGHHH Ha CKajIHp 

da = d (a?) = (d4) 

a = Torfla h tojibko TOiyja, Kor^a a\ = fljra jho6bix i, j. Henocpe^CTBeHHaH 
npoBepKa noKa3biBaeT, hto Z?™ 1 HBjiaeTCH _D*-BeKTopHbiM npocTpaHCTBOM, ecjni 
npon3BefleHHe fleiicTByeT cjieBa. B npoTiiBHOM cjiynae D™ - ★D-BeKTopHoe npo- 
CTpaHCTBO. Mbi 6ya,eM Ha3biBaTb BeKTopHoe npocrpaHCTBO D™ D*-BeKTopHbiM 

npOCTpaHCTBOM MaTpHL^. □ 

4.2. Tim BeKTopHoro npocTpaHCTBa 

IlpoH3BefleHHe BGKTopa Ha CKajiap acHMMeTpii^HO, Tax KaK npon3BefleHne onpe- 
/jejieHO jijih o6T>eKTOB pa3Hbix mhojkcctb. OflHaxo pa3jiHHHe Meyupy D-k- h *D 
-BeKTopHtiM npocTpaHCTBOM noHBjiaeTCH tojibko TOiyja, Kor^a mbi nepexo/i,HM K 
KOop,n;HHaTHOMy npeflCTaBjieHHio. ToBops, BeKTopHoe npocTpaHCTBO hbjihctch D-k 
- hjih *Z)-, mm yKa3HBaeM. c KaKoii CTopoHbi, cjieBa hjih cnpaBa, mbi yMHoacaeM 
KOopfliiHaTbi BeKTopa Ha sjieMeHTbi Tejia. 

Onpe/jejiemie 4.2.1. ,HpnycTHM u, v - BeKTopti D*-BeKTopHoro npocTpaHCTBa 
V. Mbi 6ypfiM roBopiiTB, hto BeKTop w HBjraeTca D*-jiHHefiHoii KOM6nHau,neii 

BeKTopoB u h v, ecjiH mbi MOJK6M 3anHcaTB w = au + bv, rjj,e aid - CKajispbi. □ 

Mbi M05K6M pacnpocTpaHiiTB noHHTiie jihhchhoh KOM6HHauHn Ha jno6oe kohch- 
Hoe ceMeiicTBO BeKTopoB. IIojib3ys:cb o6o6meHHbiM HH^eKCOM jijia HyMepaniiH bck- 
topob, mbi MOsceM npeflCTaBHTB ceMeiicTBO bcktopob b BHfle oflHOMepHoii MaTpmnj. 
Mbi nojiB3yeMCH corjianieHneM, hto b 3aflaHHOM bcktophom npocTpaHCTBe mbi npeji- 
CTaBjiaeM jno6oe ceMeiicTBO BeKTopoB jih6o b BH^e *-ctpokh, jih6o *-ctpokh. 3to 
npeflCTaBjienne onpeflejiaeT xapaKTep 3anncH jihhchhoh KOM6iiHaHiiH. PaccMaTpn- 
Basi 3to npeflCTaBjieHHe b Dk- hjih *_D-BeKTopHOM npocTpaHCTBe, mbi nojiynaeM 
neTBipe pa3HBix MOflejin BeKTopHoro npocTpaHCTBa. 

HT06bI HMeTB B03MOJKHOCTB, He MCHHH 3anHCH yKa3aTB, HBJiaeTCH BeKTOpHOC 
npOCTpaHCTBO D-k- HJIH ★D-BCKTOpHblM npOCTpaHCTBOM, Mbi BBOflHM HOBOe o6o3Ha- 

neHHe. Chmboji Dk Ha3BiBaeTCH thiiom BGKTopHoro npocTpaHCTBa h 03HanaeT, 
hto mm H3yHaeM £)*-BeKTopHoe npocTpaHCTBO Hajj, tcjiom D. Onepau;HH yMHOJKe- 
hhh b THne BeKTopnoro npocTpaHCTBa yKa3BiBaeT na MaTpiinnyio onepaii,Hio, hc- 
nojib3yeMyio b jiHuefiHoii KOM6HHan,Hii. 



4. Bcktophoc npocTpaHCTBO eafl tcjiom 



IIpHMep 4.2.2. IlpeflCTaBHM mhojkcctbo BeKTopoB l a, i € I, D»*-BeKTopHoro 
npocTpaHCTBa V b snpp *-ctpokh 

a = 

V "a 

H MHOJKfiCTBO CKajIHpOB Cj , 1 G i\ B BH/l,e »-CTpOKH 

c 



( Ci ... c„ ) 

Toiyja mbi MO»ceM 3anncaTb JiHHeiiHyio KOM6HHaHHio BeKTopoB l a b BHjre 

i — * — 

Mm nojii>3yeMCH 3anncbio D t -*V, Kor,n,a mm xothm CKa3aTb, hto V - Z?»*-BeKTopHoe 
npocTpaHCTBO. □ 

IIpHMep 4.2.3. IIpeflCTaBHM mhojkbctbo BeKTopoB ia, i € I, D*»-BeKTopHoro 
npocTpaHCTBa V b bhjjp *-ctpokh 



a = y 1 a ... n a 

H MHOJKfiCTBO CKajIHpOB C% t £ J, B BH/je *-CTpOKH 

\ c" 

Toiyja mm mojkbm 3anncaTb JiHHeiiHyio KOM6HHaHHio BeKTopoB ia b BHjre 

c l ia = c**a 

Mh nojii>3yeMCH 3anncbio d*„V, Kor^a mm xothm cpaaaTb, hto V - -D%-BeKTopHoe 
npocTpaHCTBO. □ 

IIpHMep 4.2.4. IIpeflCTaBHM mhojkcctbo BeKTopoB (?, i £ I, %D-BeKTopHoro 
npocTpaHCTBa V b bhjjp *-ctpokh 

a 

a 

H MHOJKfiCTBO CKajIHpOB iC, ! £ J. B BH/je *-CTpOKH 

c = ( lC ... „c ) 

Toiyja mm mojkbm 3amicaTb JiHHeiiHyio KOM6HHaHHio BeKTopoB a 8 b BH^e 

a 1 iC = a%c 

Mbi nojib3yeMCH 3anHCbio V\£>, Kor^a mh xothm cpaaaTb, hto V - %-D-BeKTopHoe 
npocTpaHCTBO. □ 



4.3. **£>-6a3HC BCKTopHoro npocTpaHCTBa 
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IIpHMep 4.2.5. IIpeflCTaBHM MHOJKecTBO BeKTopoB Ai, i S I, **Z?-BeKTopHoro 
npocTpaHCTBa V b Bii,a,e *-ctpokh 

a = (y ai ... a n j 

II MHOJKeCTBO CKajIHpOB iC, ! 6 /, B BH/je *-CTpOKH 



\ n c 

Toiyja mbi MO»ceM 3aniicaTB jiimeiiHyio KOM6iiHan;iiio BeKTopoB a,; b Bii^e 

ai % c = a**c 

Mh nojib3yeMCH 3aimcBK> V „*£>, Kor^a mbi xothm cica3aTB, ~<ito V - **.D-BeKTopHoe 
npocTpaHCTBO. □ 

3aMeMaHHe 4.2.6. Mbi pacnpocTpamiM Ha BeKTopHoe npocTpaHCTBO h ero thii 
corjianieHHe, oniicaniioe b saMeHamiii 2.2.15. HanpnMep, b BbipajKCHHii 

mbi bbiiiojihhgm onepaipiio yMHOJKeHHa cjieBa HanpaBO. 3to cooTBeTCTByeT ** D- 
B6KTopHOMy npocTpaHCTBy. OflHaKO mbi MoaceM BBinojiHSTB onepan,Hio yMHCGKemiH 
cnpaBa najieBO. B Tpa,u;iin;HOHHOii 3anHCH sto BBipasceHiie npiiMeT bh^ 

\v%B**A 

h 6yn,eT cooTBCTCTBOBaTB D* * -BGKTopHOMy npocTpaHCTBy. AHajioriiHHO, HHTaa bbi- 
pajKeuHe cnii3y BBepx mbi nojiyHHM BBipajKemie 

A* Sf B* ie v\ 

cooTBeTCTByiomero %D-BeKTopHOMy npocTpaHCTBy. □ 
4.3. **D-6a3HC BGKTopHoro npocTpaHCTBa 

Onpe/jejiemie 4.3.1. BeKTopBi Ai, i E I. * * £>-BeKTopHoro npocTpaHCTBa V 
* * D- jiHHeftHO He3aBHCHMBi, ecjiH c = cjieflyeT H3 ypaBneiiiiH 

A**c=0 

B nporaBHOM cjiynae, bcktopbi Ai **D-jiHHeHHO 3aBHcnMBi . □ 

Onpe/jejremie 4.3.2. Mhojkcctbo BeKTopoB e— (ei,i 6 /) - »*D-6a3HC BeKTop- 
Horo npocTpaHCTBa, ecjiii bcktopbi e$ * * .D-jiimeiiHO He3aBiiciiMBi ii ,n;o6aBjieHHe 
jiio6oro BeKTopa k stoh CHCTeMe flejiaeT 3Ty ciiCTGMy **Z?-jiHHefiHO 3aBHCiiMoii. □ 

TeopeMa 4.3.3. Ec/iu e - ** D-6a3uc eeKmopnozo npocmpancmea V, mo jim6ou 
eenmop v £ V UMeem odno u moAt>KO odno pa3JioatceHue 

(4.3.1) v = e**v 

omHocumeAbHO smozo ** D-6a3uca. 



4. Bcktophoc npocTpaHCTBO eafl tcjiom 



^OKA3ATEJTbCTBO. TaK KaK CHCTeMa BeKTopoB e, hbjihctch MaKCHMajiBHHM 

MHOJKeCTBOM * * _D- JIHHeftHO He3aBHCHMBIX BeKTOpOB, CHCTeMa BeKTOpOB V, Hi - -D**- 

jniHefiHO 3aBHCHMa n b ypaBHeHHii 

(4.3.2) TJ6 + e»*c = 

no KpafiHeii Mepe b otjihhho ot 0. Toiyja paBeHCTBO 

(4.3.3) v = e**(-cb- 1 ) 

cjie^yeT H3 (4.3.2). (4.3.1) cjie^yeT H3 (4.3.3). 
^onycTHM Mbi HMeeM ^pyroe pa3jio>KeHHe 

(4.3.4) v = e„*v' 
Bbihth (4.3.1) H3 (4.3.4), mbi nojiyrHM 

= e**(v'-v) 

Tax KaK BeKTopBi ei **Z?-jiHHefiHO He3aBHCHMBi, mbi HMeeM 

v' -v = 

□ 

Onpe,n,e.jieHHe 4.3.4. Mbi 6yn,eM Ha3BmaTB MaTpnny v pa3jio»ceHH5i (4.3.1) ko- 
op^HHaTHoii MaTpni^efi BeKTopa v b »*D-6a3Hce eaee ajieMeHTBi Koop^H- 
HaTaMH BeKTopa v b D-6&3nce e. □ 

TeopeMa 4.3.5. Mnoofcecmeo Koopdunam a eeitmopaa e ** D-6a3ucee nopowcda- 
wm D-eeKmopnoe npocmpaHcmeo D n , u30Mopqjnoe D-eeKmopnoMy npocmpan- 
cmey V . 9mo ** D-eeKmopnoe npocmpaHcmeo na3ueaemcsi KOop^HHaTHUM »* D- 

BeKTOpHBIM npOCTpaHCTBOM, a U30M0pqiU3M KOOpflHHaTHBIM * * £>-H30MOp- 
4>H3MOM. 

^0,OKA3ATEJlbCTBO. flonycTHM BeKTopBi a lib £ V hmciot pa3jiojKeHiie 

a = e**a 
b = e**b 

b 6a3Hce e. Toiyja 

a + b = e**a + e**6 = e**(a + b) 
am = (e**a)m = e**(ma) 
,zi,jih jno6oro m 6 D. TaKiiM o6pa30M, onepannn b bcktophom npocTpaHCTBe onpe- 
flejieHBi no KOopflHHaTno 

l (a + b) = l a + l b 
% {am) = l am 

3to /K)Ka3BiBaeT TeopeMy. □ 

IIpHMep 4.3.6. IlycTB e = (e,, i € I, \I\ = n) - **£>-6a3nc BeKTopnoro npocTpaH- 
CTBa D n . Koop,ii,HHaTHaa MaTpnna 

('fl,jeJ) 



4.3. **£>-6a3HC BCKTopHoro npocTpaHCTBa 
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BeKTopa a b * * £>-6a3iice e Ha3biBaeTCH »*Z?-BeKTopoM. 4 2 Mm 6yn,eM Ha3bmaTb 

BeKTOpHOG npOCTpaHCTBO D n >t *Z?-BeKTOpHI > IM npOCTpaHCTBOM *-CTpOK. 

IlycTb ^-CTpoxa 



(4.3.5) A={A t ... A m J = (A h j e J) 

3a/i,aeT MHOJKecTBO BeKTopoB. BeKTopbi Aj HMeiOT pa3jiojKeHiie 



Aj 



(- ;k 



*3 



Ecjih mm noflCTaBHM KOopfliinaTHbie MaTpHE,bi BeKTopa Aj b MaTpiiny (4.3.5), mh 
nojiy^HM MaTpHu,y 

/ / 1 A l \ ( l A m \ \ ( 1 A 1 ... 1 A„ 



A = 



\ V n M j V "'Am j j V ' M l - 

Mbi 6yfleM Ha3biBaTb Marpinxy A KoopflimaTHOH MaTpHU,eii MHoacecTBa BeK- 
TopoB (Aj,j <E J) b 6a3Hce e h ee sjieMeiiTbi KoopflHHaTaMH MHOJKecTBa 
BeKTopoB (Aj ,j 6 J) b 6a3iice e. 

Mbi 6ya;eM npeflCTaBjiHTb **_D-6a3HC / BeKTopHoro npocTpaHCTBa *-CTpoK 

D n B (pOpMe *-CTpOKH 



/ = ( h - fn ) =(/ 3 -,i6/) 



Mbi 6yn,eM roBopiiTt, ito KOopflimaTHaH MaTpnn,a / MHO»cecTBa BeKTopoB (fj,j £ 
7) onpeflejiaeT KOopfliraaTbi 1 fj 6a3nca / othochtcjibho 6a3nca e. □ 

E[pHMep 4.3.7. IlycTb e = ( J e,j e J, |J| = m) - £>**-6a3iic BeKTopHoro npo- 
CTpancTBa D n . KOopflimaTHas MaTpnn;a 



( ai ■•• a m ) = (aj,j E J) 



BeKTopa a b £>**-6a3iice e Ha3biBaeTCH Z?„*-BeKTopoM. Mbi 6ya,eM Ha3bmaTb 

BeKTOpHOe npOCTpaHCTBO D n D,'-BeKTOpHbIM npOCTpaHCTBOM *-CTpOK. 

IlycTb *-CTpoKa 

' l A 

(4.3.6) ... I = CA,ie I) 

l A 

3a,a,aeT mhcdkcctbo BeKTopoB. BeKTopbi 1 A HMeiOT pa3jiojKeHne 

M = M»*e 



^'^**Z)-BeKTop HBJiHeTCs aHajioroM BeKTop-CTOJi6ii,a. Mm MC»KeM Ha3BiBaTB ero Taicace _D*-BeK- 

TOp *-CTpOKOH 

^'^Z)**-BeKTop HBjiaeTCH aHajioroM BeKTop- ctpokh . Mbi MO?KeM Ha3BiBaTB ero Taicace Z)*-BeKTOp 

*-CTpOKOH 
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4. Bcktophoc npocTpaHCTBO eafl tcjiom 



Ecjih mm noflCTaBHM KOopflHHaTHbie MaTpHii,bi BeKTopa % A b MaTpniry (4.3.6), mm 
nojiyHHM MaTpiiny 

/ ( 'A, ... U„ 



A = 



K ( n A 1 ... n A m ) y 



... l A ri 



... /If; 



Mm 6yfleM Ha3MBaTb MaTpiiny A KoopflHHaTHOH MaTpHijeii MHoacecTBa BeK- 
TopoB ( l A,i £ M) b 6a3Hce e h ee ajieMeHTM Koop^HHaiaMH MHO>KecTBa BeK- 
TopoB ( l A,i € M) b 6a3Hce e. 

Mm 6yn,eM npeflCTaBjiHTb Z?»*-6a3HC / BeKTopHoro npocTpaHCTBa *-CTpoK 

D n B (pOpMe *-CTpOKH 

7 = ( 7 ... "7 ) = 07,ieJ) 

Mm 6yn,eM roBopiiTb, hto KOop/niHaTHan MaTpnna / MHOJKecTBa bgktopob (*/, i £ 
J) onpeflejiaeT KOopflimaTM 1 fj 6a3Hca / othochtcjibho 6a3Hca e. □ 

TaK KaK mm jiHHefiHyio KOM6HHanHio Bbipa>KaeM c noMombio MaTpnii,, Mbi mo- 

}KCM paCnpOCTpaHHTb npHHn,im flBOIICTBeHHOCTH Ha TeOpHIO BeKTOpHMX IipOCTpaHCTB . 

Mm MO»ceM 3anHcaTb npHHipin flBoficTBeHHOCTii b o/nroft H3 cjie/ryioiHirx cpopM 

TeopeMa 4.3.8 (npiiHinin flBOiiCTBeHHOCTii) . Ilycmb 21 - ucmuHnoe ymeepMcdenue 
o eeKmopnux npocmpaHcmeax. Ecjiu mu 3CLM&HUM odnoepeMewHO 

• -eeKmop u D* eeKmop 

• ** D-eeKmop u * *D -eeKmop 

• ** -npou3eedenue u * ^-npouaeedenue 

mo mu cnoea noAyuuM ucmuHnoe ymeepotcdeuue. 

TeopeMa 4.3.9 (npiiHinin ^bohctbchhocth) . Ilycmb 21 - ucmuHnoe ymeepMcdenue 
o eeKmopnux npocmpancmeax. Ecjiu mu odnoepeMenno 3CLM6HUM 

• D** -eeKmop u „*D-eeKmop ujiu D* *- eeKmop u * *D-eeKmop 

• -KeaaudemepMUHanm u * *-Kea3udemepMunanm 
mo mu cnoea nojiyuuM ucmunnoe ymeepotcdeuue. 

4.4. * * D-jiHHefiHoe OTo6pa>KeHHe BeKTopHtix npocTpaHCTB 

Onpe/jejiemie AAA. FlycTb V - * * S-BeKTopHoe npocTpaHCTBO. IlycTb U - **T- 
BeKTopnoe npocTpaHCTBO. Mm 6yneM Ha3MBaTb MopcpH3M 

f-S >• T A:V *-U 

T*-npeflCTaBjieHHii Tejia b a6ejieB0ii rpynne (**S, **T)-jiHHeHHBiM OTo6pa»ce- 
HHeM BeKTOpHBIX npocTpaHCTB. □ 

CorjiacHO TeopeMe 3.2.15 npn H3yHeHiiH (**S, **T)-jTHHeiiHoro OTo6pa:sceHHH 
mm mojkbm orpaHiiHHTbCH cjiynaeM S = T. 

Onpe/rejieHHe 4.4.2. IlycTb V h W - ^D-BeKTopHbie npocTpaHCTBa. Mm 6yn,eM 
Ha3MBaTb OTo6pa»ceHHe 

(4.4.1) A:V^W 



4.4. * * .D-JIHHCHHOC OToSpaJKCHHC BCKTOpHLJX npOCTpaHCTB 
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* * D-JIHHeHHBIM OTo6pa>KeHHeM BGKTOpHBIX npOCTpaHCTB, eCJIH 

(4.4.2) A(m**a) =A(m)**a 

fljia jho6bix l a £ D, rni £ V. □ 
Teopeivra 4.4.3. Hycmt, 

7 = Qui e i) 

D-6a3uc e eeKmopnoM npocmpancmee V u 

f= (ej,j £ J) 

** D-6a3uc e eeKmopnoM npocmpancmee U. Tozda D-AuueuHoe omo6paoKenue 
(4.4.1) eeKmopnux npocmpancme UMcem npedcmaejienue 

(4.4.3) b = A**a 
omnocumeA&no 3adannux 6a3UCoe. 3decb 

• a - Koopdunamnan Miampuup, eeKmopaa omnocumeAt>no »* D-6a3uca f 

• b - Koopdunamnan Miampuup, eeKmopa 

b = A(a) 

omnocumeAbno ** D-6asuca e 

• A - Koopdunamnasi Mampuua Minootcecmea eeKmopoe (A(fi)) e **£>- 
6a3uce e, Komopyw miu 6ydeM na3ueamb MaTpHU,eii * * D-jiHHefiHoro 
OTo6pa>KeHHH omnocumeJibHo 6a3ucoe f ue 

^OKA3ATEJlbCTBO. BeKTop a £ V HMeeT pa3JKMKeHiie 

a = /**a 

OTHOCHTejibHO **D-6a3Hca /. BeKTop b = /(a) £ U HMeeT pa3jio»ceHHe 

(4.4.4) b=e**b 

OTHOCHTejibHO **Z?-6a3Hca e. 

TaK KaK A - **_D-jniHeHHoe OToGpajKeHiie, to Ha ocHOBaHHH (4.4.2) cjie/jyeT, 

HTO 

(4.4.5) b = A{a) = A(f**a) = A(J)**a 

A(fi) Tam«e BeKTop BeKTopHoro npocTpancTBa U h HMeeT pa3jiojK6HHe 

(4.4.6) A(fi) =e**Ai = e j 1 A, 
OTHOCHTejibHO 6a3Hca e. KoM6HHHpya (4.4.5) h (4.4.6), mbi nojiynaeM 

(4.4.7) & = e**A/a 

(4.4.3) cjie^yeT H3 cpaBHeHHH (4.4.4) h (4.4.7) h TeopeMBi 4.3.3. □ 

Ha ocHOBaHHH TeopeMbi 4.4.3 mbi H^eHTHcpHHiipyeM * * .D-jniHeiiHoe OTo6pa>Ke- 
Hne (4.4.1) BeKTopHbix npocTpaHCTB h MaTpnn,y ero npeflCTaBjieHHH (4.4.3). 



^• 4 Btipa»ceHHe A(m)**a 03Ha<jaeT BtipajKeHiie A{rrii) l a 



GO 



4. Bcktophoc npocTpaHCTBO eafl tcjiom 



TeopeMa 4.4.4. IIycrm> 

7 = (Jiji G /) 
D-6a,3uc e eeKmopnoM npocmpancmee V , 

1= (ej,j G J) 

D-6a.3uc e eetzmopnoM npocmpaHcmee U, u 

7j = (g h l G L) 

»* D-6a3uc e eeKmopnoM npocmpaHcmee W . BpednoAomcuM, nmo mm UMeeM kom- 
Mymamuenyw duazpaMMy omo6paMcenuu 

v — >W 





u 

zde »* D-Auneunoe omo6paotcenue A UMeem npedcmaeAenue 

(4.4.8) b = A**a 

omnocumeA&no 3adannux 6a3ucoe u »* D-Auneunoe omo6pamcenue B UMeem nped- 
cmaeAenue 

(4.4.9) c = B**b 

omnocumeA&no 3adannux 6a3ucoe. Tozda omo6pamcenue C sieAsiemcsi ** D-Auneu- 
hum u UMeem npedcmaeAenue 

(4.4.10) c = B**A**a 
omnocumeA&no 3adannux 6a3UCoe. 

^],OKA3ATEJTbCTBO. OTo6pa»;eHHe C HBjiaeTCH ^ZJ-jiiiHeiratiM, Tax KaK 
C**(/**a) = (A* *£?)**(/** a) 
= B/(Z**(7**a)) 
= -B**(e**(v4**a)) 
= 5**(B**(A*a)) 
= #**((5**A)**a) 
= g**(C**a) 

PaBeHCTBO (4.4.10) cjie^yeT H3 noflCTaHOBKH (4.4.8) b (4.4.9). □ 

3aniici>iBaa **Z?-jiHHeHHoe OTo6pa»ceHHe b (popivre **-npoH3Be,i];eHHH, mm mo- 
jkgm nepenHcaTb (4.4.2) b Bii/je 

(4.4.11) A\*(ak) = (A~**a)k 
YTBepjKfleHHe TeopeMbi 4.4.4 mbi mojkbm 3aniicaTb b Bime 

(4.4.12) B«*(3,*3) = (B**A)**a 

PaBencTBa (4.4.11) h (4.4.12) npeflCTaBjiaiOT co6ofi 3aKOH accou,HaTHBHOCTH rjih 
**D-jiHHeiiHbix OTo6pa>KeHHH BeKTopHbix npocTpaHCTB. 3to no3BOjiaeT Hail 
nucaTb noflo6Hbie BbipaxeHira He nojib3yHCB CKo6KaMn. 



4.4. * * .D-JIHHCHHOC OTo6pa5KCHHC BCKTOpHLJX npOCTpaHCTB 
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PaBencTBO (4.4.3) hbjihgtch KOop^HHaTHOii 3anHCbK> * * Z3-jiHHefraoro OTo6pa- 
jkghiih. Ha ocHOBe TeopeMbi 4.4.3 6ecKOop/i,HHaTHaa 3anHCb TaKscc mojkgt 6mtb 
npeflCTaBjieHa c noMombio **-npoii3Be,n;eHiis 

(4.4.13) b = A**a = A**J**a = e**A**a 

Ecjih noflCTaBiiTb paBGHCTBO (4.4.13) b TeopeMy 4.4.4, to mm nanynnM ncnonKy 
paBencTB 

c = B**b = B**e**b = gSBSb 

c = B**A**a = B„,*A**f**a = g^B^A^a 

3aivreMaHHe 4.4.5. Ha npiiMepe ^D-jihhghhbix OTo6pa»ceHHH jierxo BH^eTB ria- 
ckojibko TeopeMa 3.2.15 o6jier"iaeT Haiim paccyjKflGHHH npH H3yn6HHH Mopcpn3Ma 
T*-npeflCTaBjieHHH r2-ajire6pbi. ^oroBopiiMca b paMKax SToro 3aMeHaHHH Teopnio 
**Z)-jihhghhmx OTo6pa>KGHHH Ha3biBaTb coKpaincHHOft Teopneft, a TeopHio, rojiara- 
eMyio b 3tom 3aMeHaHHii, Ha3MBaTt> pacnnipeHHOH Teopneii. 

nycTb V - **S'-BeKTopHoe npocTpancTBO. nycTb U - **T-BeKTopHoe npocTpaH- 
ctbo. nycTb 

r:S >■ T A:V 

(**S, **T)-jiHHefiHoe OTo6pa>KGHiie BeKTopHBix npOCTpaHCTB . nycTb 

7=(fi,iel) 

**S'-6a3HC B BGKTOpHOM IipOCTpaHCTBG V H 

1= (ejj e J) 

**T-6a3HC B BGKTOpHOM npOCTpaHCTBG U. 

H3 onpcflGjiGHHii 4.4.1 h 3.2.2 one/ryeT 

(4.4.14) b = A(a) = A(f**a) = A(J)**r{a) 

A(fi) TaiOKG BGKTOp BGKTOpHOTO npOCTpaHCTBa U H HMG6T pa3JIOJK6HHG 

(4.4.15) A(fi) =e**Ai = e, 3 A t 
othochtgjibho 6a3Hca e. KoM6nHHpyH (4.4.14) h (4.4.15), mm nojiynacM 

(4.4.16) b = e**A**r(a) 

nyCTb W - **Z?-BGKTOpHOG npOCTpaHCTBO. HyCTB 

p:T >- D B :U 

{**T, **D)-JIHH6HHOG 0T06pajK6HHG BGKTOpHBIX npOCTpaHCTB. HyCTb 

f = (m,i g l) 

»*D-6a3HC B BGKTOpHOM npOCTpaHCTBG W. Tbrfla, COTJiaCHO (4.4.16), npOH3B6flGHH6 
(**S, **T)-JIHH6HHOrO 0T06pajKGHHH (r, A) H (**T, **£))-JIHHeftHOrO 0T06pa>KGHHH 
(p, B) HMGGT BHfl 

(4.4.17) c = h**B**p{A)**pr{a) 

ConocTaBjiGHHG paBGHCTB (4.4.10) h (4.4.17) noKa3MBa6T HacKOjibKO paccninpGHaa 

TGOpilS JIHHGHHBIX OTo6pajKGHHH CJIOJKHGG COKpaiHeHHOH TGOpilH. 

npH H6o6xOflHMOCTH MM MOJKGM nOJ!B30BaTbC5I paCCIHHpGHOH TGOpHGH, HO MM 

He nojiyHHM hobmx pe3yjibTaTOB no cpaBHGHnio co cjiynaGM coKpameHHOii Teopneft. 
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4. Bcktophoc npocTpaHCTBO eafl tcjiom 



B to »ce BpeMa o6iijiHe fleTajieft flejiaeT KapTHHy MeHee hchoh h Tpe6yeT iioctohh- 

HOrO BHHMaHHH. □ 

4.5. CncTeivra * * D-jiimeHHBix ypaBHemiii 

Onpe,a;ejieHHe 4.5.1. IlycTb V - **D-BeKTopHoe npocTpaHCTBO h {A; G V, i G 1} 

- MHO»cecTBO BeKTopoB. **£)-jiHHeHHaH o6ojioHKa b BeKTopHOM npocTpaHCTBe 

- 3TO MHOJKeCTBO Span(A, i £ I) BeKTOpOB, **D-JIHHeHHO 3aBHCHMbIX OT BeKTOpOB 

A. □ 

TeopeMa 4.5.2. IIycmt> span(Ai,i £ I) - ** D-AUHeunasi o6ojiohko, e ee-nmopHOM 
npocmpaHcmee V. Tozda span(Ai,i £ I) - nodnpocmpancmeo eeKmopnozo npo- 
cmpaHcmea V . 

,H,OKA3ATEJI£>CTBO. IIpe^TIOJIOJKHM, ^ITO 

b G span(A, i G /) 



c G span(A, i G /) 



CorjiacHO onpeflejieHHio 4.5.1 



b = A**b 
c = A^ c 

Torfla 

b + c = A**b + A**c = A**(b + c) G span(A;,i G I) 
bk = (A,*6)fc = A,*(Wc) G span(Ai,i G /) 
3to ^,OKa3biBaeT yTBep:ac,zi,eHHe. □ 
IIpHMep 4.5.3. IlycTb V - **D-BeKTopHoe npocTpaHCTBO h »-CTpoKa 
1= f M ... A n ) = (Ai,ieI) 



3a/i,aeT mho^kcctbo bgktopob. HtoGm otbcthtb Ha Bonpoc, hjih bgktop b G span(A, i G 
/) , mm 3anHineM jiHHeiiHoe ypaBHennc 

(4.5.1) b = A**x 
rfle 

/ l x 

x = 

\ n x 

*-CTpoKa HeH3BecTHtix K03(p(pHii,HeHTOB pa3jio>KeHHH. b G span(A,* G /) , ecjiH 
ypaBHeHHe (4.5.1) iiMeeT penieHHe. IlpeflnojiojKHM, hto / = (fj,j G J) - ** D- 
6a3HC. Toiyja BeKTopti b, Ai HMeiOT pa3jiojKCHHe 

(4.5.2) b = K*J 

(4.5.3) Ai=7»*Ai 
Ecjih mm noflCTaBHM (4.5.2) h (4.5.3) b (4.5.1), mm nojiyniiM 

(4.5.4) J>*b=J,*A.*x 



4.5. CucTCMa * * .D-jihhchhbix ypaBHeHHH 



IIpHMeHHH TeopeMy 4.3.3 k (4.5.4), mbi nojiynHM CHCTeMy » * ZJ-jumeimBix ypaB- 
HeHHH 

(4.5.5) A**x = b 

Mbi MOxceM 3anncaTi> ciiCTGMy * * ZJ-jiiiHefrabix ypaBHCHHii (4.5.5) b oflHOii H3 
cjieflyiomux (popM 

1 A 

sir, 



\ m Ax 



(4.5.6) 



1 A 
j Ai 







( * \ 


V 


(") - 






\ X J 


\ m b J 


l x = 


3 b 




+ 1 A n n x -- 


= l b 


| m 


A. n n x — 


-- m b 



□ 

E[pHMep 4.5.4. HycTb V - £>**-BeKTopHoe npocTpaHCTBO h *-CTpoKa 

*\ _ 

.._ = ( 3 A,j e J) 

M / 

3a/i,aeT mhojkcctbo bgktopob. Hto6bi otbcthtb Ha Bonpoc, hjih bgktop b £ span( 3 A, j £ 
J) , Mbi 3anHineM jiHHeimoe ypaBHemie 

(4.5.7) b = x**A 

x ( x\ ... x m ) 

*-CTpoKa HeH3BecTHbix K03tpcpHn,HeHTOB pa3jio»ceHHH. b G span( J ^4,j G J) , ecjiH 
ypaBHenHe (4.5.7) HMeeT peineHHe. IIpe/niojiojKHM, ^rro / = ( l f,i El) - D**- 
6a3HC. Tor^a BeKTopti b, 3 A HMeiOT pa3JiojKeHHe 

(4.5.8) b = K*J 

(4.5.9) j A = j A**J 

Ecjih mm noflCTaBHM (4.5.8) h (4.5.9) b (4.5.7), mbi nojiynnM 

(4.5.10) h*J = x**A**J 

IIpHMeHHH TeopeMy 4.3.3 k (4.5.10), mbi nojryHHM CHCTeMy Z3»*-jiHHeHHi>ix ypaB- 
HeHHH 4 5 

(4.5.11) x**A = b 



^ "^HuTaa CHCTeMy * * D-jiHHefiHbix ypaBHeHHH (4.5.5) CHH3y BBepx h cjieBa HanpaBO, mbi nojiy- 
HHM CHCTeMy Z)**-JIHHeHHbIX ypaBHeHHH (4.5.11). 
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4. Bcktophoc npocTpaHCTBO eafl tcjiom 



Mbi MOJKeM 3anHcaTb CHCTeMy D**-jiHHeifflbix ypaBHeniift (4.5.11) b o/i,hoh H3 
CJieflyioiHHX cpopM 

/ l A t ... 1 A n 



\ m A 1 



1 A 

Sir, 



(4.5.12) 



Xj ^ A-i — bi 



1 A 



□ 



Onpe,zi;e.jieHHe 4.5.5. Ecjih n x n MaTpnn;a A iiMeeT **-o6paTHyio MaTpiiny, mh 
6yp,eM Ha3bmaTb Taxyio MaTpiiny **-HeBbipo>K 1 a;eHHofi MaTpiiijeii. B npoTPiBHOM 
cjiynae, mm 6ypfiM Ha3biBaTb Taxyio MaipHiiy **-BBipojK,a,eHHOH MaTpmjeii. □ 

Onpe/jejiemie 4.5.6. IlpeflnojiojKHM, hto A - **-HeBbipo}K,n,eHHafl MaTpiina. Mm 
6yp/SM. Ha3biBaTb cooTBeTCTByiomyio ciiCTeMy „ * .D-jiHHeHHbix ypaBHemiii 

(4.5.13) A**x = b 

HeBMpojK^eHHoii CHdeMoS **D-jiHHeHHBix ypaBHeHHii. □ 

TeopeMa 4.5.7. Pemenue HeeupoatcdeHHoii cucmeMU ** D '-jiuHeunux ypaeHenuu 
(4.5.13) onpedejieuo odH03Ha%H0 u Moatcem 6umb 3anucano e mo6ou U3 cAedyiow/ux 

A~ u "*b 



(4.5.14) 
(4.5.15) 



x 
x 



Hdet (A,, 



,3,OKA3ATEJl£>CTBO. yMHOSKaa o6e ^acra paBCHCTBa (4.5.13) cjieBa Ha A" 1 * , 
mm nojiy^HM (4.5.14). IIojib3yHCb onpe/jejieiffleM (2.3.12), mm nojiyHHM (4.5.15). 
PeineHHe CHCTeMbi e^HHCTBeHHO b cnjiy TeopeMM (2.2.16). □ 

4.6. PaHr MaTpiiijBi 

Onpe^ejieHHe 4.6.1. Mbi 6yn,eM Ha3bmaTb MaTpHiry 4 '' s At mhhopom nopaflxa 
k. □ 



4 '^Mbi MoxeM HanTH peineHHe chctgmbi (4.5.13) b TeopeMe [7J-1.6.1. 51 noBTopmo sto yTBep- 
?KfleHHe, TaK KaK h cjierxa H3MeHnji oSosHaieHnsi. 

Mh ,n;ejiaeM cjie^yiomHe npe^nojiojKeHHa b 3tom pa3^,ejie 

• i e M, \M\ = m, j € N, \N\ = n. 

• A = ( l Aj) - npoH3BOjiBHaa MaTpnu,a. 

• k, s e S 3 M, l, t e T D N, k = \S\ = \T\. 

• p£M\S,r€N\T. 



4.6. PaHr MaTpHUM 
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Onpe,n,e.jieHHe 4.6.2. Ecjih mhhop s At - **-HeBBipo:sc,zi,eHHafl MaTpuna, to mbi 
6yp,eM roBopiiTb, hto **-paHr MaTpHHBi A He MeHBine, neM k. **-paHr MaTpHii,M 
A 

rank,* A 

- 3to MaKCHMajibHoe 3HaHeHHe k. Mbi 6yn,eM Ha3BiBaTB cooTBeTCTByioiixHH mhhop 

„*-rjiaBHBIM MHHOpOM. □ 

TeopeMa 4.6.3. Ilycmb Mampw^a A - »* -eupoMcdeHuasi Mampui^a u muhop s At 

- zjiaetiuu Munop, mozda 

(4.6.1) p det( 5u ^>A TuW ,/) r =0 

^OKA3ATEJlbCTBO. Hto6bi noHHTb, noneMy mhhop Su ^ A TU { r } He HMeeT 
o6paTHOii MaTpinrM, Mbi npeflnojiojKiiM, hto oh HMeeT , t *-o6paTHyio MaTpniry 
h 3anHHieM cooTBeTCTByroiiryio CHCTeMy (2.3.2), (2.3.3), nojiaraa i = r, j = p h 
nonpo6yeM peniHTb 3Ty CHCTeMy. IIojiojkhb 

(4.6.2) B = Su{p} A Tu{ r} 
mbi nojiyHHM CHCTeMy 

(4.6.3) S B T ** T B- U * P + s B r r B~ u ' p = 

(4.6.4) p B T ** T B- u * p + p B r r B~ u * p = 1 
Mbi yMHO>KHM (4.6.3) Ha ( s Br) -1 ' 

(4.6.5) T B~ U \ + { S B T )~ U ' ** S B r r B~ u \ = 
Tenept mbi mojkbm no,iiCTaBHTb (4.6.5) b (4.6.4) 

(4.6.6) - p BT**( s B T y u \* s B r r B~ u * p + p B r r B~ 1 *" p = 1 
H3 (4.6.6) cjie^yeT 

(4.6.7) ( p B r - p B T ,*{ S B T y u \* S B r ) r B~ 1 ** p = 1 

BtipajKeHiie b CKo6Kax HBjiaeTca KBa3HfleTepMHHaHT0M p det (B, **)„. IIo^CTaBjiaH 
3to BBipajKenne b (4.6.7), mbi nojiyrHM 

(4.6.8) p det{B,**) r r B~ u ' p = 1 

TeM caMbiM mbi ,zi,OKa3ajiH, hto KBasH^eTepiviHHaHT p dct (B, **) r onpe^ejieH h ycjio- 
BHe ero o6pam;eHiiH b Heo6xo,zn*Moe h ^ocTaTOHHoe ycjiOBHe Bbipcm^eHHOCTH MaT- 
pnn>i B. Teopeivia ^oxasaHa b CHjiy corjianieHHs (4.6.2). □ 

TeopeMa 4.6.4. IIpednoAoofcuM, umo A - Mampui^a, 

rank * A = k < ffi 



"^ECTeCTBeHHO OJKH^aTb CBH3b MG^Kfly * ^BbipOi-K^eHHOCTblO MaTpHHbl H efe' jit *-KBa,3H l H,eTepMH- 

HaHTOM, noflC^Hyio cbh3h, h3B6Cthoh b KOMMyTaTHBHOM cjiynae. O^HaKO * *-KBa3n^eTepMHHaHT 
onpe^ejieH He Bceryja. HanpHMep, ecjin **-o6paTHa5i MaTpHH,a HMeeT cjihhikom MHoro 3JieivieHTOB, 
paBHbix 0. KaK cjie^yeT H3 3toh TeopeMfei, He onpe^ejieH * *-KBa3HfleTepMEHaHT TaK»ce b cnynae, 
Korvja **-paHr MaTpHHbi MeHbine n — 1. 



()(> 



4. BcKTopHoc npocTpaHCTBO eafl tcjiom 



u At - ** -z/iaenuu Munop. Tozda ^-cmpona v A sieJisiemcM £>** -jiuneunou kom6u- 
na'uueu *-cmpoK S A. 

(4.6.9) MV? A = R** S A 

(4.6.10) P A = PR** S A 

(4.6.11) p A b = p R s s A b 

^OKA3ATEJibCTBO. Ecjih hhcjio *-CTpoK - fc, to, nojiaraa, hto *-CTpoKa v A - 
-D**-jiHHeHHaH KOM6HHan,HH (4.6.10) *-ctpok s A c K03(p(pHii,HeHTaMH P R S , mm no- 
jiy^HM CHCTeMy (4.6.11). CorjiacHO TeopeMe 4.5.7 3Ta CHCTavra HMeeT eflHHCTBCHHoe 
peineHHe 4,9 h oho HeTpHBHajitHO noTOMy, hto Bee **~KBa3HfleTepMHHaHTM otjihhhm 
ot 0. 

OcTaeTca ,n,OKa3aTb yTBepjKflemie b cjiynae, Kor,n,a hhcjio *-ctpok 6ojibHie neM 
k. IlycTb HaM ,n,aHbi *-CTpoKa p A h *-CTpoKa A r . CorjiacHO npeflnanoxeHHio mhhop 
Su { p } A TU { r j - **-BbipojK/i,eHHaH MaTpHD,a h ero **-KBa3H,zi,eTepMiiHaHT 

(4.6.12) p dct( su ^A TU{r] ,^ r = Q 

CorjiacHO (2.3.14) paBeHCTBO (4.6.12) HMeeT BHfl 

p A r - p A T „*(( 5 A T )- 1 **) H ,* s A r = 

MaTpnna 

(4.6.13) p R = p A T **(( s A T )- u ') 
He 3aBHCHT ot r. CjieflOBaTejibHO, pjia jho6bix r G N \T 

(4.6.14) p A r = p R** s A r 
H3 paBencTBa 

(( s A T )-^'y s A l = T S l 

cjie^yeT, hto 

(4.6.15) p A l = p A T ,* T 6 l = p A T **(( s A T y 1 '*)** s A l 
IIo^,CTaBjiHH (4.6.13) b (4.6.15), mm nojiyHHM 

(4.6.16) *A l = p RS 8 A i 

(4.6.14) h (4.6.16) 3aBepuiaiOT flOKa3aTejibCTBO. □ 

CjieflCTBHe 4.6.5. TIpednojiootcuM, umo A - Mampuup,, rank^* A = k < m. Tozda 
*-cmpoKU Mampuufii D** -Auneuno 3aeucuMU. 

(4.6.17) K*A = Q 

^OKA3ATEJlbCTBO. IIpeflnojiojKHM, hto *-CTpoKa p A - Z?**-jiHHeiiHaH kom6h- 
HainiH (4.6.10). Mm hojiojkhm \ v = — 1, A s = P R S h ocTajibHbie A c = 0. □ 

TeopeMa 4.6.6. Tlycmb ( l A,i G M, \M\ = m) ceMeilcmeo D t * -Aimeuno ne3aeu- 
cumux eeKmopoe. Tozda -pam ux KoopdunamHou Mampuufii paeen m. 



^'^Mbi nojic»KHM, mto hgh3bgcthh6 nepeMeHHtie 3^eCb - 3TO x s = p R s 



4.6. PaHr MaTpHUM 
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^OKA3ATEJTbCTBO. CorjiacHO KOHCTpyKD,HH, H3jio?KeHHOH b npiiMepe 4.3.7, 
KOopflimaTHaH MaTpnna ceMeitcTBa BeKTopoB ( l A) othochtcjibho 6a3Hca e coctoht 

H3 + -CTpOK, HBJIHIOIHHXCJ1 KOOpjTHHaTHblMH MaTpHHaMH BCKTOpOB 1 A OTHOCHTejIbHO 

6a3Hca e. IlosTOMy »*-paHr stoh MaTpnnbi He mojkct npeBbiniaTb to. 

flonycTHM **-panr KOopjTHHaTHOH MaTpnnbi MeHbine m. CorjiacHO cjie^CTBHio 
4.6.5 *-ctpokh MaTpnnbi £)**-jiHHeHHO 3aBHCHMbi. Ecjih mbi yMHOJKHM o6e HaCTH 
paBencTBa (4.6.17) Ha *-CTpoKy e h nojio>KHM c = \**A, to mh nojiyHHM, hto 
jiHHeiiPias KOM6iiHau;HH 

c»*e = 

BeKTopoB 6a3Hca paBHa 0. 3to npoTHBopennT yTBepjKfleHiiio, hto BeKTopbi e o6pa- 
3yiOT 6a3HC. yTBepjKflemie TeopeMbi flOKasaHO. □ 

TeopeMa 4.6.7. TIpednoAowcuM, nmo A - Mampuup,, 

rank,,,* A = k < n 

u s At - ** -zjiaenuu Munop. Tozda * -cmpoKa A r nejisiemcsi ** D-jiuneuHOu komtio- 
3uv,ueu *-cmpoK A t 

(4.6.18) A N \ T = At** R 

(4.6.19) A r = At** R r 

(4.6.20) a A r = a A t t R T 

^OKA3ATEJlbCTBO. Ecjih hhcjio *-CTpoK - k, to, nojiaraa, hto *-CTpoKa A r - 
**D-jiHneiiHaH KOM6nHarn«i (4.6.19) *-ctpok A t c KOScpcpnHiieHTaMii t R r , mbi no- 
jiyHHM cncTeMy (4.6.20). CorjiacHO TeopeMe 4.5.7 3Ta cncTeMa HMeeT eflHHCTBeHHoe 
peineHne 410 h oho HeTpnBnajibHO noTOMy, hto Bee >t *-KBa3Hjj,eTepMHHaHTBi otjihh- 

HBI OT 0. 

OcTaeTCH jj,OKa3aTB yTBepjKjj,eHiie b cjiynae, Korjj,a hhcjio *-ctpok 6ojiBHie, neM 
k. IlycTB HaM jj,aHbi *-CTpoKa A r h ^-CTpoica v A. CorjiacHO npejjnojio:sceHHio mhhop 
Sl> { p } A T \jm - **-Bbipo>Kjj,eHHaH MaTpHHa h ero **-KBa3n,a,eTepMHHaHT 

(4.6.21) fdet( Su WA ru{r} ,/) r = 
CorjiacHO (2.3.14) (4.6.21) HMeeT bhjj, 

p A r - p A T **(( s A T )- u *)** 3 A r = 

MaTpuna 

(4.6.22) Rr = (( S A T ) _1 **)** 5 A. 

He 3aBncHT ot p, CjiejrpBaTejibHO, pjia jno6bix p € M \ S 

(4.6.23) p A r = p A T **R r 
H3 paBencTBa 

k A T ,*(( s A T )-^) s = k S s 

cjiejxyeT, hto 

(4.6.24) k A r = k S s ** s A r = k A T **(( S A T )- 1 '*)\* s A r 
IIo^,CTaBjiHH (4.6.22) b (4.6.24), mh nojiyHHM 

(4.6.25) k A r = k A T **R r 



4.10 



Mbi nOJIO>KHM, MTO H6H3B6CTHbie nepeMeHHbie 3fleCb - 3TO l x = t R r 
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(4.6.23) h (4.6.25) 3aBepinaiOT ,n,OKa3aTe.jn>CTBO. □ 

CjieflCTBHe 4.6.8. TIpednoAooKUM, umo A - Mampuvfl, rank^* A = k < m. Tozda 
* ' -cmpoKU Mampwuu ** D-AUHeuno 3clgucumu. 

A**\ = 

,3,0k A3ATEJTbCTBO. IIpeflnojiojKHM, hto *-CTpoKa A r - npaBaa jnmefiHas kom- 
6nHan;HH (4.6.19). Mm iiojiojkhm r A = — 1, t X— t R r h ocTajibHbie C A = 0. □ 

Oniipaacb Ha TeopeMy 2.3.9, mm mojkem 3anncaTb noflo6Hbie yTBepjKfleHHH pjm 
*»-paHra MaTpiiHM. 

TeopeMa 4.6.9. TIpednoAootcuM, umo A - Mampui^a, 

rank*, A = k < m 

u tA s - * *-8jiaeHuu Munop. Tozda *-cmpoKa A p Hejinemcii * ^D-jiuneuHou kom- 
no3uv,ueu ^-cmpoK A s 

(4.6.26) A M \ S = A S %R 

(4.6.27) A p = A s %R p 

(4.6.28) b A p = b A s S R P 

CjieflCTBHe 4.6.10. TIpednoAootcuM, umo A - Mampwup,, rank« t A = k < m. Tozda 
if-cmpoKU Mampwuu * ^D-auhcHho 3aeucuMu. 

A\X = 

TeopeMa 4.6.11. TIpednoAootcuM, umo A - Mampuv,a, 

rank* t A = k < n 

u tA s - * *-ZAaeHuu Munop. Tozda * -cmpoKa r A sieAsiemcsi D* \-AuneiLnou komtio- 
3uv,ueu *-cmpoK tA 

(4.6.29) N \ T A = R% T A 

(4.6.30) r A = r R**TA 

(4.6.31) r A a = r R l t A a 

CjieflCTBHe 4.6.12. TIpednoAooKUM, umo A - Mampwu,a, rank*, a = k < m. Tozda 
* -cmpoKU Mampui^u D* ^-auhcuho 3aeucuMu. 

X\A = 

4.7. CncTeivia **D-jinHeftHtix ypaBHeHHii 

Onpe/jejieHHe 4.7.1. IIpe/niojioJKiiM, hto 4 '' A - MaTpnua CHCTCMbi Z)**-jiimeH- 
hmx ypaBHeHHii (4.5.12). Mbi 6ya;eM Ha3biBaTb MaTpnuy 

/^i ... 1 A n \ 

(4.7.1) M = 

V h j m Ai ... m A n 

V h ... b n ) 

paciiinpeHHOH MaTpHueii STOit chctcmbi. □ 



4.7. CucTeMa * * .D-jiHHCHHbix ypaBHeHHH 



on 



Onpe^ejieHHe 4.7.2. npe/HiojiojKHM, hto 4 '' A - MaTpnu,a chctcmm **.D-jiHHeH- 
hmx ypaBHeHHH (4.5.6). Mm 6yn,eM Ha3MBaTb MaTpniry 

f l A 1 ... l A n V 

(4.7.2) (iA,, ''&) = 

\ m A 1 ... m A n 

paciimpeHHOH MaTpnijeH stoh chctcmbi. □ 

TeopeMa 4.7.3. CucmeMa ** D-AUHeunux ypaeneHuu (4.5.6) uMeem pemenue mo- 
zda u mojibKo mozda, Kozda 

(4.7.3) rank,* = rank„. A { 



^],OKA3ATEJibCTBO. IlycTi s At - **-raaBHbiH mhhop MaTpiiHM A. 
nycTb CHCTeMa „,*D-jiHHeHHMx ypaBHeHHH (4.5.6) HMeeT penieHHe l x = l d. 
Tor,n;a 

(4.7.4) A**d = b 
YpaBHCHHe (4.7.4) mojkbt 6biti> 3anncaHO b (popMe 

(4.7.5) A T ** T d + A N \ T ** NXT d = b 
neflCTaBjiflH (4.6.18) b (4.7.5), Mbi nojrynHM 

(4.7.6) A T ** T d + A T **R** NXT d = b 

H3 (4.7.6) cjie,nyeT, hto H.-CTpoKa b HBjiHeTCH „ * ZJ-jniHefiHOH KOM6HHanHeli »-ctpok 

A T **{ T d + R** N \ T d) = b 
3to 3KBHBajieHTHO ypaBHeHHio (4.7.3). 

HaM ocTajiocb ,n,OKa3aTb, hto cymecTBOBaHHe penieHHH **Z?-CHCTeMbi jiHueii- 
hbix ypaBHeHHH (4.5.6) cjieflyeT H3 (4.7.3). Hcthhhoctb (4.7.3) 03HanaeT, hto At 
- TaK >Ke H,*-rjiaBHbiH mhhop pacmnpeHHOH MaTpnubi. H3 TeopeMbi 4.6.7 cjie^yeT, 
hto »-CTpoKa b HBjiaeTCH * * .D-jiimeHHOH KOMno3Hn;HeH »-ctpok At 

b = At** t R 

Hojiaraa r R — , mm nojiy^HM 

b = ASR 

CjieflOBaTejibHO, mbi HainjiH, no Kpateefl Mepe, o/nro penieHHe CHCTeMbi ^*D-mi- 
HefiHbix ypaBHeHHH (4.5.6). □ 

TeopeMa 4.7.4. JJpednoAomcuM, umo (4.5.6) - cucmeMa ** D -Auneunux ypaene- 
Huu, ydoe-Aemeopsiiomxix (4.7.3). Ecau rank,,. A = k < m, mo pemenue cucmeMU 
3aeucum om npouseoAbmix 3nanenuu m — k nepeMennux, ne eKAwneHHUX e 
gAaenuu Munop. 

^OKA3ATEJlbCTBO. IlycTb s At - **-rjiaBHbiH mhhop MaTpHHM a. ilpe/Hiojio- 

>KHM, HTO 

(4.7.7) p A**x = p b 
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ypaBHemie c HOMepoM p. IlpHMeHHH TeopeMy 4.6.4 k pacmnpeHHOH MaTpiin,e (4.7.1), 
mbi nojiy^HM 

(4.7.8) P A = P R** S A 

(4.7.9) p b = p R** s b 
IIoflCTaBjiHa (4.7.8) n (4.7.9) b (4.7.7), mbi nojiyHHM 

(4.7.10) p R** s A**x = p R** s b 

(4.7.10) 03HanaeT, hto mbi mojkem hckjiiohhtb ypaBneHHe (4.7.7) H3 chctgmbi (4.5.6) 
h HOBaa CHCTeMa SKBHBajieHTHa CTapoft. CjieflOBaTejiBHO, hhcjio ypaBHeHiiii MoaceT 
6bitb yMeHBineHO flo k. 

B 3tom cjiynae y Hac ecTb jjBa BapnaHTa. Ecjih hhcjio nepeMeHHBix TaioKe paBHO 
k, to coraacHO TeopeMe 4.5.7 CHCTeMa HMeeT ejxHHCTBenHoe peineHHe (4.5.15). Ecjih 
hhcjio nepeMeHHBix m > k, to mbi mojkbm nepe,a,BHHyTB m—k nepeMeHHBix, KOTopBie 

He BKJHOTeHBI B **-rjiaBHBIH MHHOp B npaBOH HaCTII. IlpHCBailBaH npOH3BOJIBHBie 

3HaneHHH 3thm nepeMeHHBiM, mbi onpejrejiHeM 3HaneHne npaBoit nac™ h jijih 3Toro 
3HaneHHH mbi nojiynHM ejTHHCTBeHiioe peineHHe coraacHO TeopeMe 4.5.7. □ 

CjieflCTBHe 4.7.5. CucmeMa ** D-jiuHeunux ypaeneHuu (4.5.6) uMeem eduHcmeen- 
noe peuienue mozda u mcuibKO mozda, Kozda ee Mampuup, HeeupocHcdeHHCMi. □ 

TeopeMa 4.7.6. PemenuM odHopodnou cucmeMU ** D-AunetiHux ypaeHenuu 

(4.7.11) A**x = 
nopoofcdawm ** D-eeKmopnoe npocmpaHcmeo. 

^I,OKA3ATEJIbCTBO. IlyCTB X - MHOJKECTBO penieHHH CHCTeMBI * * Z?-JIHHeiIHBIX 

ypaBHeHiiii (4.7.11). IIpe^,nojio>KHM, hto x = ( a x) G X n y = ( a y) G X. Tor,a,a 

x a a a b = 
y a a a b = 

CjieflOBaTejiBHO , 

l Aj { j x + hj) = i A j i x + l Aj iy = 
x + y = ( j x + 3 i/)el 
TaKiiM »ce o6pa30M mbi bh^him 

% ( J xb) = (% 3 x)b = 
xb = ( 3 xb) G X 

CoraacHO onpeflejieHHio 4.1.4 X sBjiaeTCH **Z?-BeKTopHBiM npocTpancTBOM. □ 
4.8. HeBBipojK,a,eHHaH MaTpHLi,a 

IIpeji,nojio>KHM, hto HaM jjana nx n MaTpnn,a A. CjieflCTBHH 4.6.5 h 4.6.8 tobo- 
paT HaM, nTO ecjiH rank,* A < n, to *-ctpokh Z?**-jiHHeiiHO 3aBHCHMBi h *-ctpokh 

* * Z)-JIHHeiIHO 3aBHCHMBI. 411 

TeopeMa 4.8.1. Tlycmb A - n x n Mampuufl u *-cmpoKa A r - D-Auneunasi 
KOM,6uHauusi dpyzux *-cmpoK. Tozda rank,* A < n. 



^■^9to yTBepjK^,eHHe noxo>Ke Ha yTBep^K^emie [8]-1.2.5. 



4.8. HeBbipoKfleHHaH MaTpni^a 
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^OKA3ATEJlbCTBO. yTBepjKflemie, hto *-CTpoKa A r HBjraeTCH **Z?-jiHHeHHOH 
K0M6iiHan,neii flpyrnx *-ctpok, 03HanaeT, hto CHCTeMa **D-jiHHeHHBix ypaBHeHHii 

A r == ^4[r] * A 

HMeeT, no KpafiHeii Mepe, oflHO penieHiie. CorjiacHO TeopeMe 4.7.3 

rank,* A = rank^. At r i 
Tax KaK hhcjio *-ctpok Menbine, neM n, to rank t » A[r] < n. □ 

TeopeMa 4.8.2. Ilycmb A - n x n Mampuup, u ^-cmpoKa P A - -Auneunasi 
K0M6uHav,usi dpyzux „-cmpoK. Tozda rank t » A < n. 

^OKA3ATEJibCTBO. ,Z],0Ka3aTejiBCTB0 yTBepjKfleHHH noxoxe Ha ,n,0Ka3aTejiB- 
ctbo TeopeMbi 4.8.1 □ 

TeopeMa 4.8.3. UpednoAowcuM, umo A u B - n x n Mampuupi u 

(4.8.1) C = A**B 

C - ** -eupocucdenHasi Mampui^a moeda u mojibKO mozda, Kozda jiu6o Mampuvfl A, 
au6o Mampuufi, B - ** -eupoofcdemicui Mampuup,. 

,3,OKA3ATEJlt>CTBO. IIpeflnojiojKHM, hto MaTpHn,a B - »*-BbipojKfleHHaH. Co- 
rjiacHO TeopeMe 4.6.7 *-ctpokh MaTpiinbi B * * .D-jniHeiiHO 3aBiiCHMbi. CneflOBaTejit- 

HO, 

(4.8.2) = B**\ 
rfle A ^ 0. H3 (4.8.1) h (4.8.2) cjie^yeT, hto 

C**A = A**B**\ = 

CorjiacHO TeopeMe 4.8.1 MaTpiiua C HBjiaeTCH **-BBipoxfleHHOH. 

Ilpeflnojio>KHM, hto MaTpnna B - He **-BbipojKfleHHaH, ho MaTpnna A - **- 
BbiposKfleHHaH. CorjiacHO TeopeMe 4.6.4 *-ctpokh MaTpHHti A * * D-jniHeimo 3aBH- 
CHMbi. CjieflOBaTejitHO, 

(4.8.3) = A**fi 
rfle [i ^ 0. CorjiacHO TeopeMe 4.5.7 CHCTeMa 

B**\ = /i 

HMeeT eflHHCTBeHHoe peineHne, r^e A ^ 0. CneflOBaTejitHO, 

CorjiacHO TeopeMe 4.8.1 MaTpnua C HBjiaeTCH **-BBipojKfleHHOfi. 

Ilpe/i,nojiojKHM, hto MaTpnna C - **-BbipojK [ ii;eHHaa: MaTpnna. CorjiacHO Teope- 
Me 4.6.4 *-CTpOKH MaTpHUBI C **D-JTHHeHHO 3aBHCHMBI. CjieflOBaTejIBHO, 

(4.8.4) = C**A 
r^e A ^ 0. H3 (4.8.1) h (4.8.4) cjie^yeT, hto 

= A**£**A 

Ecjhi 

= 5**A 
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BbinojiHeHO, to MaTpnua B - **-BbipojKfleHHaH. UpeflnojiojKHM, tto MaTpnna B He 

»*-BbipOJKfleHHaH. IIOJIOJKHM 

ft = B,*\ 

rpfi p ^ 0. Toiyja 

(4.8.5) = A**/i 

H3 (4.8.5) cjie^yeT, hto MaTpnna A - „*-Bbipo}KfleHHaH. □ 
Onnpaacb Ha TeopeMy 2.3.9, mh MOxeM 3anncaTb noflo6Hbie yTBepjKfleHHH ,h,jih 

Z?%-JIHHeiIHOH KOM6HHan;HH *-CTpOK HJIH * * .D-JIIlHeilHOH KOM6HHaHHH *-CTpOK H **- 

KBa3H/i,eTepMHHaHTa. 

TeopeMa 4.8.4. Bycmb A - n x n Mampuup, u *-cmpoKa r A - * *D-Auu,eunasi 
KOM6uHav,usi dpyzux *-cmpoK. Tozda rank*^ A < n. 

TeopeMa 4.8.5. Bycmb A - n x n Mampuup u .^-cmpona A p - D* ^-Auueunasi 
KOM6uHav,usi dpyzux ^-cmpoK. Tozda rank* t A < n. 

TeopeMa 4.8.6. BpednoAOMCuM, umo A u B - n x n Mampuufii u C = A**B. C - 
* ^-eupoMcdewHafi Mampuup mozda u moAtno mozda, Kozda au6o Mampuup, A, au6o 
Mampuup B - * ^-eupomcdeHnasi Mampuup,. 

Onpe/jejiemie 4.8.7. »*-MaTpHiHaa rpynna GL* n D - sto rpynna **-HeBbipo>K- 
flCHHbix MaTpun,, rjie Mbi onpe/i,ejiHeM »*-npoH3Be,n,eHHe MaTpnn, (2.2.1) h **-o6paT- 
Hyio MaTpnna A~ l *. □ 

Onpe/jejiemie 4.8.8. %-MaTpHHHaa rpynna GL n * D - sto rpynna %-HeBbipo>K- 
fleHHbix MaTpHH, rfle mbi onpeflejiaeM %-npoH3Be,neHHe MaTpnii (2.2.2) h %-o6paT- 
Hyio MaTpnny A^ 1 *. □ 



TeopeMa 4.8.9. 



GL* n D ^ GL Ti 



3aMenaHne 4.8.10. 143 TeopeMbi (2.3.11) cjie^yeT, hto cymecTByiOT MaTpnnbi, ko- 
Topbie *»-HeBbipojK [ i];eHHi>i n „*-HeBbipojKflenHbi. TeopeMa 4.8.9 03HanaeT, hto mho- 
»cecTBa **-HeBbipojK/i,eHHijix MaTpnii h **-HeBBipo>K [ u;eHHi>ix MaTpnn, hc coBna,n;aiOT. 
HanppiMep, cymecTByeT Taxaa 4 ,*-HeBBipojK [ ii;eHHaa MaTpiina, KOTopaa %-Bbipo>K- 
,n,eHHaH MaTpiina. □ 

^OKA3ATEJTbCTBO. 3to yTBep>KfleHne floCTaTOHHO ,n,OKa3aTb fljis n = 2. Ilpe^,- 
nojiojKiiM, hto KajK,n;aH * st -BbipojKfleHnaH MaTpnna 

' 1 A 1 2 A,\ 
x Ao 2 4, 



(4.8.6) A 



HBjiaeTCH st *-BbipojKfleHHon MaTpiinen. H3 TeopeMbi 4.6.7 n TeopeMbi 4.6.7 cjie^yeT, 
hto ^-BbipojKfleHHaa MaTpnna yflOBjieTBopaeT ycjiOBino 

(4.8.7) 1 A 2 = b 1 A 1 

(4.8.8) 2 A 2 = b 2 A X 

(4.8.9) 2 A l = 1 A l c 

(4.8.10) 2 A 2 = 1 A 2 c 



4.8. HeBbipoKfleHHaH MaTpni^a 
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Ecjih mm noflCTaBHM (4.8.9) b (4.8.8), mm nojiyniiM 

2 A 2 = b 1 A 1 c 

b h c - npoH3BOjibHbie ajieMeHTbi Tejia D h **-BbipojKfleHHaH MaTpiiua (4.8.6) HMeeT 

BHfl (d = 1 A 1 ) 

\bd bdc 



(4.8.11) 



IIoflo6HbiM o6pa30M mm mojkbm noKa3aTb, hto *»-BbipojK,ii;eHHaH MaTpHii,a HMeeT 

(4-8.12) A=( d , i d ) 

V ' \db' c'db'J 

H3 npeflnojiojKeHHH cjie^yeT, hto (4.8.12) 11 (4.8.11) npe^CTaBjiHiOT o#Hy h Ty see 
MaTpuny. CpaBHiraaa (4.8.12) h (4.8.11), mm nojiy^HM, hto pjisl jiio6i>ix d,c e 
cymecTByeT Taxoe d G D, KOTopoe He 3aBHCHT ot d h yflOBjieTBopaeT ypaBHeHHio 

dc = d d 

3to npoTiiBopeniiT yTBep»c,zi,eHiiio, hto D - Tejio. □ 

IIpHMep 4.8.11. B oiiyrae Tejia KBaTepHHOHOB mm nojioaaiM b = 1 + k, c = j, 
d = k. Toiyja mm HMeeM 



A 



k kj \ I k —i 

a + k)k (1 + k)kj J = U - 1 



! det(A**) 2 = 2 ^2- 2 A 1 ( 1 ^l 1 )- 1 l A 2 

= ~i - J - (k - mr'i-i) = —i — j — (k — l)(-*)(-i) 
= —i — j — kki + ki = —i — j + i + j 
= 

1 det(A**) 1 = i^ 1 -i^ 2 ( 2 A 2 )- 1 2A 1 

= fc - (k - l)(-i - i)-^-*) = *-(*- + 

= fc + -((* - 1)?: + (fc - l)j)i = k + ^{ki -i + kj- j)i 

= k + — (j — i — i — j)i = k — ii 
= k + l 

! dct (A,\ f = 1A 2 - ! A 1 (zA 1 )- 1 2A 2 

= k-l- k{-i)~ l {-i - j) =k-l + ki(i + j) 
= k- l + + =k- + 
=k-l-k-l 

= -2 
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2 det(A,%) 1 =2A 1 - 2 A 2 ( 1 A 2 y 1 iA 1 



(-0 - H - i)(* - = -*" + (* + - 

-i - -(i+j)(k + l)fc = -i - ^(ik + i+jk + j)k 

—i — — (— j + i + i + j)k = —i — ik 
-i+j 



2 



det {A,\f = 2 A 2 - 2 A\ 1 A 1 )- 1 iA 2 



(4.8.13) 



= -i - J - {-i)(k)-\k - 1) = -i - j + i(-k)(k - 1) 
= -i-j + j(k - 1) = -i - j + jk - j = -i -j + i-j 
= -2j 

CncTeMa **D-jiHHefiHbix ypaBneHHii 

Ik — i \ * I x\ l 1 b\ 



k — 1 —i — jl \ x j V " 



HMeeT „*-BbipojK,ii;eHHyio MaTpnny. Mm MOxeM 3anncaTb CHcreMy * * ZJ-jiiiHeftHMx 
ypaBHeHHH (4.8.13) b BH^e 

{k 1 x — i 2 x = 1 b 

(k -l) 1 x - (i+j) 2 x = 2 b 

CHCTeMa **D-jiHHeiiHbix ypaBneHHii 

(4.8.14) ^ _7 1 ^**^ a *) = (x6 a 6 

HMeeT "^-HeBbipojKfleHHyio MaTpimy. Mm mcokem 3anncaTb CHCTeMy * * D-jHiHeimbix 
ypaBHeHHH (4.8.14) b BH^e 



k ix — i \x 

+ (k - 1) 2 x - (i+j) 2 x 
= ib = 2b 

CncTeMa D»*-jiHHeHHbix ypaBHeHHH 

k —i 



k \x + (k — 1) 2X = ib 
-i ix - (i + j) 2X = 2b 



(4.8.15) ( Xl x 2 )**( k i )=(bi b 



HMeeT „*-BbipojK r ii;eHHyK) MaTpHiry. Mm mckkem 3anncaTb CHCTeMy Z?**-jiHHeiiHMx 
ypaBHeHHH (4.8.15) b BH^e 



(4.8.16) 



Xik —X\i 
+ x 2 (k-l) -x 2 (i+j) 
= 61 =b 2 
CncTeMa D%-jiHHeHHbix ypaBneHHii 

I x 1 \ „ / k -j \ i x b 



X\k +x 2 (k — 1) =b\ 
-xii ~x 2 (i+j) = b 2 



' 1 k - 1 -i-j) \ 2 b. 



4.9. Pa3McpHOCTb * * D-BCKTopHoro npocTpaHCTBa 
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HMeeT **-HeBBipojK r ii;eHHyio MaTpimy. Mm mojkbm 3aniicaTb CHCTeMy D%-jrHiieHHbix 
ypaBHeHiiii (4.8.16) b bii^g 

{k 1 x — i 2 x = 1 b 

(k- 1) 1 x - (i+j) 2 x = 2 b 

□ 

4.9. Pa3MepHOCTi> **D-BeKTopHoro npocTpaHCTBa 

TeopeMa 4.9.1. Ylycmt, V - ** D-eeKmopnoe npocmpaHcmeo. IIpednoAootcuM, nmo 
V uMeem ** D-6a3ucu e = (e,,i G I) u g ~ (~g~j,j G J). Ecjiu \I\ u \ J\ - KoneuHue 
uucaol, mo \I\ = \ J\- 

IJ,OKA3ATEJl£>CTBO. IIpeflnojioiKHM, *tto \I\ = jxi h \J\ — n. IIpeflnojiojKHM, 

HTO 

(4.9.1) m <n 

TaK Kax e - **Z?-6a3HC, jno6oii BeKTop gj, j € J HMeeT pa3jio»ceHHe 

g j — 

Tax KaK ~g - **Z?-6a3nc 

(4.9.2) A = 
cjie^yeT H3 

<7**A = e**A**A = 
Tax KaK e - **Z?-6a3HC, mm nojiy^HM 

(4.9.3) A»*A = 

CorjiacHO (4.9.1) rank^* A < m h CHCTeMa (4.9.3) HMeeT Gojibine nepeMetinbix, 
neM ypaBHeHiiii. CorjiacHO TeopeMa 4.7.4 A ^ 0. 3to npoTiiBopenHT yTBepjKfleHHio 
(4.9.2). CjieflOBaTejibHO, yTBepjKfleHHe m < n HeBeptio. 

TaKHM ?Ke o6pa30M mbi mojkcm ,n,OKa3aTb, hto yTBep>KfleHiie n < m HeBepHO. 
3to 3aBepmaeT flOKa3aTejibCTBO TeopeMti. □ 

Onpe^ejieHHe 4.9.2. Mbi 6ya,eM Ha3biBaTb pa3MepHOCTtio **Z?-BeKTopHoro 

npocTpaHCTBa hhcjio BeKTopoB b 6a3Hce □ 

TeopeMa 4.9.3. KoopduHamnasi Mampui^a ** D-6a3uca g omHocumeA&HO »* D-6a- 
3ucae eeKmopHozo npocmpancmea V nejifiemcsi ** -HeeupootcdenHou Mampuufiu. 

JJ,OKA3ATEJlbCTBO. CorjiacHO jieMMe 4.6.6 **£>-paHr KOop^HHaTHOH MaTpiiHM 
6a3Hca g OTHOCHTejibHO 6a3nca e paBeH pa3MepHOCTH BeKTopHoro npocTpaHCTBa, 
OTKy^a cjieflyeT yTBepjKfleHHe TeopeMbi. □ 

Onpe/jejremie 4.9.4. Mbi 6yn;eM Ha3MBaTb B3aiiMHO o/i,H03HaHHoe OTo6pa*:eHHe 

A : V -+W , * D-H30M0p(j)B3M0M BeKTOpHBIX npOCTpaHCTB, eCJIH 3TO OTo6pa- 

xeHiie - * * Z?-jiHHeiiHoe OTo6pajKeHiie bcktophmx npocTpaHCTB. □ 
Onpe^ejieHHe 4.9.5. **Z)-aBTOMopcpH3M BeieropHoro npocTpaHCTBa V - sto 

»*Z)-H30MOpCpH3M A \ V — > V. □ 
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TeopeMa 4.9.6. IIpednoAocncuM, umo f - ** D-6a3uc e eersmopnoM npocmpaHcmee 
V . Tozda ato6ou ** D-aemoM,opqiu3M A eeKmopnozo npocmpaHcmea V UMeem eud 



zde A - ** -HeeupomcdeHHasi Mampuup,. 

^OKA3ATEJibCTBO. (4.9.4) cjie^yeT H3 TeopeMbi 4.4.3. Tax KaK A - H30Mop- 
(pii3M, to fljia KajK/i,oro BCKTopa v' cymecTByeT efliiHCTBenHbiii BeKTop v TaKOH, 
hto v' = v**A. CjieflOBaTejibHO, CHCTeMa H.*-D-JiHHeiiHbix ypaBHenHft (4.9.4) hmg- 
eT eflHHCTBeHHoe penieHHe. CorjiacHO cjie^CTBHio 4.7.5 MaTpiin,a A HeBbipojKflen- 
na. □ 

TeopeMa 4.9.7. AemoMopg5u3MM ** D- eeKmopnozo npocmpaHcmea nopojtcdamm 
zpynny GL* n D . 

,3,OKA3ATEJlt>CTBO. Ecjih flaHbi flBa aBTOMopcpH3Ma Am B, to mm MO»ceM 
3anncaTb 



(4.9.4) 



v' = A./v 



v = A* v 
v" = B* V = B**A**v 
Cjie/i,OBaTejibHO, pe3yjibTiipyiorn,HH aBTOMop<pii3M hmggt MaTpiiny A**B. 



□ 



TjiaBa 5 



MHoroo6pa3He **L>-6a3HCOB 

5.1. **Z?-jiHHeHHoe npe/jcTaBJiemie rpynriBi 

nycTb V - **Z3-BeKTopHoe npocTpaHCTBO Ha,n, TejiOM D. Mm flOKa3ajm b Teo- 
peMe 4.9.6, hto jiio6oh **_D-aBTOMopcpii3M BeKTopHoro npocTpaHCTBa V mojkho 
OTOK^ecTBHTb c HGKOTopofi MaTpiineii. Mbi ,n;0Ka3ajiH b TeopeMe 4.9.7, hto **Z?-aB- 
TOMopcpii3Mbi BeKTopnoro npocTpaHCTBa nopojKflaiOT rpynny. HosTOMy, Kor^a mm 
H3ynaeM npe^CTaBjieHHa b »*D-BeKTopHOM npocTpaHCTBe, Hac HHTepecyiOT **_D- 
jiHHeiiHbie OTo6pa»ceHiui BeKTopnoro npocTpaHCTBa. 

Onpe^ejieHHe 5.1.1. HycTb V - **£>-BeKTopHoe npocTpaHCTBO Hafl TejiOM D. 
Mbi 6yn,eM Ha3biBaTb npeflCTaBjieime / rpynnbi G b **D-BeKTopHOM npocTpaHCTBe 
V * * Z?-JiHHeiiHBiM T*-npe/i,CTaBJieHHeM hjih Z? + *-npe,ii;cTaBJieHHeM, ecjin /(a) 
- **Z?-aBTOMop<pH3M BeKTopHoro npocTpaHCTBa V pjm jno6oro a 6 G. □ 

TeopeMa 5.1.2. ** D-aemoMopqiusMU ecKmopnozo npocmpaHcmea nopojtcdamm 
»* D-AUHeunoe Koeapuanmnoe 3<pqieKmu6Hoc T-k-npedcmaejieHue zpynnu GL* n D . 

^],OKA3ATEJlbCTBO. Ecjih flaHbi jxb& aBTOMopcpii3Ma Am B, to mm MoaceM 
3anncaTb 

v' = A**v 

v" = B*V = B**A**v 

Cjie/i,OBaTejibHO, pe3yjibTiipyioiHiiH aBTOMopcpH3M hmgct MaTpiiny B**A. 

HaM ocTajiocb noKa3aTb, hto a^po HescpepeKTHBHOCTH coctoht tojibko H3 e,zni- 
HHHHoro sjieMeHTa. TteKflecTBeimoe npeo6pa30BaHHe yapBjieTBopjieT paBGHCTBy 

l v = l A 3 j v 

Bbi6npaa 3HaHeHiia KOop/nmaT b cpopMe % v = l S k , r^;e k 3aflaH0, mm nojiyniiM 
(5.1.1) l S k = i Aj *6 k 

H3 (5.1.1) cjie,nyeT 

l S k = l A k 

IloCKOJIbKy k npOH3BOJIbHO, Mbi npiIXOflHM K SaKJIIOHeHHIO A = 5. □ 

TeopeMa 5.1.3. Bycmb A\ - Mampwaa ** D-auhcuhozo omo6paoKenusi (4.4.1) om- 
HocumeJibHO 6a3UCoe f ue u A2 - Mampuup, mozo Jtce ** D-auhcuhozo omo6paotce- 
huh omHOCumeAbHO 6a3ucoe g u h. Ecau 6a3uc f UMeem KoopduHamnym MampuiiA) 
B omHOCumeAbHO 6asuca g ** D-eeKmopnozo npocmpaHcmea V 

7 = v**b 

51 H3yHaH npe^CTaBjieHHe rpynnBi b * * D-BeKTopHOM npocTpaHCTBe, mbi 6yn,eM cjieflOBaTB co- 
rjiaineHino, onncaHHOMy b 3aM6HaHnn 2.2.15. 
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5. MHoroo6pa3ne **.D-6a3HCOB 



u e UMeem KoopduHamnym Mampuuy C omnocumeAtHO 6a3uca h ** D-eeKmopnozo 
npocmpancmea W 

(5.1.2) % = %*C 

mo Mampuvfii A\ u A 2 c6R3anu coomnouienueM 

(5.1.3) Ai = C~ U \*A 2 **B 

,2,0k A3ATEJlbCTBO. BeKTop a e V HMeeT pasjioxeime 

a = J**a = g**B**a 

OTHOCHTejibHO 6a3HCOB / h g. TaK KaK A - **_D-jiiiHeiiHoe OTo6pajKeHiie, to mm 
MO»ceM 3anHcaTb ero b cpopMe 

(5.1.4) b=e**A u *a 
OTHOCHTejibHO 6a3HCOB fvievi 

(5.1.5) b = h** B A 2if * a 

OTHOCHT&nbHO 6a3ncoB jife.B CHjiy TeopeMti 4.9.3 MaTpim,a C HMeeT »*-o6paTHyio 
h H3 paBeHCTBa (5.1.2) cjie^yeT 

(5.1.6) t = %*Cr u * 
Ilo^,CTaBHB (5.1.6) b paBencTBO (5.1.5), nojiyHHM 

(5.1.7) b = e**C- 1 *\*A 2 **B**a 

B CHjiy TeopeMBi 4.3.3 cpaBHeniie paBGHCTB (5.1.4) h (5.1.7) /jaeT 

(5.1.8) A 1 **a = C- u \*A 2 **B**a 

TaK KaK BeKTop a - npoH3BOjibHbiH bgktop, h3 TeopeMM 5.1.2 ii paBGHCTBa (5.1.8) 
cjie^yeT yTBepjKflemie TeopeMbi. □ 

TeopeMa 5.1.4. Ilycmb A - aemoMopqiu3M D-eeKmopnozo npocmpancmea. Tlycmb 
A\ - Mampuua smozo aemoMopcfiusMa, 3adannasi omnocumeAbno 6a3uca f , u A 2 
- Mampuua mozo otce aemoMopqiu3Ma, 3adannasi omnocumeAtno 6a3uca g. Ecjiu 
6a,3uc f UMeem Koopdunamnyw Mampuuy B omnocumeji'bno 6a3uca g 

mo Mampuuht A\ u A 2 cesi3anu coomnouieHueM 

Ai = B l * A 2r * B 

^],OKA3ATEJlbCTBO. YTBepjKfleHHe cjie^yeT H3 TeopeMbi 5.1.3, TaK KaK b flaH- 
hom cjiy^ae C = B. □ 



5.2. MHoroo6pa3iic **.D-6a3HCOB BCKTopHoro npocTpaHCTBa 
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5.2. MHoroo6pa3He »*Z?-6a3HCOB BeKTopHoro npocTpaHCTBa 

TeopeMa 5.2.1. ** D-aemoMoptfiu3M A, deucmeysi na Kaatcduil eeKmop ** D-6a3u- 
ca e eeKmopnoM npocmpancmee, omo6pacncaem D-6a.3uc e dpysou D-6a3UC. 

^OKA3ATEJibCTBO. IlycTb e - »*_D-6a3HC b BeKTopnoM npocTpaHCTBe V. Co- 
rjiacHO TeopeMe 4.9.6, BeKTop e a OTo6pa»caeTca: b BeKTop e' a 

(5.2.1) e' a = A,*e a 

ECJIH BGKTOpbl e' a **D-JIHHeiiHO 3aBHCHMBI, TO B **Z3-JIHHeflHOH KOM6HHaHHH 

(5.2.2) e'»*A = 

A ^ 0. H3 paBeHCTB (5.2.1) h (5.2.2) cjie/jyeT, hto 

A- U \*e'**\ = e**\ = 

h A / 0. 3to npoTHBopeniiT yTBepjKflemno, hto BeKTopti e a * * D-nvmevmo He3a- 
bhchmh. CjieflOBaTejibHO, BeKTopbi e' a **_D-jiHHeiiHO He3aBHCHMBi h nopojKflaiOT 
6a3HC. □ 

TaKiiM o6pa30M, mbi MOJKeM pacnpocTpaHiiTb **_D-jniHeHHoe KOBapiiaHTHoe T*- 
npe/i,CTaBjieHHe rpynnbi GL* n D Ha MHOxcecTBO **D-6a3HCOB. Mbi 6ya,eM Ha3BmaTB 
npeo6pa30BaHHe SToro T*-npeflCTaBjieHHH aKTHBHtiM npeo6pa30BaHHeM noTO- 
My tito * * D-jiiiHeftHoe OTo6pa»ceHHe BeKTopnoro npocTpaHCTBa nopo^njio sto npe- 
o6pa30BaHne ([6]). AKTiiBHoe npeo6pa30BaHiie tie aBjiaeTca: **D-jiHHeHHbiM npeo6- 
pa30BaHHGM , Tax KaK Ha MHOJKecTBe **L>-6a3HCOB He onpe,nejieHa **£)-jiHHeHHaH 
onepan,iia. CooTBeTCTBeHHO onpeflejieHHio mbi 6yn,eM 3anHCbiBaTB fleftcTBHe aKTHB- 
Horo npeo6pa30BaHHH A G GL' n D Ha »*Z?-6a3HC e b cpopMe A**e. Mbi 6yn,eM 
Ha3BiBaTB roMOMopcpii3M rpynnBi G b rpynny GL* n D aKTHBHBix npeo6pa30BaHHfi 
aKTHBHHM *T-npe,o,CTaBJieHHeM. 

TeopeMa 5.2.2. AKmuenoe T-k-npedcmaeAenue gpynnu GL* n D na MHOotcecmee 
** D-6a3ucoe odHompaH3umueHO. 

^],OKA3ATEJlbCTBO. Hto6bi ^OKa3aTB Teopeiviy, /ipcTaTOHHO noKa3aTB, hto ,h,jih 
jik>6bix flByx * * Z?-6a3HCOB onpeflejieHO no KpaitHefi Mepe o^ho npeo6pa30BaHHe T*- 
npeflCTaBjieHHH n sto npeo6pa30BaHiie e/pmcTBeHHO. »*Z?-roMOMopcpH3M A, fleft- 
CTBya Ha **D-6a3HC e HMeeT bha 

gi — Atf ti 

r,n;e gi - KOopfliinaTHaa Marpima BeKTopa Tji h e,; - KOop/niHaTHaa MaTpHHa BeKTopa 
e, OTHOCHTejiBHO **D-6a3iica h. CneflOBaTejiBHO, KOop/niHaTHaa MaTpnna o6pa3a 
**Z?-6a3Hca paBHa npoH3Be,a,eHHio KOop/niHaTHoii MaTpiiHBi ncxo/nroro **D-6a3Hca 

H MaTpiiHBi **Z?-aBTOMOpCpH3Ma 

g = A.*e 

B CHjiy TeopeMBi 4.9.3, MaTpiiHBi jae HeBBipojKfleHBi. Cjie^OBaTejiBHO, MaTpnna 

A = g**e~ u ' 

HBjiaeTCH MaTpHueft **D-aBTOMopcpH3Ma, OTo6pa>KaioiHero »*Z?-6a3iic e b **Z?-6a- 

3HC g. 

flonycTHM sjieMeHTBi gi, gi rpynnti G h **Z3-6a3iic e TaKOBBi, hto 

(5.2.3) gi**e = g 2 **e 
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B CHjiy TeopeM 4.9.3 h 2.2.16 cnpaBe/rjiHBO paBeHCTBO g\ = g^. OTCio/ja cjie/ryeT 
yTBep^K^eHiie TeopeMbi. □ 

Ecjih Ha BeKTopHOM npocTpaHCTBG V onpeflejieHa flonojimiTejibHaji CTpyKTypa, 
He BCHKoe * * D-jiHHeiiHoe OTo6pajKeHiie coxpaHaeT CBOficTBa 3aflaHHOfl CTpyKTypti. 
B 3tom cjiy^iae Hac HHTepecyeT noflrpynna G rpynnbi GL* n D , * * D-jniHeimoe oto6- 
pajKenHH KOTopoii coxpaHHiOT CBOficTBa 3aflaHnoii CTpyKTypbi. Mm o6mhho 6yneM 
na3biBaTb rpynny G rpynnoii chmmgtphh. He HapyinaH o6ihhocth, mm 6yp/eM 
OTOKflecTBjiHTb sjieMeHT g rpynnbi G c cooTBeTCTByiomiiM npeo6pa30BaHneM npe/r- 
CTaBjieHHH h 3anncbiBaTb ero fleficTBne Ha BeKTop v £ V b BH,n,e g**v. 

He Bcsioie ^Ba 6a3Hca MoryT 6biTb CBjraaHM npeo6pa30BaHiieM rpynnbi chm- 
MeTpnn noTOMy, hto He BCHKoe HeBbipojK^eHHoe jiimefiHoe npeo6pa30BaHHe npn- 
Hafljie>KHT npe/i,CTaBjieHHio rpynnbi G. TaKHM o6pa30M, mhojkcctbo 6a3ncoB mojkho 
npeflCTaBHTb KaK o6 r be r ii;iiHeHiie op6HT rpynnbi G. 

Onpe/jejiemie 5.2.3. Mm 6ya,eM Ha3MBaTb op6irry G**e Bbi6paHHoro 6a3nca e 
MHoroo6pa3HeM 6a3HCOB B(V, G) **-D-BeKTopHoro npocTpaHCTBa V. □ 

TeopeMa 5.2.4. AnmueHoe T-k-npedcmaejienue zpynnu G na MHozoo6pa3uu 6a- 
3UC06 odHompaH3umu6HO. 

,3,OKA3ATEJlt>CTBO. 3to cjie^CTBHe TeopeMbi 5.2.2 h onpeflejieHHH 5.2.3. □ 

H3 TeopeMbi 5.2.4 cjie^yeT, hto MHoroo6pa3ne 6a3iicoB B(V, G) aBjiaeTca o/i,- 
HopoflHbiM npocTpaHCTBOM rpynnbi G. CorjiacHO TeopeMe 3.5.13, Ha MHoroo6pa3im 
6a3ncoB cymecTByeT *T-npe/i,CTaBjieHHe, nepecTaHOBonHoe c aKTiiBHbiM. KaK mm 
BHflHM H3 3aMenaHHH 3.5.14 npeo6pa30BaHne ★T-npeflCTaBjieriHH OTjinnaeTCH ot ax- 
THBHoro npeo6pa30BaHHH n He mojkct 6biTb CBe,neHO k npeo6pa30BaHHio npocTpan- 
CTBa V. Hto6m no/rrepKHyTb pasjinnne, sto npeo6pa30BaHne Ha3biBaeTCH naccHB- 
hmm npeo6pa30BaHHeM MHoroo6pa3na 6a3ncoB B(V,G), a *T-npeflCTaBjieHne 
Ha3bmaeTca naccHBHWM ★T-npe^CTaBJieHHeivi. CorjiacHO onpeflejieHHio mm 6y- 
,n,eM 3anncbiBaTb naccnBHoe npeo6pa30BaHne 6a3nca e, nopojKfleHHoe sjicmchtom 
A e G, b (popMe i»*A 

3aMeiaHHe 5.2.5. 51 npHBeji npiaiepbi nacciiBHbix h aKTHBHbix npe^CTaBjieHHii 
b Ta6jnme 5.2.1. □ 



Tabjihi^A 5.2.1. AKTHBHoe h naccnBHoe npeflCTaBjieHiisi 



BeKTopHoe npocTpaHCTBO 


rpynna 
npeflCTaBjieHiia 


aKTHBHOe 

npe/i,CTaBjieHHe 


naccHBHoe 
npeflCTaBjieHne 


**D-BeKTopHoe npocTpaHCTBO 


GL- n D 


T-k- 


■kT- 


**D-BeKTopHoe npocTpaHCTBO 


GL n * 


T-k- 


*T- 


-D**-B6KTOpHOe npocTpaHCTBO 


GL* n 


*T- 


T-k- 


-D**-BCKTOpHOe npocTpaHCTBO 


GL n * D 


*T- 


T-k- 



CorjiacHO TeopeMe 3.5.7 mm MO»ceM onpe^ejinTb Ha B(V , G) jxse (popMbi Koop- 
flHHaT, onpeflejieHHbie Ha rpynne G. TaK KaK mm onpeflejmjiH flBa npeflCTaBjieHna 
rpynnbi G n& B(V ,G), to mm pjm onpeflejieHHH KOop/nrnaT nojib3yeMCH naccnBHMM 
★T-npe^CTaBjieHneM. Hani Bbi6op ocHOBaH Ha cjieflyiomen TeopeMe. 



5.3. reOMGTpH^ICCKHH o6teKT B * * D-BCKTOpHOM npOCTpaHCTBC 



HI 



TeopeMa 5.2.6. KoopduHamnasi Mampuup, ** D-6a3ucag omHocumeAbHO r *D-6a- 
suca e eeKmopnozo npocmpaHcmea V coenadaem c Mampuufiu naccuenozo npeo6- 
pa306anusi, omo6paMcaKnu,ego ** D-6a3uc e e D-6asuc g. 

,3,OKA3ATEji£>CTBO. CorjiacHO KOHCTpyKinin, H3jiojKeHHOH b npiiMepe 4.3.6, 
KOopflimaTHafl MaTpnua **£>-6a3nca ~g othocht6jii>ho **D-6a3Hca e coctoht h3 *- 

CTpOK, HBJIHIOIHHXCJI KOOp/HIHaTHMMH MaTpHHaMH BeKTOpOB Tji OTHOCHTejibHO ** D- 

6a3Hca e. Cjie/ipBaTejibHO, 

(5.2.4) ~g~i=e**gi 

B tojke BpeMH naccHBHoe npeo6pa30BaHHe A, CBH3MBaiomee ppa, **_D-6a3iica, HMeeT 

BHfl 

(5.2.5) 3i = e**Ai 
B ciijiy TeopeMbi 4.3.3, 

9% = At 

^jih jiioSoro z. 3to ,n,OKa3biBaeT TeopeMy. □ 

Koop/niHaTM npeflCTaBjieHHH Ha3biBaiOTCH CTaH/japTHbiMH KoopflHHaTaMH 
»*D-6a3Hca. 3Ta TOHKa 3peHHH no3BOjiaeT onpe,a,ejiHTb ,n,Ba rana KOop/pmaT iijia 
sjieMeHTa g rpynnbi G. Mm mcckem jih6o nojib30BaTbca KOopflimaTaMii, onpe^e- 
jichhbimh Ha rpynne, jih6o onpe,a,ejiHTb KOopjiHHaTM KaK ajieMeHTM MaTpnuM co- 
OTBeTCTByK>in,ero npeo6pa30BaHHH. IlepBaji cpopMa KOop/ninaT 6ojiee scpcpeKTHBiia, 
Korfla mm roynaeM CBOiicTBa rpynnbi G. BTopaa cpopMa KOop/n-raaT co,a,ep}KHT H3- 
6tiTOHHyio HHCpopMaincBO, ho 6biBaeT 6ojiee yflo6na, Kor^a mbi roynaeM npeflCTaBjie- 
HHe rpynnbi G. Mm 6yn,eM Ha3biBaTb BTopyio cpopMy KOopjjHuaT KoopflHHaTaMH 
npe/jcTaBJiemiH. 

5.3. FeoMeTpHHecKHH c^teKT b ,*D-BeKTopHOM npocTpaHCTBe 

AKTHBHoe npeo6pa30BaHHe H3MeHHeT **Z?-6a3HCM n BeKTopbi corjiacoBaHO h 
KOopflimaTM BeKTopa othochtcjibho »*_D-6a3Hca He MeHjnoTca:. IlaccHBHoe npeo6- 
pa30BaHne mghhgt tojibko **_D-6a3iic, h sto Be,n,eT k H3MeneHHio KOopjxHiiaT BeK- 
Topa OTHOCHTejibHO **D-6a3Hca. 

^onycTHM naccHBHoe npeo6pa30BaHHe A e G OTo6pa»caeT st *Z?-6a3iic e G 
B(V, G) b „*D-6a3iic I' e B(V, G) 

(5.3.1) e' = e*M 
,Z[onycTHM BeKTop v E V HMeeT pa3jio>KeHHe 

(5.3.2) v = e**v 
OTHOCHTejibHO „*Z?-6a3iica e h HMeeT pa3jiojKeHiie 

(5.3.3) v = e'**v' 
OTHOCHTejibHO **Z?-6a3Hca e' . Hfe (5.3.1) h (5.3.3) cjie/ryeT, hto 



(5.3.4) v = e**A**v' 
CpaBHiiBaa (5.3.2) h (5.3.4) nojiynaeM, hto 

(5.3.5) v = A**v' 

Tax KaK A - **-HeBbipojKfleHHaH MaTpnna, to h3 (5.3.5) cjiejxyeT 

(5.3.6) v' = A- u \*v 
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IIpeo6pa30BaHHe KOopflimaT (5.3.6) He 3aBiiciiT ot BeKTopa V hjih 6a3Hca e, a 
onpeflejieHHO HCKjnoHHTejibHO KOop/niHaTaMH BeKTopa V OTHOCiiTejibHO 6a3Hca e. 

TeopeMa 5.3.1. IIpeo6pa3oeaHUH Koopdunam (5.3.6) nopoatcdamm Konmpaeapu- 
amnHoe 9(pc/jeKmu6Hoe ** D-AUHetiHoe T-k-npedcmaeJienue zpynnu G, Ha3ueaeMoe 
Koop^HHaTHbiM npe/jcTaBJieHHeivi b **£>-BeKTopHOM npocTpaHCTBe. 

,3,0k A3ATEJi£>CTBO. flonycTHM mbi HMeeM flBa nocjieflOBaTejibHbix nacciiBHbix 
npeo6pa30BanHH A h B. IIpeo6pa30BaHHe KOop/pmaT (5.3.6) cooTBeTCTByeT nac- 
ciiBHOMy npeo6pa30BaHHio A. Ilpeo6pa30BaHHe KOop,zniHaT 

(5.3.7) v" = B~ 1 *\*v' 

cooTBeTCTByeT naccHBHOMy npeo6pa30BaHino B. IIpoH3BefleHHe npeo6pa30BaHHH 
KOopfliinaT (5.3.6) h (5.3.7) HMeeT bh^ 

(5.3.8) v" = B~ 1 '\*A~ 1 ****v = (A**By u \*v 

ii aBjiHeTca KOopfliiHaTHbiM npeo6pa30BaHiieM, cooTBeTCTByiomiiM nacciiBHOMy npe- 
o6pa30BaHiiio A**B. 3to ,zi,0Ka3biBaeT, hto npeo6pa30BaHiia KOopflimaT nopojK- 
,n,aiOT KOHTpaBapiianTHoe * * .D-jiiiHeiiHoe T*-npe,i];cTaBjieHHe rpynnti G. 

Ecjiii KOop^imaTHoe npeo6pa30BaHiie He H3MeHaeT BeKTopbi 8k, to eMy cooTBeT- 
CTByeT eflHHHu;a rpynnti G, Tax KaK naccHBHoe npeflCTaBjieHiie o,zi,HOTpaH3HTHBHO. 
CjieflOBaTejibHO, KOopflimaTHoe npeflCTaBjieHne scpcpeKTHBHO. □ 

Ilpeflnojio>KiiM, hto ^*D-jiHHeiiHoe OTo6pa>KeHiie rpynnbi G b rpynny naccHB- 
hbix npeo6pa30BaHiiii » * D-BeKTopnoro npocTpancTBa N corjiacoBano c rpynnoii 
ciiMMeTpHH BeKTopHoro ^D-npocTpancTBa V. 3to osHa^aeT, hto nacciiBHOMy 
npeo6pa30BaHiiio A * * D-BeKTopHoro npocTpancTBa V cooTBeTCTByeT naccHBHoe 
npeo6pa30Baniie A (a) **D-BeKTopHoro npocTpaHCTBa N. 

(5.3.9) e^ = 6^/3(5) 

Toiyja KOop,n;iiHaTHoe npeo6pa30BaHiie b N npHHHMaeT BHfl 

(5.3.10) w' = A(a- U ")**w = A(a)- U \*w 
Onpe/jejieHHe 5.3.2. Mbi 6yn,eM Ha3biBaTb op6nTy 

(A(G)- u \*w,f v ,*G) 

reoMerpniecKHM o6teKTOM b Koop/niHaTHOM npe,n;cTaBJieHHH, onpe^e- 
jiShhom b ,*U-BeKTopHOM npocTpaHCTBe V. Jinn jno6oro **D-6a3Hca e'y = 
ey**A cooTBeTCTByiOH^aH Toxica (5.3.10) op6nTbi onpeflejiaeT Koop,n,HHaTbi reo- 
MeTpniecKoro oGteKTa b KOop/i,HHaTHOM „*D-BeKTopHOM npocTpaHCTBe 

OTHOCHTejibHO **D-6a3Hca e^. □ 

Onpe^ejieHHe 5.3.3. Mbi 6ya;eM Ha3biBaTb op6irry 

{A(G)- u \*w^*A{G)^y**G) 

reoMerpniecKHM o6teKTOM, onpe/jejieHHbiM b **Z?-BeKTopHOM npocTpaH- 
CTBe V . ^jih jno6oro st *_D-6a3iica e'— = a**ey cooTBeTCTByroinaH TOHKa (5.3.10) 



Mm nojii>3yeMC5i o^hmm h TeM ?Ke chmbojiom Tuna BGKTopHoro npocTpaHCTBa fljin BeKTopHBix 
npocTpaHCTB N h V. TeM He MeHee ohm MoryT HM6Tb pa3jiHHHBiH ran. 



5.3. reOMGTpH^ICCKHH o6teKT B * * D-BCKTOpHOM npOCTpaHCTBG 
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op6nTM onpeflejiaeT Koop^HHaTti reoMeTpniecKoro o6teKTa b **Z?-BeKTop- 

hom npocTpaHCTBe OTHOCHTejibHO **-D-6a3Hca e'y h cooTBeTCTByronniH BeKTop 

— =/ * / 

w = e-^* w 

Ha3biBaeTca npe^cTaBHTejieM reoMerpniecKoro o6teKTa b D,*-BeKTopHOM 
npocTpaHCTBe b **D-6a3Hce e'y. □ 

TaK KaK reoMeTpHHecKHii o6i>eKT - sto op6HTa npe/jCTaBjieHira, to corjiacHO 
TeopeMe 3.4.13 onpeflejiemie reoMeTpnnecKoro oSteKTa KoppeKTHO. 

Mbi 6yn,eM Taitace tobophtb, hto w - sto reoMeTpHiecKHH o6teKT rana A 

OnpeflejieHHe 5.3.2 ctpoht reoMeTpHnecKHii o6i>eKT b KOop/pmaTHOM npocTpaH- 
CTBe. Onpeflejiemie 5.3.3 npe/nrojiaraeT, hto mm BBi6pajm **_D-6a3iic b bcktophom 
npocTpaHCTBe W . 3to no3BOjis:eT HcnojiB30BaTB npe,n,CTaBHTe.jiB reoMeTpiinecKoro 
o6i>eKTa BMecTO ero KOop/ninaT. 

Bonpoc KaK BejiHKO pa3HOo6pa3iie reoMeTpHnecKirx o6i>eKTOB xopoino H3yneH b 
cjiynae bcktophbix npocTpaHCTB. OflnaKO oh He ctojib oneBH/jeH b cjiynae „*Z?-BeK- 

TOpHMX npOCTpaHCTB . KaK BHflHO H3 Ta6jIHH,BI 5.2.1 D, *-BeKTOpHOe npOCTpaHCTBO H 

„*I?-BeKTopHoe npocTpaHCTBO hmciot oSmyio rpynny chmmctphh GL^ D . 3to no3- 
BOjiaeT, paccMaTpHBaa nacciiBHoe npeflCTaBjieHne b „ * -D-BeKTopnoe npocTpaHCTBO, 
H3ynaTb reoMeTpHnecKHii o6T.eKT b _D**-BeKTopHOM npocTpaHCTBe. Mojkcm jih mbi 
o^HOBpeMeHHO H3ynaTb reoMeTpHnecKHii o6T.eKT b %D-npocTpaHCTBe? Ha nepBbiii 
B3rjisiji, b CHjiy TeopeMbi 4.8.9 otbct OTpHnaTejiBHBiii. O^HaKO, paBeHCTBO 2.2.6 
ycTaHaBjiHBaeT hckombih **D-jiHHefiHoe OTo6pa>KeHHe MOK^y GL* n D h GL n * D . 

TeopeMa 5.3.4 (npHHHiin HHBapiiaHTHOCTn) . IJpedcmaeumeAb zeoMempuuecKozo 
o6seKma He 3aeucum om eu6opa ** D-6a3uca ey. 

^],OKA3ATEJibCTBO . Hto6bi onpe^ejiHTb npeflCTaBHTejia reoMeTpH^ecKoro 061.- 
eKTa, mbi flOjiJKHBi BBi6paTB **D-6a3HC ey, „*Z3-6a3HC epj7 h KOop/niHaTBi reoMCTpn- 
necKoro o6T>eKTa w a . CooTBeTCTByioiHHH npeflCTaBHTejiB reoMeTpH^ecKoro o6T>eKTa 

HMeeT BHfl 

»*D-6a3HC e!y CBH3aH c **_D-6a3HCOM e-y naccHBHBiM npeo6pa30BaHneM 

p' — p— * A 

Cy Cy* SI 

CorjiacHO nocTpoeHHio sto nopojKflaeT nacciiBHoe npeo6pa30BaHHe (5.3.9) h Koop- 
,n,HHaTHoe npeo6pa30BaHHe (5.3.10). CooTBeTCTByioiHHH npeflCTaBHT&jiB reoMeTpn- 
necKoro o6T>eKTa HMeeT bh^ 

w = e-^y* w = e-yy* A[a)* A(a) * w = ejy* w = w 

CjieflOBaTejiBHO, npeflCTaBHTejiB reoMeTpnnecKoro o6T>eKTa HHBapnaHTeH othoch- 
TejibHO BBi6opa 6a3Hca. □ 

Onpe/i,ejieHHe 5.3.5. IlycTB 

wi = e w **wi 
w 2 = e w **w 2 

reoMeTpHHecKHe o6 r beKTBi o/nroro h toto JKe rana, onpeflejieHHBie b **D-BeKTopHOM 
npocTpaHCTBe V. TeoMeTpHHecKHH o6T>eKT 

w = + w 2 ) 
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Ha3biBaeTca cyMMOH 

W = W\ + W2 

reoMGTpHHecKHx o6i.eKTOB "w\ 11 W2 • □ 
Onpe/jejiemie 5.3.6. IlycTb 

reoMeTpiinecKiiii o6i>eKT, onpeflejieHHbiii b * * D-BeKTopHOM npocTpaHCTBe V . Teo- 
MeTpiiHecKiiH o6i>eKT 

w 2 = e w **(kw!) 

Ha3BmaeTca npoH3BefleHHeM 

U>2 = kwi 

reoMerpHHecKoro 06'beKTa Wi h KOHdaHTU k 6 D. □ 

TeopeMa 5.3.7. reoMempunecKue o6t>eKmu muna A, onpedejieHHue e **D-eeK- 
mopnoM npocmpaHcmee V , o6pa.3ymm D-eeKmopnoe npocmpaHcmeo. 

^I,OKA3ATEJibCTBO. YTBep^KfleHiie TeopeMbi cjie^yeT 113 Henocpe/jCTBemioii npo- 
BepKii cbohctb BeKTopHoro npocTpaHCTBa. □ 



TjiaBa 6 



**_D-jiHHeHHoe OTo6paxceHHe 

6.1. * * ZJ-jiHHeiiHoe OToGpaaceHiie 

B 3tom pa3flejie mm iiojiojkhm, hto V, W - sto * * U-BeKTopHbie npocTpaHCTBa. 
Onpe/i,ejieHHe 6.1.1. 06o3HanHM C(**D\ V\W) MHO>KecTBO „*D-jiHHefiHi>ix oto6- 

pajKGHIIH 

A:V 

„*D-BeKTopHoro npocTpaHCTBa V b „, * .D-BeKTopnoe npocTpaHCTBO W. 06o3HaHHM 
£(£*»*; V; W) MHCWKecTBO *-jiHHeHHHX OTo6pa:sceHHH 

A:V -^W 

**£)-BeKTopHoro npocTpaHCTBa V b **D-BeKTopHoe npocTpaHCTBO W. □ 
Mbi mojkbm paccMaTpiiBaTB Tejio D KaK o/rnoMepHoe **.D-BeKTopHoe npo- 

CTpaHCTBO. CoOTBGTCTBGHHO Mbi MOJKCM paCCMaTpiIBaTb MHOJKeCTBa £(**£>; D] W) 

h £(**£>; F; D). 

Onpe/jejiemie 6.1.2. 06o3HaniiM C(*T; S; R) mhojkcctbo ★T-npeflCTaBjieHHii Te- 
jia S b a/mHTHBHOii rpynne Tejia R. 06o3HamiM £(T*; S; R) mhojkbctbo T-k-npep,- 
CTaBjieHHft Tejia S b a/rjniTHBHOii rpynne Tejia R. □ 

TeopeMa 6.1.3. YlpednoAOMCUM, umo V, W - ** D-eeKmopnue npocmpaHcmea. 
Tozda MHOOKecmeo C( t *D; V; W) HGASiemcfi a6eAeeou zpynnou omHocumejibHO 3a- 
Kona KOMno3uv,uu 

(6.1.1) (A + B~)**x = 1**x + B~**x 

,ZI,OKA3ATEJlL>CTBO. HaM Haflo noKa3aTb, ^ito OTo6pa>KeHHe 

A + B :V ^ W 

onpe/i,ejieHHoe paBeHCTBOM (6.1.1), - 3to * * D-jiimenHoe OTo6pajKeHne * * .D-BeKTop- 
Hbix npocTpaHCTB. CorjiacHO onpeflejieHino 4.4.2 

A* (x* ex) = (A* 3*)* CL 

i?**(x**a) = (B**x)**a 

Mbi BHflHM, nTO 

(A + i?)**(ax**) = A**(a**x) + B**(x**a) 
= (x**A)**a + (a;**£>)**a 
= (A**x + B**x)**a 
= ((A + 5)**x)**a 
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HaM Haflo noKa3aTb TaK »ce, hto 3Ta onepaniifl KOMMyTaTHBua. 

(A + B)**x = A**x + B**x 
= B* x -\- A* x 
= (B + A)**x 

□ 

Onpe^ejieHHe 6.1.4. * * D- JIiraeiiHoe OTo6pajKemie A + B Ha3biBaeTCH cyMMofi 
**Z)-jiHHeiiHbix OTo6paiKeHHfi Aw B. □ 

TeopeMa 6.1.5. Ilycmb f = (fi,i £ I) - ** D-6a3uc e eeKmopnoM npocmpaHcmee 

V u e = (ej,j G J) - ** D-6asuc e eenmopnoM npocmpaHcmee W . Bycmt, A — 
{ J Ai), i G I , j G J , - npouseoAbnaji Mampuup,. Tozda omo6paofcenue 

A:V -^W 

onpedeAennoe paeencmeoM 

b = A„*a 

omHocumejibHo eu6paHHux ** D-6a3ucoe, sieAsiemcsi D-AuneunuM omo6paotcenu- 
eM eenmopnux npocmpancme. 

^OKA3ATEJTbCTBO. TeopeMa 6.1.5 HBjiaeTCH o6paTHMM yTBep^K^eroieM Teo- 
peMe 4.4.3. IIpeflnojiojKHM A**!! = e** A**v. Toiyja 

A**(v**a) — e^A^v^a 

= (A**v)**a 

□ 

TeopeMa 6.1.6. Tlycmb f = {fi,i G /) - ** D-6a3uc e eeKmopnoM npocmpancmee 

V u e = (ej,j G J) - ** D-6asuc e eeKmopnoM npocmpancmee W. TIpednoAOMCUM 
** D-AuueuHoe omo6pacncenue A uMeem Mampuuij A = ( J AA, i G /, j G J, om- 
HocumeAtHO eu6pannux D-6a3ucoe. Ilycmb m G D. Tozda Mampuua 

j (mA)i = in j Ai 

onpedeAsiem ** D-Auneunoe omo6paotcenue 

m~A:V-tW 

Komopoe mu 6ydcM na3ueamb D*-npoH3Be,a,eHHeM **Z?-jiHHeimoro OTo6pa- 
xeHHH A Ha CKajiap. 

,3,0k A3ATEJTbCTBO. YTBepjKfleHHe TeopeMbi hbjihctch cneflCTBiieM TeopeMbi 
6.1.5. □ 

TeopeMa 6.1.7. Mnootcecmeo £(** D; V; W) neAsiemcti D ** -eeKmopnuM npocmpan- 
cmeoM. 

^OKA3ATEJibCTBO. TeopeMa 6.1.3 yTBepayjaeT, hto £(**£>; V; W) - a6ejieBaa 
rpynna. Ife TeopeMbi 6.1.6 cjie^yeT, hto sjieMeHT Tejia D nopo>KflaeT T*-npeo6pa- 
30BaHiie Ha a6ejieB0ii rpynne V; W). H3 TeopeM 6.1.5, 4.1.1 h 4.1.3 cjie^yeT, 

HTO MHOJKeCTBO £(** D] V\ W) SBJIHeTCH D*-BeKTOpHbIM npOCTpaHCTBOM. 

BbinncbiBaa sjieMeHTbi 6a3Hca Z}*-BeKTopnoro npocTpancTBa £(**D;V;W) 

B BHfle *-CTpOKH HJIH *-CTpOKH, Mbl IipeflCTaBHM D*-BeKTOpHOe npOCTpaHCTBO 

£(**D; V; W) kbr £>%- hjih Z?**-BeKTopHoe npocTpaHCTBO. IIpH stom Ha^o hmctb 



6.2. 1 — * * D-cpopMa Ha bcktophom npocTpaHCTBC 
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b BH^y, hto Bbi6op Meatfly D**- h D**-jnaHeftHO:H 3clbiichmoctbk) b _D*-BeKTOpnoM 
npocTpaHCTBe £(**£>; T^; W) He 3£ibhcht ot rana BeKTopHbix npocTpaHCTB V h W. 

JXflR Toro, HTo6bi Bbi6paTb Tin BeKTopHoro npocTpancTBa £(** D;V;W) mbi 
o6paTHM BHiiMamie Ha cjie/ryioiHee o6cTOHTejibCTBO. ^onycTHM V h W - **D-BeK- 
TopHtie npocTpaHCTBa. ^onycTHM D;V;W) - Z?**-BeKTopHoe npocTpaHCTBO. 
Toiyia fleitcTBiie *-ctpokh **Z)-jiHHeHHbix OTo6pa>KeHHH 3 A Ha *-CTpoKy BeKTopoB 
fi mojkho npeflCTaBHTt b BHfle MaTpmroj 

f 1 A,*J 1 ... l A,*7n\ 



L ,4 



/» = 



3Ta 3anHCb corjiacyeTCH c MaTpniHOH 3anHCbio flencTBHH D**-jiHHeHHOii KOM6iiHa- 
hhh a tt* A * * .D-jniHeihiBix OTo6pajKeHHii A. □ 

Mbi mojkbm TaKace onpeflejiHTB *_D-npoH3Be,n,eHHe **_D-jniHeinioro OTo6pa>Ke- 
hhh A Ha CKajiap. 0#HaKO, BOo6me roBopa, sto *T-npeflCTaBjieHiie Tejia D b D*- 
BeKTopHOM npocTpaHCTBe D]V]W) He mojkct 6biTb nepeHeceHO b * * D-BeKTop- 
Hoe npocTpaHCTBO W. ^HeflcTBHTejibHO, b cjiynae *Z?-npoii3Be r neHiiJi mbi HMeeM 

(Im)»'ii = (Am)**J**v = e.'fim),*!) 

IlocKOjibKy npoH3BefleHne b Tejie He KOMMyTaraBHO, mm He mojkcm Bbipa3HTb no- 
jiyneHHoe BbipajKeHHe KaK npoH3Befleinie A**v Ha CKajiap m. 

CjieflCTBHeM TeopeMbi 6.1.7 jiBjiseTCH HeoflHOSHanHOCTb 3aniicii 

to* A* v 

Mbi moo-kem npeflnojiojKiiTb, hto cmbicji stoh 3anncH HceH H3 KOHTeKCTa. O/niaKO 
jKejiaTejibHO HeoflHOSiiaHiiocTB H36e»caTb. Mbi 6yn,eM nojib30BaTbCH flirn stoh u,ejiH 
CKo6KaMH. BbipajKeHiie 

w = [m**A]**v 

03HaHaeT, hto D**-jnrHeHHafl KOM6HHainiH »*Z?-jiHHeHHbix OTo6pajKeHiiH l A oto6- 
pasKaeT BeKTop v b BeKTop w. BbipajKeHHe 

w = B**Ai*v 

03HaHaeT, ito st *-npoH3BefleHne * * Z?-jiHHeirabix OTo6pa:aceHiiH A h B OTo6pa»caeT 

BeKTOp V B BeKTOp W. 

6.2. 1 **£>-cpopMa Ha BeKTopHOM npocTpaHCTBe 

Onpe^ejieHHe 6.2.1. 1 — **D-<popMa na bcktophom npocTpaHCTBe V - 3to **£>- 
jiHHeflHoe OTo6pajKeHiie 

(6.2.1) b:V^D 

□ 

Mbi MO»ceM SHaneHne 1 — **D-cpopMbi b, onpe/iejieHHoe fljisi BeKTopa a, 3ann- 
cbiBaTb b Bii/i,e 

b(a) =< b,a > 

TeopeMa 6.2.2. Mnoofcecmeo £(**D; V; D) siejisiemcsi D-k-eenmopHUM npocmpan- 
cmeoM. 
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/HOK A3ATEJIbCTBO . * * D-BeKTOpHOC npOCTpaHCTBO pa3MepH0CTH 1 SKBHBajieHT- 

ho Tejiy D □ 

TeopeMa 6.2.3. Ilycmb e - ** D-6a,3uc e eeKmopnoM npocmpaHcmee V . 1-**D- 
(fiopMa b UMeem npedcmaejienue 

(6.2.2) <b,a>=b**a 

orrmocumejibHo eu6pawHozo »* D-6a3uca, zde eeitmop a UMeem pa3A0Mceuue 

(6.2.3) a = e**a 
u 

(6.2.4) 6 l =<6,e J > 
^,OKA3ATEJibCTBO. Tax KaK b - l-**D-(popMa, H3 (6.2.3) cjie^yeT, hto 

(6.2.5) < b,a >=< 6,e**a >=< b,ei > l a 

(6.2.2) cjie^yeT H3 (6.2.5) h (6.2.4). □ 

TeopeMa 6.2.4. Ilycmb e - ** D-6a3uc e eeKmopnoM npocmpaHcmee V. l-**D- 
qiopMa (6.2.1) odnosHauHo onpedejiena 3HaueHU}iMu (6.2.4), e Komopue 1-** D-diop- 
Ma b omo6paoKaem eenmopa 6asuca. 

3,OKA3ATEJibCTBO. YTBepjKfleHiie HBjiaeTCH cjie^CTBHeM TeopeM 6.2.3 h 4.3.3. 

□ 

TeopeMa 6.2.5. Ilycmb e - ** D-6a3uc e eeKmopnoM npocmpaHcmee V . Mnomce- 
cmeo 1-** D-cfiopM l d manux, umo 

(6.2.6) < j d,e i >= j S i 

MeAJiemcM D r * -6a3ucoM d eenmopnozo npocmpancmea C( r *D; V; D). 

^OKA3ATEJlbCTBO. l-»*D-cpopMa i d cym,ecTByeT fljia ^aHHoro j corjiacHO 
TeopeMe 6.2.4, ecjin iiojiojkhtb b t = J Si . Ecjih npe,nnojio»:HTB, ^rro cymecTBy- 
eT l-**Z?-cpopMa 

b = K*d = Q 

TO 

bj < 3 d,ei >= 

CorjiacHO paBeHCTBy (6.2.6) 

bi = bj J <5 4 = 

CjieflOBaTejibHO, l-**Z)-(popMbi -^d jihhghho He3aBnciiMBi. □ 

Onpe/jejiemie 6.2.6. IlycTb V - **-D-BeKTopHoe npocTpancTBO. Z?»*-BeKTopHoe 
npocTpaHCTBO 

V* = £(**D;V;D) 

Ha3BmaeTca flyajibHbiM npocTpaHCTBOM k **Z?-BeKTopHOMy npocTpaHCTBy 

V. IlycTb e - **Z)-6a3HC b bcktophom npocTpaHCTBe V. -D»*-6a3HC d BeKTopHoro 
npocTpancTBa V* , y^OBjieTBopfliomiiJi paBeHCTBy (6.2.6), Ha3biBaeTca Z?**-6a3H- 
com, flyajibHtiM **Z?-6a3Hcy e. □ 



6.3. IlapHbic npcflCTaBjicHHH Tejia 



8!) 



TeopeMa 6.2.7. Ilycm-b A - naccuenoe npeo6pa3oeaHue Mnozoo6pa3UK 6a3ucoe 
B(V \GL* n ). flonycmuM **D-6a3uc 

(6.2.7) f' = f*M 

MeAJiemcM o6pa,30M D-6a,3uca e. Tlycmt, B - naccuenoe npeo6pa3oeanue mhozo- 
o6pa,3UM 6a,3ucoe B(V* ,GL^ D ) mame, nmo D** -6a,3uc 

(6.2.8) 2'=B**2 
dyaAen ** D-6a3ucy. Tozda 

(6.2.9) B = A~ u * 
^OKA3ATEJibCTBO. H3 pciBGHCTB (6.2.6), (6.2.7), (6.2.8) cjie^eT 

^S i = <^d',e > i > 

(6.2.10) =*B X < l d,e k > k A t 

= J B l l S k k A l 

= J B k k A t 

PaBeHCTBO (6.2.9) cjie^yeT 113 paBeHCTBa (6.2.10). □ 
6.3. IlapHBie npe^cTaBJieHHH Tejia 

TeopeMa 6.3.1. B mo6om ** D-eeKmopnoM npocmpancmee moohzho onpedeAumb 
cmpynmypy D-k-ecumopnozo npocmpancmea, onpedeAue D-k-npouseedenue eenmo- 
pa na CKaAHp paecncmeoM 

mv = m5%*v 

^OKA3ATEJlbCTBO. HenocpeflCTBeHHaa npoBepica ,n;0Ka3BiBaeT, hto OTo6pa- 

/ : D ->■ V* 

onpe/i,ejieHHoe paBeHCTBOM 

f(rn) = m5 

onpeflejraeT T*-npeflCTaBjieHiie KOJiti^a D. □ 

Mbi MO»ceM HHane cepopMyjiHpoBaTb TeopeMy 6.3.1. 

TeopeMa 6.3.2. Ecau mu onpcdcAUAU 3qjqjeKmuenoe -kT -npedcmaeAenue f mcAa 
D na a6ejieeou zpynne V , mo mu mochccm odno3na%HO onpedeAumt> DqjqjeKmuenoe 
T-k-npedcmaeAenue h meAa D na a6eAeeou zpynne V maKoe, umo duazpaMMa 




h(a) 

KOMMymamuena 3asi aw6ux a, b G D. □ 

Mbi 6ypfiM Ha3biBaTb npeflCTaBjiemis fun napHMMH npe,a,CTaBJieHHHMH 
Tejia D. 
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TeopeMa 6.3.3. B eenmopHOM npocmpancmee V Had meAOM D mu MowceM onpe- 
dejiumb D-k-npou3eedeHue u *D -npou3eedeHue eenmopa na CKdAfip. Cozjiacno meo- 
peMe 6.3.2 smu onepav,uu ydoeAemeopmom paeencmey 

(6.3.1) (am)b — a(mb) 

P&bchctbo (6.3.1) npeflCTaBjiaeT 3&koh accou;HaTHBHOCTH rjix napHbix 

npe/^CTaB jieHHH . 3to no3BOjiaeT HaM nncaTB noflo6HBie BBipajKemis: He nojiB3yHCB 

CK06KaMH. 

,3,OKA3ATEJibCTBO. B pa3flejie 6.1 iiaHO onpe;j,e,iieHHe D*-npoH3Be,a,eHHfl »*£)- 
jiHHeiiHoro OTo6pajKeHHH A Ha CKajiap. CorjiacHO TeopeMe 6.3.1 T*-npe,a,CTaBjieHHe 
Tejia D b _D*-BeKTopHOM npocTpancTBe £(** D;V;W) mojkbt 6bitb nepeHeceHO b 
**D-BeKTopHOM npocTpaHCTBO W corjiacHO npaBHjiy 

□ 

AHajiorHH c bcktophbimh npocTpancTBaMH Hafl nojieM 3axo,zn-iT ctojib jjajie- 
ko, hto Mbi MOJKeM npejiriojiojKHTB cymecTBOBaHiie KOHHenniiH 6a3nca, KOTopBiii 
ro/i,HTCH jijih D*-npoH3Be,i];eHHa h *D-npoii3Be,zi,eHHfl BeKTopa Ha CKajiap. 

TeopeMa 6.3.4. B eenmopHOM npocmpaHcmee cmpoK D ** -MHOzoo6pa3ue 6a3ucoe 
u * *D-MHOzoo6pa3ue 6a3ucoe owlauuhu 

B(V,D**)jLB(V,\D) 

,3,OKA3ATEJlt>CTBO. ITpn flOKa3aTejibCTBe STOit TeopeMBi mbi 6ya,eM naiiB30- 
BaTbca CTaH/japTHBiM npeflCTaBjieHHeM MaTpiiHBi. He Hapynias o6ihhocth, mbi npo- 

BeflSM flOKa3aTejIBCTBO B KOOpjXHHaTHOM BeKTOpHOM npocTpaHCTBe D n . 

IlycTB e = (e, = (Sf),i,j £ i, \i\ — n) - MHCBKecTBO BeKTopoB BeKTopHoro npo- 
CTpaHCTBa D n . OneBiiflHO, e HBjiaeTCH oflHOBpeMeHHO Z?H«*-6a3HCOM h **D-6a3HCOM. 

JXjISL npOH3BOJIBHOrO MHOJKeCTBa BGKTOpOB (fi,l £ i,\i\ = Tl) *-KOop,n;iiHaTHaH 

MaTpuna 

/ A 1 - ft 

(6.3.2) / = 

V fn ■ In 

OTHOCHTejiBHO 6a3iica e coBnajiaeT c * * _D-KOop,zniHaTHOii MaTpuneffl othochtcjibho 
6a3Hca e. 

Ecjih MHOxcecTBO BeKTopoB (fi,i £ i, \i\ — n) - **Z?-6a3HC, to corjiacHO 4.9.3 
MaTpuna (6.3.2) - **-HeBBipojK,n;eHHaa mbtphhei,. 

Ecjih MHoarecTBO bgktopob i £ i, \i\ = n) - %Z?-6a3HC, to corjiacHO TeopeMe 
4.9.3 MaTpHHa (6.3.2) - %-HeBBipo>K,ii;eHHaa MaTpnna. 

CjieflOBaTejiBHO, ecjin MHOJKecTBO BeKTopoB (/,;, i £ i, \i\ = n) nopojKflaiOT D**- 
6a3HC h %D-6a3HC, hx KOopflimaTHaa: MaTpnua (6.3.2) HBjiHeTCH **-HeBBipojKjj,eH- 
Hoft h *»-HeBBipojKjj;eHHOH MaTpHH,eH. YTBepjKfleHHe cjie/ryeT 113 TeopeMbi 4.8.9. □ 

H3 TeopeMbi 6.3.4 cjieiiyeT, hto b bcktophom npocTpaHCTBe V cymecTByeT D**- 
6a3HC e, KOTopBiit He HBjiaeTCH **Z?-6a3iicoM. 



6.4. D-BeKTopHoe npocTpaHCTBO 
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6.4. Z?-BeKTopHoe npocTpaHCTBO 

IIpH H3yHeHHii MHoriix 3a^aH Mbi BnojiHe mojkgm orpaHHHHTBCH paccMOTpe- 
hhcm Z?*-BeKTopHoro npocTpaHCTBa jih6o *D-BeKTopHoro npocTpaHCTBa. OjxnaKO 

eCTb 3aflaHH, B KOTOpBIX MBI BBIHyjKJTeHBI OTKa3aTBCfl OT npOCTOH MOflejIH H OflHO- 

BpeMeHHO paccMaTpiiBaTb o6e CTpyKTypBi BGKTopHoro npocTpaHCTBa. Horo6koto 
pojra npocTpaHCTBO mbi 6ya,eM na3BiBaTB Z?-BeKTopHoe npocTpaHCTBO. 

^onycTHM, hto b Z?-BeKTopHOM npocTpancTBe V onpeflejieHBi »*Z3-6a3HC p* h 
i3**-6a3HC *p. BeKTop ip jD%-6a3Hca »p HMeeT pa3Jio:sceHHe 

(6-4.1) iP = PjiPl2 iP = P**iPl2 

OTHOCHTejiBHO * * D-6a3iica p* . BeKTop pj **D-6a3Hca p* HMeeT pa3jio»ceHHe 

(6.4.2) Pj=P2\)iP Pj=P2ij**P 

OTHOCHTejiBHO jD*„-6a3Hca *p. 

HeTpyjTHO BHjj^eTB H3 nocTpoeHHH, hto p\2 - KOopjj,HHaTHaa MaTpHH,a Z?%-6a- 
3Hca *p OTHOCHTejiBHO **Z?-6a3Hca p». *-CTpoKii MaTpnii,Bi pi2 D**-jiHHeHHO He3a- 

BHCHMBI. 

AHajiorHHHO, P21 - KOopjTHHaTHaa MaTpnna * * _D-6a3iica p* othochtcjibho -D** 

-6a3HCa *p. *-CTpOKH MaTpHHBI P21 * * -D-JIHHeHHO He3aBHCHMBI. 

H3 paBeHCTB (6.4.1) h (6.4.2) cjiejryeT 

(6.4.3) ,p = pj {p 12 = p 2 l-j kP \P\2 iP = P**iPl2 = (P21**P)**iPl2 

H3 paBencTBa (6.4.3) bhjtho, hto nopHjrpK cko6ok cymecTBeneH. 

XOTH MaTpHHBI P21 H P12 He HBJUHOTCH B3aHMHO o6paTHBIMH, MBI MOJKfiM CKa- 

3aTB, hto paBeHCTBO (6.4.3) onHCBmaeT TOJK^ecTBeHHoe npeo6pa30BaHHe £>-BeKTop- 
hoto npocTpaHCTBa. 3to npeo6pa30BaHiie mojkho 3anncaTB Taitsce b BH/je 

,g 4 ^ Pj = P21-) iP = P21-) (Pk k iP\2) 

Pj = P2\-j**P = P21-J**(P**P12) 

H3 cpaBHeHHH paBeHCTB (6.4.3) h (6.4.4) cjiejj,yeT, hto H3MeHeHHe nopajj,Ka cko- 
6ok npHBOJTHT k H3MeHeHHio nopajiKa cyMMHpoBanHH. 3th paBeHCTBa BBipajKaiOT 
CHMMeTpino b BBi6ope £>%-6a3Hca *p h **D-6a3Hca p». 

BeKTop r £ V HMeeT pa3jiojK6HHe 

(6.4.5) r = r* ip = pj J r r = r* *p = p* 

IIo^,CTaBHM (6.4.1) b (6.4.5) 



— * 

" r 



■4.6) r % pj \pi2 =p 3 3 r r* *(p**pi 2 ) = p * 



r 



IIojTCTaBHM (6.4.5) b (6.4.3) 
(6.4.7) 



r l ip = r l pj jpi2 = r % p 2 i-f kP \p\2 



r**p = r**(p**pi 2 ) = r%((p 2 i%p)**pi 2 ) 
Onpe/jejiemie 6.4.1. KoopjriiHaTBi 
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BeKTopa r OTHOCHTejibHO D%-6a3nca *p Ha3BiBaiOTCH £>*-KOMnoHeHTOH Koop,a,H- 
HaT BeKTopa r. Koop/niHaTBi 



BGKTopa r OTHOCHTejibHO „*D-6a3Hca p« Ha3BiBaiOTCH *£>-KOMnoHeHTOH Koop,a,H- 



3aMeMaHHe 6.4.2. Hto6bi He neperpyscaTb tckct chmbojihkoh, mh 6yn,eM cjiepp- 
BaTB corjianieHHio. Ecjih D*-K0MnoHeHTa KOopflimaT BeKTopa hjih *D-KOMnoHeHTa 
KOop,n;iiHaT BeKTopa ynacTByeT b onepainiH yMHOJKeHHa hjih mm 3aniicbiBaeM coot- 
BeTCTByion^He HH^eKCBi, to mbi 6ya;eM onycKaTb ciimboji *, Tax kbr H3 3anncH 6y- 
fleT hcho, KaKHe KOMnoiieHTBi BeKTopa mbi HcnojiB3yeM. AiiajioriiHHoe corjiaiHemie 
pacnpocTpaHHeTCH Ha %D-6a3nc h „*Z?-6a3HC *p. Mbi He 6yn,eM nojib30BaTBCH 
corjianieHneM b Tex cjiynaax, KOiyja coKpamemiaji 3anHCb MO»ceT 6bitb npoHTeHa 

HeOflHO3HaHH0. □ 

B OTo6pa*;eHHH (6.4.7) mbi bh/him, hto „*Z3-6a3HC no^BepraeTCH onpeflejieH- 
HOMy npeo6pa30BaHHio. Pa3jio:aceHiie BeKTopa OTHOCHTejibHO »*Z?-6a3iica ocTaeTCH 
Hen3MeHHBiM flo h nocjie npeo6pa30BaHiiH. B pa3flejie 5.2 mbi onpeflejiiuiii aKTHB- 
Hoe h naccHBHoe npeo6pa30BaHHH Ha MHoroo6pa3iiH 6a3iicoB * * D-BeKTopHoro npo- 
CTpancTBa. Ilo aHajiorHH mbi mojkbm npeflnojiojKHTB, ito npeo6pa30BaHHe (6.4.3) 
HBjiaeTCH naccHBHbiM npeo6pa30BaHiieM. 




HaT BeKTopa r. 



□ 



TjiaBa 7 



IlpoH3Be^eHHe npe,a,CTaBJieHHH 



7.1. BnMOflyjib 

Onpe/jejiemie 7.1.1. V - (S-k, ^r)-6HMOflyjib, ecjiH Ha mhojkgctbg V onpeflejie- 
hbi CTpyKTypti S'*-BeKTopHoro npocTpaHCTBa h ★T-BeKTopHoro npocTpaHCTBa. 

□ 

Mbi TaKJKe nojib3yeMCH 3anHCBK> s^t, KOiyja mbi xothm CKa3aTB, hto V - {S, 
T)-6iiMopyjib. 

ITpHMep 7.1.2. B pa3flejie 6.4 Mbi paccMOTpejni £>-BeKTopHoe npocTpaHCTBO, b 
kotopom mo)kho onpeflejiHTB CTpyKTypy (I?**, **-D)-6iiMO,nyjiH. □ 

IIpHMep 7.1.3. MHOKecTBO n x m MaTpnn, nopojKflaeT (D*, *D)-6HMO^,yjib. £)*- 
6a3HC mojkho npeflCTaBHTb b BH^e MHOJKecTBa MaTpnn; j J e = (£,£{)■ □ 

IIpHMep 7.1.4. Hto6bi yBH/jeTB npHMep (S**, t *T)-6vtMOffyjni, mbi mojkem b3htb 
MHOJKecTBO MaTpnn; 

/ {Ax, 1 B) ... {Ax, m B) 

(7-1.1) 

\ {An, 1 B) ... {A n , m B) 

OopMajibHO mbi MOsceM npeflCTaBHTB 3Ty Marpirny b BHfle 
{AxSB) ... {Ax, m B) \ / Ax \ 

= •• • ( * ■• m » ) 

{An, 1 B) ... {A n , m B) J \A n J 

3to npeflCTaBjieHHe hcho noKa3BiBaeT, hto 5**-pa3MepHOCTB (£**, **T)-6HMO^yjiH 
paBHa n h **T-pa3MepHOCTB paBHa m. OflHaKO b otjihhhh ot npHMepa 7.1.2 mbi He 
moo-kem nocTpoHTB 5**-6a3iic HjHi **T-6a3HC, KOTopBiii nopojKflaji 6bi (5**, **T)- 
6HMO^yjiB. Ha caidOM flejie 6a3HC (<?**, *T)-6HMO,nyjiH HMeeT bh^ ( a e, /&), h jiio6oh 
BeKTop (S 1 **, it*T)-6viMopynsi HMeeT pa3jio?KeHHe 

(7.1.2) (A,B) = A a { a eJ b ) b B 

KOSfpCpHHHeHTBI KOTOpOTO nOpOJKflaiOT MaTpHHy (7.1.1). □ 

Mbi mcckem 3anncaTB paBeHCTBO (7.1.2) b BH,n,e 

(7.1.3) (A,B) = {A**e,f**B) 



^ "^HanoMHio, ito b HaniHx o6o3HaHeHHHx 5^-BeKTopHoe npocTpaHCTBO 03HanaeT jieBoe S-bck- 
TopHoe npocTpaHCTBO h *T-BeKTOpHoe npocTpaHCTBO 03HaMaeT npaBoe T-BCKTOpHoe npocTpaH- 

CTBO. 
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7. ripOH3BCflCHHC IipCflCTaBJICHHH 



PaBencTBO (7.1.3) BbirjiHflHT Heo6biHHO, ho oho ctrhobhtch hohhthmm, ecjiH mm 

nOJIOJKHM 

(A,B) = (A,0) + (0,B) 
CorjiaineHHe 4.2.6 cnpaBefljiHBO pjin npeflCTaBjieHHa BeKTopoB st *T-BeKTopHoro npo- 
CTpaHCTBa He3aBHCHMO ot npe^CTaBjieHiiH bcktopob S',*-BeKTopHoro npocTpaH- 
CTBa. Mm mojkbm 3anHcaTb sto paBeHCTBO b BH,u;e 

(7.1.4) (A,B) = (A\e,B**J) 

Hpa 3tom KOopfliiHaTbi BeKTopa (^4, B) ne nopo»:/i,aiOT MaTpiiHM. OflHaKO 3to 
Hac ceftnac He HMeeT 3HaHeHHH. 

Mm xothm 3anHcaTb KOMnoHeHTM An B b paBencTBe (7.1.2) c o/nroft cropoHM 
no OTHonieHHio k BeicropaM (°e, /t,). Ha nepBbiii B3rjiHfl 3to Ka»ceTCH HeB03MOJKHOft 
safla^eft. OflHaico mbi npHMeM corjiaineHiie 3anHCbiBaTb sto paBeHCTBO b 

(A,B) = (A a ,B»)( a e, b J) = (A**,B%)(eJ) 

3t& KOHCTpyKn,HH jierito noflaeTCH o6o6rn,eHHio. 

7.2. IIpHMoe npoH3Be,n,eHHe Teji 
Onpe^ejieHHe 7.2.1. HycTb A - KaTeropiia. IlycTb {Bi,i £ 1} - MHOJKecTBO 061,- 

eKTOB H3 A. OSteKT 

p = U R l 

II MHOJKeCTBO MOp(pII3MOB 

{U:P ^Bi,iGl} 

Ha3biBaeTca npoH3Be,a,eHHeM o6teKTOB {Bi,i € /} b KaTeropnH A 1 ' 2 , ecjni 
.zyia: jno6oro o6 r beKTa R h MHoacecTBO Mop<pii3MOB 

{ 9i :R Bi , i € 1} 

cymecTByeT efliiHCTBeHHbiii MopcpH3M 

h : R *P 

TaKoit, hto flnarpaMMa 

P — tj -^ Bi fi°h = gi 




R 

KOMMyTaTiiBHa pjisi Bcex i <E I. □ 

Ecjih |/| = n, to /jjih nponsBeflemia 061,6x108 {Bi,i G /} b A mm Tax jkb 
6ya;eM nojib30BaTbca 3anHCbio 



G = Y[B i = B 1 x...xB n 



^• 2 OnpeflejieHHe flam coraacHO [1], cTp. 45 



7.2. IlpflMoe npoH3BefleHHe Teji 
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Onpe^ejieHHe 7.2.2. lTycTB {Gi,i G 1} - mhojkgctbo rpynn. IlycTb 

G = Y[G t 

iei 

,n,eKapTOBO npoH3Be,n;eHHe mhojkcctb Gi, i G /. Mm onpe,a,ejiHM Ha G rpynnoByio 
CTpyKTypy nocpe,u;CTBOM noKOMnoneHTHOro yMHOJKeHHH. Ecjih x = (xi,i <E I) G D 
h y = (yi,i € /) G D, mbi onpeflejiHM hx npoH3Bejj,eHiie 

xy = (xiy u i G /) 

Ecjih x = (a;,-, i G /) G D, mm onpeflejiHM o6paTHMH sjigmght 

x' 1 = {xr l ,i g I) 

MHOJKecTBO G Ha3biBaeTCH npoH3Be^eHHeM rpynn 7 3 Gi, i E I. □ 

Ecjih |/| — n, to ^jih npoH3Bejj,eHHH rpynn G\, G n mm Tax ate 6yn,eM 
nojiB30BaTBCH 3anHCbio 

n 

G = ]jG l = G 1 x ... xG„ 

i=l 

TeopeMa 7.2.3. IIpouaeedeHue a6ejieeux zpynn ne/isiemcfi a6ejieeou zpynnou. 
,3,OKA3ATEJi£>CTBO. IlycTb x = (xi, i G I) G G h y = i G I) G G. Torjxa 
x + y = (a; l + yi,i G /) = (y t + x l: i G J) = y + x 

□ 

Onpe/jejieHHe 7.2.4. IlycTb {D, l: i G /} - mho>kcctbo Teji. IlycTb 

D = J[Di 

iei 

npoH3Beji;eHHe ajifliiTHBHtix rpynn Teji Dj, i £ /. Ecjih x = (xj, i G /) G .D h 
y = G /) G I?, mm onpeji;ejiHM hx npoH3Bejj,eHHe noKOMnoHeHTHO 

xy = {x i y l ,i G 7") 

MyjiBTiinjiHKaTiiBHaa e/niHHna - sto e = (ej, i G /) G D, rjj,e ei, i £ I - MyjibTnnjiH- 
KaTHBHaa ejxiiHHHa Tejia Di . Mhcokectbo D Ha3MBaeTCH npHMMM npoH3Be/j,eHH- 
eM Teji'' 4 Di, iei. □ 

Ecjih \I\ = n, to jj,jih npaMoro npoii3Bejj,eHHH Teji D±, D n mm Tax »ce 6yn,eM 
nojiB30BaTBCH 3anncbio 

a 

D = ]jD i = D 1 x ... xD„ 

i=l 

IlpHMoe npoH3Beji;eHHe Teji Di, i £ I, BOo6me roBopa, He aBjiaeTCH tcjiom. 
HanpiiMep, nycTb x\ G D\, x\ ^ 0, X2 G D2, X2 / 0. Tor,a,a 

(xi,0)(0,x 2 ) = (0,0) 

O^HaKO npHMoe npoii3Bejj,eHHe Teji HBjiaeTca kojibhom. CjieflOBaTejifcHO, npaMoe 
npoH3Beji;eHHe ne onpejj,ejieHHO b KaTeropnH Teji, ho npHMoe npon3Bejj,eHHe Teji 
onpejj,ejieHO b KaTeropun KOjieii. 

7 ' 3 OnpeflejieHne flam corjiacHO [1], CTp. 47, 48 
^'^OnpeflejieHne ,a,aHO corjiacHO npefljio^KeHHio 1 H3 [1], CTp. 79 
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7. ripOH3BCflCHHC npC^CTaBJICHHH 



7.3. IIpHMoe npoH3Be,a,eHHe D t *-BeKTopHbix npocTpaHCTB 

TeopeMa 7.3.1. /JonycmuM Kameeopuji A ^-ame6p UMeem npouseedenue. Tozda 
e Kameaopuu T * A cymficmeyem npou3eedenue odHompaH3umueHux T-k-nped- 
cmaeAeHuu ^-aAze6pu. 

^OKA3ATEJIbCTBO. EtyCTb 

p =n> 

npon3BefleHne mhojkgctbr 3-aJire6p {Bi,i g /} h pjin jiioGoro i G I 

U : P >■ B, 

MopcpH3M H3 3 r -ajire6pa P b 3-ajrre6py Bi. IlycTb R flpyroit o6i.eKT KaTeropim A 
h /i,jia jiio6oro i S / 

n : R >■ Bi 

MopcpH3M H3 3'-ajire6pa R b 3 r -a.nre6py Bi. CorjiacHO onpeflejieHHio 7.2.1 cymecTBy- 

eT eflHHCTBeHHHII MOp<pH3M 

s : R >-P 

TaKoii, HTO 

ti o s = r t 

IIojIOJKHM 

iei 

fleKapTOBO npoH3BefleHHe MHOJKecTB Ki, i € I. KajK^oro i £ I paccMOTpHM 
cooTBeTCTByiomHe MopcpH3MM npeflCTaBjiemiii 3 L ajire6pbi Ha fliiarpaMMe 




H3 ^HarpaMM (2), (3) h TeopeMbi 3.2.10 cjie^yeT KOMMyTaTiiBHOCTb fliiarpaMMbi (1). 
IlycTb m £ M . CorjiacHO TeopeMe 3.2.8 OTo6pa»;eHHe S onpeflejieHO oflH03HaHHO, 
ecjiH mbi Bbi6epeM o6pa3 S(m) £ N. Tax KaK /naarpaMMa (1) KOMMyraTHBHa, to 
mbi nojiaraeM S(m) = (i£j(m), i £ I). □ 



Cmotph onpeflejieHHe 3.2.11 



7.3. nptfMoe npoii3Be/];cHHe *-bcktophbix npocTpaHCTB 



07 



Teopeivra 7.3.2. B Kamezopuu T * Q T-k-npedcmaeAenuu apynnu cympcmeyem 
npou3eedeHue 30iaieKmuenux T-k-npedcmaeAenuu gpynnu. 

,3,0k A3ATEJTbCTBO. yTBepjKflemie TeopeMbi HBjiaeTCH oneflCTBiieM TeopeM 7.3.1 
h 3.5.10 □ 

Onpe/jejiemie 7.3.3. IlycTb {Vi, i £ 7} - MHOJKecTBO **Z?i-BeKTopHbix npocTpaHCTB. 
T*-IlpeflCTaBjieHHe KOjibua D = J^J Dj b a6ejieBOH rpynne V = JJ^ V \ HB3biBaeTca 

iei iei 

npHMMM npoH3BefleHneM 

**Di-BeKTopHbix npocTpaHCTB 7 6 Vi, i G I. □ 

Ecjih |/| = n, to p,sm npaMoro npoH3Be,n;eHHa »*Di-BeKTopHbix npocTpaHCTB 
Vi, V n mm TaK »ce 6yn,eM nojib30BaTBCH 3amicbio 

n 

V = Y[Vi = Vi x ... xV n 

i=i 

CorjiacHO onpe,a,ejieHHio npeflCTaBjiemie KOjibua D b a6ejieBoii rpynne V onpe- 
flejieHHO noKOMnoneHTHO. Ecjih a = (a,,! 6 I) £ J) i 5 = (t)„i £ /) 6 mbi 
onpeflejiHM *T-npeflCTaBjieHiie, cooTBeTCTByioinee sjieMeHTy a 

va = (ujO,, i £ I) 

Mm paccMaTpnBaeM corjiaineHne, onucaHHoe b 3aMenaHHH 2.2.15, noKOMnoneHTHO. 
JlnHenHyio KOM6nnan,nio „*_D-BeKTopoB mbi 6ya,eM 3anncbiBaTb b Bn^e 

TT**a = (Vu*a,i,i G I) = (v^k k a l ,i G I) 

Mbi TaK }Ke 6ya,eM nojib30BaTbCH 3anncbio 

(7.3.1) v**a = (vi.*,i £ I) (*a h i G I) = (u;. fc ,i € I) ( fe a,,i G I) 

Ecjih |/| = n, to paBeHCTBO (7.3.1) mojkho 3anncaTB b BH^e 

tJ**a = .. .,«„.*) (*oi, *a„) = (ui.fc l; V n -fe„) ( fcl ai, fc "a„) 

TaK KaK npHMoe npoii3BefleHne Teji He HBjiaeTCH tcjiom, to npHMoe npoii3Be- 
,n,eHHe * * £>i-BeKTopHbrx npocTpaHCTB, BOo6ine roBopa, HBjiaeTCH MOflyjieM. O/niaKO 
CTpyKTypa stoto MOflyjia 6jiH3Ka k CTpyKType **Z3-BeKTopHoro npocTpaHCTBa. 

TeopeMa 7.3.4. TlycmbV \, V„ - MHoofcecmeo ** Di-eenmopnux npocmpancme. 
Ilycmb e.i - **Di-6a3uc eenmopnozo npocmpancmea V,;. Mnocucecmeo eeKmopoe 
(ei.^, ■■■,e n -i„) nopoofcdaem 6a3uc npnMozo npouseedenuji 

V = Vi x ... x V„ 

^],OKA3ATEJibCTBO. Mbi flOKajKeM yTBepjKfleHiie TeopeMM HH^zryKinieH no n. 
Ilpn n = 1 yTBepjKfleHne oneBHflHO. 



^ ^OnpeflejieHHe flam coraacHO [1], cTp. 98 
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7. ripOH3BCflCHHC npC^CTaBJICHHH 



/JonycTHM yTBepjK/jemie cnpaBefljiiiBO npii n = k — 1 . Mm mojkem npeflCTaBiiTt 
npocTpancTBO V b BH,a,e 7 ' 7 

F = 7i x ... x v k = (Fi x ... x Ffc-i) x v k 

CoOTBeTCTBeHHO, npOH3BOJIBHbIH BGKTOp (v\ , . . . , Vk ) G ^ MOJKHO npeflCTaBHTb B 

BH,n;e 

(7.3.2) (v u ...,v k ) = ((%, ...,?7fe_i),17 fe ) = ((«!, ...,w fe _i),0) + (0,u fc ) 
BeKTOp (?Ji, ...,TJfe_i) G Vi x ... x Vk-i h corjiacHO npeflncuiCMteHHio im/ryKHHii 

(7.3.3) «fc_i) = (ei.*,...,efe_i.*) *v fc _i) 
H3 paBGHCTB (7.3.2) h (7.3.3) cjie^yeT 

(vi, ...,TJ fe ) = ((ei.», ...,efe_i.«) (*«i, *w fe _i),0) + (0,e fc **w fc ) 

= (ei.*, efe_i.*, Sfe) *Ufc-i,0) + (ei, efe_i, e^.*) (0, *v k ) 

= (ei.», efc_i.«,efc.*) *«fc-i, *«fc) 

CjieflOBaTejibHO yTBep^K^eHiic cnpaBefljiiiBO npii n = k. □ 

Ecjih Vi, T^n - -D-BeKTopHbie npocTpancTBa, to npaMoe npoiiSBeflemie Ha- 
3biBaeTCH npHMbiM npoH3BefleHHeM D-BeKTopHbix npocTpaHCTB. 

TeopeMa 7.3.5. /JonycmuM namezopusi A $-ame6p UMeem npou3eedeHue. Tozda 
e Kamezopuu T ★ A , zde A - $-ame6pa, cyuificmeyem npou3eedenue odnompaH- 
3umu6Hux T-k-npedcmaeAeHuu $-ame6pu A. 



^,OKA3ATEJibCTBO. ,ZI,OKa3aTejibCTBO TeopeMbi noxoxe Ha flOKa3aTejibCTBO Teo- 
peMbi 7.3.1 c Toii pa3HHneii, ^rro mm nojit3yeMca /niarpaMMOiT 




Boo6m,e roBopsi, mm ^ojijkhbi paccivraTpHBaTb 6ojiee iniipoKHti Kjiacc MO^yjieii BHfla 



Vi x ... x V k 

BKJTIOHaSI aCCOLI,HaTHBHOCTb npOHSBe^eHHH. 

' "^Cmotph onpeflejieHHe 3.2.19 



7.4. MoptpH3MbI npiJMOrO npOH3BCflCHH5I * * .D-BCKTOpHBIX npOCTp&HCTB 



()<) 



PaccMOTpHM CBH3b MejK,ny npoHSBG^eHHGM o,i];HOTpaH3HTHBHbix XV-npeflCTaB- 
jieHHii 3 r -ajire6pbi A b KaTeropun T * A h npoiiSBC^eHneM 0flH0TpaH3HTHBHbix T*- 
npeflCTaBjieHiiii ^-ajire6pbi A b KaTGropnii T ~k A. IlycTb pjm KajK^oro i £ I onpe- 
flejieHO npeflCTaBjieHHe 3-ajire6pbi A Ha MHOJKecTBe JQ. J^jisi KajK^oro i G I pac- 
CMOTpiiM /niarpaMMy 
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rpfi g - OTo6pajKeHiie ajire6pbi A Ha flHaroHajib b J A h fa - npoeianifl Ha mhojkh- 

iei 

Tejib i. H3 ^HarpaMMbi cjie^yeT, hto OTo6pa»ceHHH g h HH"beKTHBHbi. CjieflOBa- 

TejIbHO 06a npOH3Be/I,eHHH SKBHBajieHTHbl. 

7.4. MopcpH3Mbi npHMoro npoH3Be^eHHa * * O-BeKTopHbix npocTpaHCTB 

IlycTb Vi, i 6 /, Wj, j E J - **-D-BeKTopHbie npocTpaHCTBa. IIojiojkhm 

v=]Jv l 

w=uWj 

je.J 

* * .D-jiHHeiffloe OTo6pa»ceHHe 

(7.4.1) J-.V 

coxpaHaeT juiHeftHbie onepainoi. Tax KaK onepainiH b MOflyjie W mm BbinojiHaeM 
noKOMnoHGHTHO , to mm mo>kgm npeflCTaBHTb OTo6pajKeHiie / b BH^e 

7= (J r .v — »■ Wj , j g j ) 

IlycTb 

U ■ v, *- v iei 

Bjio»:eHiie V i b V. Tor^a ^jih jnoGoro BeKTopa v = (Ui,i G /) cnpaBefljiiiBO 

i£l 

CjieflOBaTejibHO, OTo6pa»ceHHe (7.4.1) mojkho npeflCTaBiiTb b Bnpp MaTpnirbi **_D- 

JIIIHeHHblX 0T06pa>KeHHH 

7 = (fa = Jj**U ■ V % Wj , i g I, j e J) 
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TeoMeTpHH Tejia 

8.1. IJeHTp Tejia 

Onpe/jejiemie 8.1.1. IlycTb D - kojibuo. 81 Mhojk6ctbo Z(D) sjieMeHTOB a G D 

TaKHX, HTO 

(8.1.1) ax = xa 

,a,jiH Bcex x € D, Ha3biBaeTCs ijeHTpoM KOJitija D. □ 

TeopeMa 8.1.2. Lfenmp Z(D) KOAbi^a D siejinemcsi nodKOJibiipM KOA-bup, D. 

,3,0k A3ATEJl£>CTBO. HenocpeflCTBeHHO cjiepyeT H3 onpeflejieHHH 8.1.1. □ 

TeopeMa 8.1.3. I^enmp Z(D) mejia D nejisiemcfi nodnoAeM mesa D. 

^OKA3ATEJlbCTBO. CorjiacHO TeopeMe 8.1.2 floCTaTOHHO npoBepHTb, hto 
a -1 G Z(D), ecjiH a G Z(D). IlycTb a G Z(D). MHoroxpaTHO npiiMeHHfl paBeHCTBO 

(8.1.1) , mm nojiyHHM uenoHKy paBeHCTB 

(8.1.2) aa~ 1 x = x = xaa^ 1 = axa^ 1 
M.3 (8.1.2) cjie^yeT 

a^x = xa^ 1 

CjieflOBaTejibHO, a -1 G Z{D). 

□ 

Onpe/jejiemie 8.1.4. IlycTb D - KOjibnp c eflEHEi(efl e. 8 2 OTo6pa»ceHHe 

I : Z D 

fljia KOToporo l{n) = ne 6yn,eT roMOMopcpii3MOM KOjieu,, h ero aflpo HBjiaeTca H^e- 
ajiOM (n), nopojK,n;eHHi>iM uejibiM hhcjiom n > 0. KaHOHiraecKiiii HH r beKTiiBHbiii ro- 

MOMOp(plI3M 

ZjnZ -> D 

HBJIHeTCH H30MOp(pH3MOM MejK^y Z / nZ H nOflKOJIbUOM B D. Ecjih nZ - npocToit 

H^eaji, to y Hac B03HiiKaeT flBa cjiynaa. 

• n = 0. D coflepjKHT b KanecTBe no,n,KO.jibii,a KOjrbnp, H30Mop<pHoe Z h 
nacTO OTOJKflecTBjiaeMoe c Z. B stom cjiy^ae Mbi roBopiiM, hto D HMeeT 
xapaKTepHCTHKy 0. 

• n = p fljia HeKOToporo npocToro Hiicjra p. D HMeeT xapaKTepHCTHKy p, 
h D co^epjKHT ii30Mop(pHbiH o6pa3 Fp = Z/pZ . 

□ 

8 - 1 [l], ct P . 84. 

8 ' 2 Onpe/i,ejieHHe flam coraacHO onpe^ejieHHro H3 [1], CTp. 84, 85. 



101 



102 



8. TeoMeTpHH Tejia 



TeopeMa 8.1.5. Ilycmb D - KOAbup xapaKmepucmwnu u nycmb d G D. Tozda 
Aw6oe ufijioe hucao n G Z KOMMymupyem c d. 

,H,OKA3ATEjibCTBO. YTBepjKfleHHe TeopeMbi ,n;0Ka3i>iBaeTca: no HHiryKinin. Ilpn 
n = h n = 1 yTBepjKfleHne oneBiiflHO. ,HpnycTHM yTBepjKflenHe cnpaBe/jjniBO npn 
n = k. H3 uenoHKH paBencTB 

(k + l)d= kd + d = dk + d = d(k + 1) 

cjie^yeT OHeBiiflHOCTb yTBepjKiieHHH npn n = k + 1. □ 

TeopeMa 8.1.6. Ilycmb D - KOAbup xapaKmepucmuKU 0. Tozda KOAbup u,caux 
HuceA Z jieAMemcji nodnzoAbupM ucnmpa Z(D) KOAbua D. 

^OKA3ATEJibCTBO. CjieflCTBue TeopeMbi 8.1.5. □ 

IlycTB D - Tejio. Ecjih D HMeeT xapaKTepiiCTHKy 0, D co/i;ep}KHT b Ka^ecTBe 
no^nojiH H30Mop(pHi.iii o6pa3 nojra Q painiOHajibHbix HHceji. Ecjih D HMeeT xapax- 
TepHCTHKy p, D coflepjKHT b KanecTBe noflnojia H30MopcpHbiH o6pa3 F p . B o6ohx 
cjiynasx sto noflnojie 6yneT Ha3braaTbCH npocTbiM nojieM. TaK KaK npocToe no- 
jie HBjiaeTCH HanMeHbniHM noflnojieM b D, co,n,ep}KaiHHM 1 h He HMeioiHHM aBTO- 

MOp(pH3MOB, KpOMe TOJK/jeCTBeHHCTO, erO o6bIHHO OTOiKfleCTBJIHIOT C Q HJIH F p , B 

3aBHCHMOCTH ot Toro, KaKoii cjiy^iaii HMeeT MecTO. 

TeopeMa 8.1.7. Ilycmb D - mcAO xapaKmepucmuKU u nycmb d G D. Tozda 3am 
aw6ozo ufiAOZo HUCAa n G Z 



,3,0k A3ATEJit>CTBO. CorjiacHO TeopeMe 8.1.5 cnpaBejijiiiBa uenoHKa paBencTB 



TeopeMa 8.1.8. Ilycmb D - mcAO xapaKmepucmuKU u nycmb d G D. Tozda 
Aw6oe paiijUOHaAbHoe hucao p 6 Q KOMMymupyem c d. 

^OKA3ATEJibCTBO. Mbi MO»ceM npejj,CTaBHTb painiOHajibHoe hhcjio p G Q b 
BHfle p = mn^ 1 , m, n G Z. YTBep>Kjj,eHHe TeopeMbi cjie^yeT H3 uenoHKH paBeHCTB 

pd = mn~ 1 d = n~ 1 dm — dmn^ 1 = dp 

ocHOBaHHOH na yTBep»cjj,eHHH TeopeMbi 8.1.5 h paBeHCTBe (8.1.3). □ 

TeopeMa 8.1.9. Ilycmb D - mcAO xapaKmepucmuKU 0. Tozda noAe pauAionaAbnux 
hucca Q RBASiemcsi nodnoACM upnmpa Z{D) mcAa D. 

,3,OKA3ATEjibCTBO. CjieflCTBHe TeopeMbi 8.1.8. □ 




n 1 d = dn 





□ 



8.2. TeoMeTpHH Tejia eafl nojicM 
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8.2. TeoMeTpHH Tejia Ha,n, nojieM 

Mbi MOxeM paccMaTpHBaTb Tejio D KaK BeKTopHoe npocTpaHCTBO Hafl nojieM 
F C Z(D). Ilpn 3tom mbi 6yflfiM nojib30BaTbCH cjiejxyioiiniMH corjianiennHMH. 

(1) Mbi He 6yn,eM fljia ajieMeHTa Tejia D nojiB30BaTBCH CTaHjiapTHBiMH 060- 
3HaieHHHMH fljiH BeKTopa, ecjin mm GyjxeM paccMaTpHBaTb stot sjieMeHT 
KaK BeKTop Ha,n nojieM F. OflHaKO mbi 6yn,eM nojiB30BaTBCH /ipyriiM HBe- 
tom pjw HHfleKca npH 3anncH KOop/niHaT sjieMeHTa Tejia D KaK BeKTopa 
Haji. nojieM F. 

(2) TaK KaK F - nojie, to mbi MO»ceM niicaTb Bee hhjtckcbi cnpaBa ot KoptieBOii 

6yKBBI. 

IlycTB e - 6a3HC Tejia D nap nojieM F. Torjia npoiOBOjiBHbiH ajieMeHT a G D 

MOJKHO npeflCTaBHTb B BHfle 

(8.2.1) a = e i a i a 1 e F 

Ecjih pa3MepHOCTB Tejia D nap nojieM F SecKOHe^Ha, to 6a3iic mojkgt 6bitb jih6o 
chSthbim, jiii6o ero modxhoctb MOJKeT 6bitb He MeHbnie, neM moihhoctb KOHTimyy- 
Ma. Ecjih 6a3HC chbthbih, to Ha KOScpcpHinieHTBi a 1 pa3Jio:sceHHH (8.2.1) HaKjiajrbi- 
BaiOTCH onpeflejieHHbie orpaHH^eHHH. Ecjih moihhoctb MHO»cecTBa / KOHTiiHyyM, to 
npejrnojiaraeTCH, hto Ha MHoacecTBe / onpejrejieHa Mepa h cyMMa b pa3JiojKeHHH 

(8.2.1) flBjiaeTCH HHTerpajiOM no stoh Mepe. 

3aMeMaHHe 8.2.1. IlocKOjiBKy b Tejie D onpejrejieHa onepainis npoH3Be,ii;eHHH, 
to mbi MOJKeM paccMaTpHBaTB Tejio KaK ajireGpy nap nojieM F C Z(D). J^jisl 
sjieMeHTOB 6a3Hca mbi hojiojkhm 

(8.2.2) eiej = e k B% 

KoSCpCpHHIieHTBI B^ - pa3JIOJKeHHH (8.2.2) Ha3BIBaiOTCJI CTpyKTypHblMH KOHCTaH- 

TaMH Tejia D Ha,a; nojieM F. 



H3 paBeHCTB (8.2.1), (8.2.2) cjie,zryeT 



.2.3) ab = ekB^V 



H3 paBeHCTBa (8.2.3) cjiejryeT 

(8.2.4) (ab)c = e fc B%(a&)V = e k B%B i mn a m b n c> 

(8.2.5) a(bc) = e k B%a\bcy = e k B%a l B^J)™ c n 

H3 aCCOH,HaTHBHOCTH npoH3Be,n;eHHs 

(ab)c = a(bc) 
h paBeHCTB (8.2.4) h (8.2.5) cjiejryeT 

(8.2.6) e h B* ! Bi nn a m b n c> = e k B%a l B^JT c n 

TaK KaK BeKTopti a, 6, c npoH3BOjiBHBi, a BeKTopBi e k jiHiieiiHO He3aBHCHMbi, to H3 
paBeHCTBa (8.2.6) cjiejryeT 

(8-2.7) li'lJlj,,, I^Bj,,,, 

TeopeMa 8.2.2. Koopdunamu a J eenmopa a neAsiwmcH meH3opoM 

(8.2.8) a j = Ma! 1 
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8. TeoMeTpHH Tejia 



,3,0k A3ATEJlbCTBO. HycTb e' - flpyrofi 6a3HC. IlycTi, 

(8.2.9) ^=^4 

npeo6pa30BaHiie, OTo6pajKaioiHee 6a3iic e b 6a3iic e'. Tax k&k BeKTop a He MeiraeTca:, 

TO 

(8.2.10) a = e' i a' i = eja j 
H3 paBCHCTB (8.2.9) h (8.2.10) cne/ryeT 

(8.2.11) e ja j =e' i a' i =? i ^o / * 

Tax KaK BeKTopti ej jihhghho He3aBHCHMBi, to paBencTBO (8.2.8) cjie^yeT H3 pa- 
BCHCTBa (8.2.11). CjieflOBaTejiBHO, KOMnoHeHTbi BeKTopa hbjihiotch TeH3opoM. □ 

TeopeMa 8.2.3. CmpyKmypnue Koncmanmu meAa D Had noJieM F fiejisiwmcsi 
meH3opoM 

(8-2.12) A l k B%A^ i n A- 1 i n =B l nm 

,3,OKA3ATEJl£>CTBO. PaccMOTpiiM aHajiorHHHbiM o6pa30M npeo6pa30BaHiie npo- 
M3BepfiHMK. PaBeHCTBO (8.2.3) b 6a3Hce e! HMeeT bha 

(8.2.13) ab = e' k B"* j a' i b' j 
IIoflCTaBHB (8.2.8) h (8.2.9) b (8.2.13), nojiyniiM 

(8.2.14) ab = eiAiB'^A-^A-'t, 
Hs (8.2.3) h (8.2.14) cjieflyeT 

(8.2.15) e l AiB%A- 1 la n A- 1 U> m =eiB l nm a n b m 

Tax KaK BeKTopti a h b npoii3BOjibHbi, a bgktopbi e; jiHHeiiHO He3aBHCHMbi, to 
paBencTBO (8.2.12) cjie^yeT H3 paBCHCTBa (8.2.15). CneflOBaTejibHO, CTpyKTypntie 

KOHCTaHTbl HBJIHIOTCH TeH30pOM. □ 



TjiaBa 9 



JlnHeHHoe OTo6paxceHHe Tejia 

9.1. JlnHeHHoe OTo6pa»ceHHe Tejia 

CoraacHO saMenaHHio 8.2.1, mh paccMaTpnBaeM Tejio D k&k ajire6py Hafl no- 
jie M F C Z(D). 

Onpe^ejieHHe 9.1.1. ITycTb D\ : D 2 - Tejia. IlycTb F - nojie Taicoe, hto F C 
Z(Di), F C Z(D 2 ). JIiiHeiiHoe OTo6pajKeHHe 

/ : D x -»■ D 2 

-F-BeKTopHoro npocTpancTBa D\ b F-BeKTopHoe npocTpaHCTBO D 2 Ha3biBaeTCH jih- 
HefiHbiM OTo6pa>KeHHeM Tejia D\ b Tejio D 2 . □ 

CoraacHO onpe^ejieHino 9.1.1, jiimeftHoe OTo6pajKeHiie / Tejia D\ b Tejio D 2 
yflOBjieTBopaeT CBOHCTBy 

f(a + b) = f(a) + f(b) a.b^D 
/(pa) = p/(o) p G F 

TeopeMa 9.1.2. Ilycmb omo6paMceHue 

f:D 1 ^D 2 

RBJisiemcsi jiuneuHUM omo6pacnceHueM mejia D\ xapaKmepucmuKU e meAO D 2 
xapaKmepucmuKu 0. Tozdar 

f(nx) = nf(x) 

djisi jik>6ozo ufiAOto n. 

^OKA3ATEJTbCTBO. Mh floxajKeM TeopeMy HHflyKuiieft no n. Ilpn n = 1 
yTBepjKfleHHe oneBH^HO, Tax KaK 

/(la:) = /(*) = 1/(1) 

,U,onycTHM ypaBHeHHe cnpaBefljiHBO npn n = k. Toiyja 

/((fc + l)x) = f(kx + x) = f(kx) + f(x) = kf(x) + f(x) = (k + l)f(x) 

□ 

Q 1 TT 

/^onyCTHM 

/ : -Di Z> 2 

HBJiaeTCsi jiHHefiHbiM OTo6pa»ceHHeM Tejia _Di xapaKTepucTHKH 2 b Tejio Z?2 xapaKTepiiCTHKH 3. 
Toryja ajih jiio6oro a £ -Di, 2a = 0, xora If (a) 7^ 0. CneflOBaTejibHO, ecjiH mm npe^nojioiKHM, hto 
xapaKTepHCTHKa Tejia Di 6ojibine 0, to mm ^ojxjkhm noTpe6oBaTb, mto6m xapaKTepiiCTHKa Tejia 
D\ paBHHJiacb xapaKTepucTHKe Tejia Di. 
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9. JIhhchhoc OTo6pajKCHHe Tejia 



TeopeMa 9.1.3. Ilycmb omo6paMceHue 

f:D 1 ^D 2 

RBJinemcsi AuneutiUM omo6padtceHueM mena D\ xapaKmepucmuKU e mejio D 2 
xapaKmepucmuKU 0. Tozda 

/(ox) = af(x) 

3am jiw6o3o paVjUonaAwoeo a. 

^OKA3ATEJlbCTBO. 3anHnieM a b BH^e a = IIojiojkhm y — ^x. Toiyja 
corjiacHO TeopeMe 9.1.2 

(9.1.1) f(x)=f(qy) = qf(y) = qf(^x 
H3 paBeHCTBa (9.1.1) cjie,nyeT 

(9.1.2) -f(x) = f (-x 

q \q 

H3 paBeHCTBa (9.1.2) cneflyeT 



/(V) =pf(\x\=^J{x) 



□ 

Mbi He MoaceM pacnpocTpaHHTb yTBepjKfleHiie TeopeMbi 9.1.3 Ha npoii3BOjibHoe 
no,n;nojie neffrpa Z(D) Tejia D. 

TeopeMa 9.1.4. IIycmt> meAO D sieAfiemca a,Aze6pou Had noAeM F C Z(D). Ecau 
F ^ Z{D), mo cymficmeyem AUHeunoe omo6paatceHue 

f:D^D 

Komopoe HeAuneuHO Had noAeM Z(D). 

,3,0k A3ATEJit>CTBO. J\jih flOKa3aTejibCTBa TeopeMbi floCTaTOHHO paccMOTpera. 
nojie KOMnjieKCHbix nnceji C Tax KaK C = Z(C). TaK KaK nojie KOMnjieKCHbix hhc&ji 
HBjiaeTCH ajire6poii Hafl nojieM BemecTBeHHbix nnceji, to cpyHKinia 

z — > z 

jiHueiina. OflHaKO paBeHCTBO 

az = az 

HeBepno. □ 

H3 TeopeMbi 9.1.4 B03HHKaeT Bonpoc. J\jih nero mbi paccMaTpiiBaeM jiHHeiiHbie 
OTo6pa»ceHHH Hafl nojieM F ^ Z(D), ecjiH sto npiiBO/niT k pe3K0My pacciHHpeHiiio 
MHOJKecTBa jiHHeftHbix OTo6pajKeHHH? Otbctom Ha 3tot Bonpoc cjiy>KHT 6oraTbiii 
onbiT TeopiiH <pyHKH,Hii KOMnjieKCHoro nepeMeHHoro. 

TeopeMa 9.1.5. nycmt omo6pacHceHUJi 

/:£>!-»- D 2 

fl : £>i -> D 2 

RGARwmcsi AunetiHUMU omo6pamceHusiMU meAa D\ e meAO D 2 . Tozda omo6paatce- 
nue / + g maKotce fieAsiemcfi auhcuhum. 



9.1. JlnHeimoe OTo6pa5KCHHe Tejia 
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,3,0k A3ATEJTbCTBO. yTBepjKfleniie TeopeMbi cjie^yeT 113 ijenoHKii paBeHCTB 
(/ + g)(x + y) =f(x + y) + g(x + y) = f(x) + f(y) + g(x) + g(y) 
=(/ + g){x) + (/ + g)(y) 
(/ +9)(px) =f(px)+g(px) =pf(x) +pg(x) =p(f(x) +g(x)) 

=p(f + g)(x) 

□ 

TeopeMa 9.1.6. nycmt omo6pacHceHue 

RBJinemcsi AuneunuM omo6paotceHueM meAa D\ e mejio D 2 . Tozda omo6paoiceHusi 
af , fb, a, b G R 2 , maKotce fiejisimmcsi AuneunuMU. 

3,OKA3ATEJTbCTBO. YTBepjKfleHHe TeopeMbi cjie^yeT 113 npnoHKii paBeHCTB 
(af)(x + y) =a(f(x + y)) = a(f(x) + f(y)) = af(x) + af(y) 
=(a/)(x) + (af)(y) 
(af)(px) =a(f(px)) = a(pf(x)) =p(af(x)) 
=p(af)(x) 

(fb)(x + y) =(f(x + y))b = (f(x) + f(y))b = f(x)b + f(y)b 
=(fb)(x) + (fb)(y) 
(fb)( P x) ={f(px))b = (pf(x))b = p(f(x)b) 
=p(fb)(x) 

□ 

Onpe/jejiemie 9.1.7. 06o3HaHiiM £(£>i;£>2) mhojkectbo jiiiHeftHbix OTo6pa>Ke- 
hiih 

/ : D x -> D 2 

Tejia D\ b Tejio D 2 . □ 
TeopeMa 9.1.8. Mu MocuceM npedcmaeumb AUHeunoe omo6paofceHue 

f:D 1 ^D 2 

meAa D\ e meAO D 2 e eude 

(9.1.3) f(x) = fk-s k .o G k (x) / fc . Sfe .! 

zde (Gk, k G K) - MHoatcecmeo addumuenux omo6pawceHuu meAa D\ e mejio D 2 . 9 2 
BupacHcenue fk-s k -p, P = 0, 1, e paeencmee (9.1.3) Ha3ueaemcH KOMnoHeHTOH 
jiHHeimoro OTo6pajKeHHH /. 

,ZI,OKA3ATEJl£>CTBO. yTBepjKfleHiie TeopeMbi cjie^yeT H3 TeopeM 9.1.5 11 9.1.6. 

□ 



^"^3,z],eci> n b flajibHeiiineM mbi Syzreivi npe^nojiaraxt cyMMy no HH^eKcy, KOTOptifi BCTpeMaeTCH 
b npon3Befl6HHH HecKOJibKO pa3. PaBeHCTBO (9.1.3) HBJisieTCH peKypcHBHBiM onpe^ejiemieM h ecTb 
Ha^e^Kfla, mto mm mojkcm ero ynpocTHTb. 
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9. JIhhchhoc OTo6pajKCHHe Tejia 



Ecjih b TeopeMe 9.1.8 \K\ = 1, to paBeHCTBO (9.1.3) HMeeT bh^ 

(9.1.4) f{x) = fs-o G(x) /..! 

ii OTo6pa?KeHiie / na3MBacTca jumeimtiM OTo6pa»ceHHeM, nopojKfleHHHM 
OToSpajKeHHeM G. OTo6pa»ceHiie G mm 6yn;eM Ha3biBaTb o6pa3yioiLi,efi jiiraefi- 
Horo OTo6pa>KeHHH. 

TeopeMa 9.1.9. Ilycmb D\, D% - meAa xapaKmepucmuKU 0. Ilycmb F, F C 
Z{D\), F C Z(F)-i), - ncuie. Ilycmb G - F-AuneuHoe omo6paotceHue. Ilycmb e - 
6a3uc mejia D2 nad twacm F. CTaHflapTHoe f-npeflCTaBJieHHe jiHHefiHoro 
OTo6pa»ceHHH (9.1.4) uMeem eucP 3 

(9.1.5) f(x) = f$ Si G(x) ej 

Bupawcenue Jq e paeencmee (9.1.5) Ha3ueaemcn CTaH,a,apTHoii F-KOMnoHeH- 
toh JiHHefiHoro OTo6pa>KeHHH /. 

,2,0k A3ATEJTbCTBO. KoMnoHeHTbi a/miiTHBHoro OTo6pajKeHiiH / HMeiOT pa3- 
jiojKeHiie 

(9.1.6) f s . p = f s . p ei 

OTHOCiiTejibHO 6a3iica q. Ecjih mm nojj;cTaBiiM (9.1.6) b (9.1.4), mm nojiy^HM 
(9-1.7) /(*) = /t T, G(x) fU r, 

IIoflCTaBHB b paBeHCTBO (9.1.7) BbipajKCHiie 

fij _ f i fj 
JG J s-0 J s i 

mm nojiyHHM paBeHCTBO (9.1.5). □ 

TeopeMa 9.1.10. Ilycmb D\, D2 - meAa xapaKmepucmuKU 0. Ilycmb F, F C 
Z(Di), F C Z(F>i), - noAe. Ilycmb G - F -Auneunoe omo6paotceHue. Ilycmb e\ - 6a- 
3uc meAa D\ nad uoacm F . Ilycmb e 2 - 6a3uc meAa D2 nad noAeM F. Ilycmb Bi^i 
- cmpyKmypnue KOHcmanmu meAaDi- Tozda Auneunoe omo6paoKenue (9.1.4), no- 
poofcdeHHoe F -jiuneunuM omo6padtceHueM G, mochcho 3anucamb e eude 

(9.1.8) /(a) = e 2 . J -/fa i f k e F 

a = ei.iO 1 a' 1 G F a G D\ 

(9.1.9) /? = G|/^B 2 .^Bi pr 

,3,0k A3ATEJlbCTBO. Bti6epeM OTo6pajKeHHe 



(9.1.10) 



G : Di -)• D 2 a = ex.ja 1 -> G(a) = e2-jG\a l 
x i G F G\ eF 



CorjiacHO TeopeMe 4.4.3 jniHeimoe OTo6pa>KeHHe f(a) othochtcjibho 6a3iicoB e\ h 
e 2 npHHHMaeT bhjj, (9.1.8). H3 paBeHCTB (9.1.5) h (9.1.10) cjiejxyeT 

(9.1.11) f{a) = & i a i fget. h e*. l ea. i 



^'^ripe^CTaBJieHHe JiHHefiHoro OTo6pa»ceHH5i Tejia c noMOiHBio KOMnoHeHT JiHHefiHoro OTo6pay*ce- 
hhh HeoflH03Ha^HO. Hhcto ajire6pan i iecKHMH MeTOJiaMH mm MO^Keivi yBejiHHHTb jih6o yMeHbiHHTb 
hhcjio cjiaraeMbix. Ecjih pa3MepHOCTb Tejia D2 Ha^ nojieM F KOHeMHa, to CTaH^apTHoe npe^CTaB- 
jieHiie JiHHefiHoro OTo6pa?KeHHH rapaHTHpyeT KOHeiHOCTb MHOJKecTBa cjiaraeMbix b npejrcTaBJie- 
hhh OTo6pay*ceHH5i. 



9.1. JlnHeimoe OTo6pa5KCHHe Tejia 
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H3 paBeHCTB (9.1.8) h (9.1.11) cjie^yeT 

(9.1.12) e 2 .j ft a' = Gjo* /^e 2 . fe e 2 .je 2 . r = G I i o i /g r fl 3 .£,B 3 .j P ^ 

Tax KaK BGKTopbi e 2 . r jiHHeiiHO He3aBiiCHMbi Hafl nojieM _F 11 BejiiniiHti a npoH3- 
BOjibHH, to H3 paBeHCTBa (9.1.12) cjie,nyeT paBeHCTBO (9.1.9). □ 

Ilpn paCCMOTpeHHH OTo6pa>KeHHii 

(9.1.13) f : D -> D 

mm 6yn,eM nojiaraTb G(x) = x. 

TeopeMa 9.1.11. Ylycmt, D KeARemcR meAOM xapaKmepucmuKU 0. JIuneuHoe 
omo6paofceHue (9.1.13) UMeem eud 

(9.1.14) f(x) = /...„ x U-X 

TeopeMa 9.1.12. Ylycmt, D - meAO xapaKmepucmuKU 0. Ylycmt, e - 6a3uc meAa 
D Had upnmpoM Z(D). CmandapmHoe npedcmaeAenue AUHeunozo omo6paoicenusi 

(9.1.14) meAa UMeem eud 

(9.1.15) f(x) = r eixej 

TeopeMa 9.1.13. Ilycmb D sieAfiemcsi meAOM xapaKmepucmuKU 0. Tlycmb e - 
6a3uc meAa D nad nojieM Z(D). Tozda AuneuHoe omo6paoKeuue (9.1.13) mookho 
3anucamb e eude 

(9.1.16) f(a) ^ffa 1 f> G Z{D) 

a =eia l a 1 e F a E D 

(9.1.17) ft =f kr B p M Bl r 
TeopeMa 9.1.14. PaccMompuM Mampuuij 
(9-1.18) B=[Bl kr ) = (Bl i Bi r ) 

cmpoKU Komopoil nponyMepoeaHU undeKCOM ' 3 . u cmoA6uhi nponyMepoeaHU un- 
deKCOM -kr Ecau detB ^ 0, mo Bar 3adannux Koopdunam Auneunozo npeo6- 
pa3oeanusi /? cucmeMa Auneunux ypaenenuti (9.1.17) omnocumeAbno cmandapm- 
hux KOMnonenm smozo npeo6pa3oeanun f kr UMeem eduncmeennoe pemenue. Ecau 
det B = 0, mo ycAoeueM cyuificmeoeanusi pemenusi cucmeMU Auneunux ypaenenuu 
(9.1.17) sieAsiemcsi paeencmeo 



(9.1.19) rank(sf fcl . /? 



= rank B 



B amoM CAyuae cucmeMa Auneunux ypaeHenuu (9.1.17) UMeem 6ecKOHeuno mhozo 
pemenuu u cymficmeyem Auneunasi 3aeucuMocmb Mejtcdy eeAuuunaMU if 3 . 

,HpKA3ATEJl£>CTBO. PaBeHCTBO (9.1.14) HBjiaeTCH nacTHbiM cjiynaeM paBeH- 
CTBa (9.1.4) npH ycjiOBHH G{x) — x. TeopeMa 9.1.12 HBjiaeTCH nacTHbiM cjiynaeM 
TeopeMbi 9.1.9 npii ycjiOBim G(x) — x. TeopeMa 9.1.13 HBjiaeTCH nacTHbiM cjiynaeM 
TeopeMbi 9.1.10 npii ycjiOBHH G{x) = x. YTBepjKfleHiie TeopeMbi 9.1.14 HBjraeTCH 
cjieflCTBHeM TeopHH jiHHeftHbix ypaBHeriHii Ha,a, nojieM. □ 

TeopeMa 9.1.15. Cmandapmnue KOMnonenmu mocucdecmeeHuozo omo6pawcenuH 
uMewm eud 

(9.1.20) f kr = 8%5Z 



no 
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,H,OKA3ATEJlt>CTBO. PaBCHCTBO (9.1.20) HBJIH6TCH CJieflCTBHeM paBeHCTBa 

x = eo x e.Q 

y6eflHMCH, ^ito CTaHflapTHbie komiiohchtm (9.1.20) jiHHeftHoro npeo6pa30BaHHH 
yAOBjieTBopHMT ypaBHeniiio 

(9-1.21) 6-! t'K.K. 

KOTopoe cjie^yeT H3 ypaBHeHHH (9.1.17) ecjin / = 5. H3 paBeHCTB (9.1.20), (9.1.21) 
cjie^yeT 

(9-1.22) S{ = B&Bia 

PaBencTBO (9.1.22) BepHO, Tax KaK H3 paBeHCTB 

ejeo = eo ej = ej 

cjie^yeT 

f>j — Xj fjJ — xj 

Ecjih detB 0, to pememie (9.1.20) gjxhhctbchho . Ecjih det£> = 0, to ciiCTe- 
iia jihhghhmx ypaBHGHiiH (9.1.21) hmgct 6ecKOHeHHO MHoro peineHHH. O/niaKO Hac 
HHTepecyeT no KpaiiHeit Mepe ojxho. □ 

TeopeMa 9.1.16. Ecau det£> ^ 0, mo cmandapmnue KOMnoueumu uyneeozo 
omo6pa,DiceHusi 

z: A^t A z(x) = 
onpedeAenu odno3HaHHO u UMewm eud z* 3 = 0. Ecau detB = 0, mo Mnowce- 
cmeo cmandapmnux KOMnonenm nyneeozo omo6paoK.eHUfi nopoatcdaem eenmopnoe 
npocmpancmeo. 

^OKA3ATEJlbCTBO. TeopeMa BepHa, nocKOJibKy CTaH^apTHbie KOMnoHeHTM z tJ 

HBJIHKJTCH peilieHIieM OJTHOpOJTHOH CIICTeMM JIHH6HHMX ypaBHeHIlft 

= z^B&Bf,, 

□ 

3aivreMaHHe 9.1.17. PaccMOTpnM paBeHCTBO 
(9.1.23) a kr e k xe r = b kr e k x e r 

H3 TeopeMbi 9.1.16 cjiejxyeT, hto tojibko npii ycjiOBiiii detB ^ H3 paBCHCTBa 

(9.1.23) cjie^yeT 

(9.1.24) a kr = b kr 

B npoTHBHOM cjiynae mm jtojbkhbi npejrriojiaraTb paBeHCTBO 

(9.1.25) a kr = b kr + z kr 

HecMOTpa Ha sto. mh h b cjiyiae dct B — 6yn,eM nojib30BaTi>CH CTaHflapTHMM 
npe^CTaBjieHHeM Tax KaK b o6meM cjiynae yKa3aTb mhojkgctbo jihhchho HC3aBiicn- 
mmx BeKTopoB - 3aflana floCTaTOHHO cjiojKHaa. Ecjih mm xothm onpe^ejiHTb onepa- 
uhio Hafl jiiiHeftHbiMH OTo6pajKeHiiaMH, 3anncaHHbiMH b CTaimapTHOM npeflCTaBjie- 
hhh, to TaKsce KaK b cjiynae TeopeMM 9.1.15 mm 6yn,eM Bbi6HpaTb npeflCTaBHTejib 

H3 MHOJKeCTBa B03MOJKHMX IipeflCTaBJieHHH. □ 
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TeopeMa 9.1.18. Bupaofcenue 



PJ 



KBAKemca meH3opoM Had noAeM F 

(9.1.26) f{ a';jU 

^l,OKA3ATEJlbCTBO. D-jiHHeiiHoe OTo6pa»ceHHe OTHOCHTejibHO 6a3Hca e HMeeT 
BHfl (9.1.16). IlycTb e! - .npyroii 6a3iic. IlycTb 

(9.1.27) K = SjM 

npeo6pa30BaHiie, OTo6pa}Kaioiiiee 6a3iic e b 6a3HC e'. Tax Kax jiHHeftHoe OTo6pa>Ke- 
Hue / He MeHHeTCH, to 

(9.1.28) f(x) = e'j'W k 
IIoflCTaBHM (8.2.8), (9.1.27) b paBeHCTBO (9.1.28) 

(9.1.29) f( X ) = e j Aif l k A- 1 ix i 

TaK KaK BGKTOpbl ej JIHHeftHO He3aBHCHMBI II KOMnOHeHTbl BeKTOpa X % npOH3BOJIB- 

hbi, to paBeHCTBO (9.1.26) cjie/ryeT H3 paBeHCTBa (9.1.29). CjieflOBaTejiMio, Bbipa- 
jKenne /£ HBjiaeTCH TeH3opoM Hafl nojieM F. □ 

Onpe/jejiemie 9.1.19. Mhoxkctbo 

ker/ = {xefli: f{x) = 0} 
Ha3BiBaeTca flflpoiu jiHHeiiHoro OTo6pa>KeHHH 

/ : D x -> D 2 

Tejia D\ b Tejio D 2 . □ 
TeopeMa 9.1.20. fldpo jiuHeunozo omo6paMcenuR 

/:Di-> D 2 

RBJisiemcsi nodzpynnoil addumuenou gpynnu meAa D\ . 
^OKA3ATEJlbCTBO. IlycTb a, b G ker/. Toiyja 

/(o) = 
/(&) = 

/(a + b) = /(a) + f(b) = 
CjieflOBaTejibHO, a + b G ker/. □ 
Onpe/jejiemie 9.1.21. JliraeiiHoe OTo6pajKeHiie 

/:Di-> D 2 

Tejia Di b Tejio D 2 Ha3MBaeTCH BbipojKfleHH&iM, ecjin 

ker/ + {0} 

□ 
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TeopeMa 9.1.22. Ilycmb D - meAO xapaKmepucmuKU 0. Ilycmb e - 6a3uc meAa 
D Had u/enmpoM Z(D) meAa D. Ilycmb 



(9.1.30) f : D D f(x)=f s . Q xf s . 1 

(9.1.31) = f ij eixej 

(9.1.32) g:D^D g{x) = g t . x g t . x 

(9.1.33) = g ij eixej 
jiuneunue omo6paoKenusi meAa D. Omo6paotceHue 

(9.1.34) h(x) = gf(x) = g(f(x)) 
RBASiemcsi AuneuHUM omo6pacnceHueM 

(9.1.35) h(x) = h ts . x h ts .i 

(9.1.36) = h pr e p x e r 
zde 

(9.1.37) h ts . = g t . f s . 

(9.1.38) hts-i = fs-i gt-i 

(9.1.39) hT = g ij f kl B p ik B^ 



^OKASATEJlbCTBO. OTo6pajKeinie (9.1.34) jiiiHeftHO Tax Kax 
h(x + y) = g(.f(x + y)) = g(f(x) + f(yj) = g(f(x)) + g(f(y)) = h(x) + h(y) 

h(ax) = g(f(ax)) = g(af(x)) = ag(f(x)) = ah(x) 
Ecjih mbi noflCTaBHM (9.1.30) h (9.1.32) b (9.1.34), to mm nojiyiiiM 

(9.1.40) h(x) = g t . f(x) g t .\ = g t -o f s -o x f s . x g t .\ 

CpaBHHBaH (9.1.40) h (9.1.35), mm nojiyniiM (9.1.37), (9.1.38). 

Ecjih mbi noflCTaBHM (9.1.31) h (9.1.33) b (9.1.34), to mbi nanyiiiM 

h(x) =g %j e.i f(x) ej 

(9.1.41) =g ij e; f kl e k x 

=g^rBl k Bl-e p xe r 

CpaBHHBaa (9.1.41) h (9.1.36), mbi nojiyniM (9.1.39). □ 

9.2. E[ojiHJiHHefiHoe OTo6pa>KeHHe Tejia 

Onpe/jejiemie 9.2.1. DycTB Ri, R n , P - KOJiBna xapaKTepiiCTiiKii 0. IlycTB S 
- MO/ryjiB Hafl kojibuom P. HycTB F - KOMMyTaTHBHoe kojibuo, KOTopoe pjin jiio6oro 
i HBjiaeTCH noflKOjibii,OM neHTpa KOJiBna Ri . OTo6pa»ceHiie 

/ : i?! x ... x R n -> S 

Ha3BIBaeTC3 IIOJIHJIHHeHHMM Ha,H KOMMyTaTHBHbIM KOJIBLJOM F, eCJIH 
/(pi, ...,Pi + qi, ...,p n ) = f(Pl, -,Ph -,Pn) + f(Pl, ft, -,Pn) 

f(ai,...,ba,i,...,a n ) = bf(a\, a,, a„) 

fljisi jiio6oro i, 1 < i < n, h jiio6bix pi, qi € Ri, b G F. 06o3HaHHM C{R\, R n ; S) 
MHOJKecTBO nojiiijiiiHeftHBix OTo6pa»:eHHH KOjien; R\, R n b MO/ryjiB S. □ 
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TeopeMa 9.2.2. Ilycmb D - meAO xapaKmepucmuKU 0. IIojiujiuHeunoe omo6pa- 
afcenue 

(9.2.1) / :D n ->D,d = /(di,...,d») 

uMeem eud 

(9-2.2) <Z /:„ <r.{d x ) fir ... cr s (d n ) fin 

<j s - nepecmanoeKa Muootcecmea nepeMemtux {di, ...,d n } 

_ I di ... d n \ 
yr s (di) ... o s (d n ) ) 

/],OKA3ATEJibCTBO. Mm floxajKeM yTBepjKfleHiie HH/ryKinieii no n. 

Ilpn n = 1 flOKa3tiBaeMoe yTBepjKfleHiie sBjiaeTCH cjig/^ctbhgm TeopeMbi 9.1.11. 

Ilpil 3TOM MM MOJKeM OTOJK.H.eCTBHTb 9 ' 4 

fip = fs-p p = o, i 

flonycTHM, hto yTBepjK,n,eHHe TeopeMbi cnpaBefljiHBO npn n = k — 1. Toiyja 
OTo6pa»ceHHe (9.2.1) momo npeflCTaBHTb b Biifle 

. / 
D k 




fc-i 



d = f(di,...,dk) = g(dk)(di,...,dk-x) 
CorjiacHO npeflnojiosKenHio inmyKiniii nojiHjiHHeiiHoe OTo6pa»ceHHe h HMeeT bh,h 

d = h*- 1 a t (di) h^- 1 ... cr t (4-i) h k ~ k \ 

CorjiacHO nocTpoemiio h = g(dk). CjieflOBaTejitHO, BbipajKemiH ht- P hbjihiotch 
cpyHKn,iiaMH dk- ITocKOjibKy g(dk) - JiHHeitaaH (pyiiKniiH dk, to tojibko o,h,ho Bbipa- 
jKEHiie ht-p HBjiiieTca jmHeftHOH (pyHKirHeii nepeMeHHOfi dk, h ocTajibHbie BbipajKe- 
raa t .qh He 3aBiiCHT ot dk- 

He Hapyinaa o6dxhocth, iiojiojkhm p — 0. CorjiacHO paBeHCTBy (9.1.14) ^jih 
3aflaHHoro t 

h-t-Q 1 = 9tr dk gtr l 
IIojiojkhm s = tr ii onpeflejiHM nepecTanoBKy a s corjiacHO npaBiijiy 

_ _ ( d k di ... d k ~i \ 
\ d k <7 t (di) ... a t {dk-i) I 



B npeflCTaBjieHHH (9.2.2) mm 6yfleM nojib30BaTbCH cnejryiomHMH npaBHjiaMH. 

• Ecjih o6jiacTb SHa^ieHHH KaKoro-jiii6o HH^eKca - sto mho-jkcctbo , cocTOHiuee H3 ojxHO-ro 
sjieineHTa, mm 6yfleM onycicaTb coo-TBeTCTByioiiniH HHfleKC. 

• Ecjih n = 1, to tr s - TOjKflecTBeHHoe npeo6pa30BaHHe. 9to npeo6pa30BaHHe mojkho He 
yKa3bmaTb b BbipajKeHHH. 
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IIOJIOJKHM 

' tr-q+1 ~ n t-q 

fk 
tr-q 

Mm flOKa3ajiii inar vmjiy KTivm . □ 



ftr-q+l — h-t-q 1 q — l,—,k- 

ftr-a = 9trq 9 = 0,1 



Onpe/jejiemie 9.2.3. BbipajKemie s . p f n b paBencTBe (9.2.2) Ha3MBaeTca KOMno- 
HeHToii nojiHJiHHeiiHoro OTo6pa}KeHHH /. □ 

TeopeMa 9.2.4. Ilycmb D - meno xapaKmepucmunu 0. /fonycmujue - 6a.3uc me- 
Aa D Had uoacm F C Z(D). CTaHflapTHoe npe,a,CTaB.jieHHe nojiHJomeimoro 
OTo6pa»ceHHH Tejia uMeem end 

(9.2.3) f(di,...,d„) = f*°- ln e io a t (di) e ix ... a t (d„) e in 

HndeKC t HyMepyem eceeo3MocitcHue nepecmanoeKU a t MHOcncecmea nepeMeHHUX 
{d\, d n }. Bupawcenue ft°'" lrl e paeencmee (9.2.3) Ha3Meaemca CTaH/i,apTHOH 
KOMnoHeHTofi nojiHJiHHeiiHoro OTo6pa>KeHHH /. 

^OKA3ATEJibCTBO. KoMnoHeHTbi nojiHJiHHeiiHoro OTo6pa»ceHHa / HMeiOT pa3- 
jiojKeHiie 

(9.2.4) f s , p = &if s . p 

OTHOCHTejibHO 6a3Hca e. Ecjih mm noflCTaBiiM (9.2.4) b (9.2.2), mm nojiyniiM 

(9.2.5) d = f% r /; «r a (di) Cf T u ... a Ml,.) f n J- e jn 
PaccMOTpHM BbipajKeHiie 

(9.2.6) // = f% -r:.';; 

B npaBoii nacTH noflpa3yMeBaeTCH cyMMa Tex cjiaraeMbix c HHfleKCOM s, pjisi koto- 
pbix nepecTaHOBKa o s coBna^aeT. Kascflaa Taxaa cyMMa 6ya;eT HMETb yHHKajibHbifi 
imflCKC t. IIo^CTaBHB b paBeHCTBO (9.2.5) BbipajKeHHe (9.2.6) mm nojiynnM paBen- 
ctbo (9.2.3). □ 

TeopeMa 9.2.5. Ilycmb e - 6a.3uc mejia D Had hoacm F C Z(D). IIoauauhcuhoc 
omo6pamceHue (9.2.1) mochcho npedcmaeumb e eude D-snaHHOu diopMU cmenenu 
n Had uoacm F C Z(D) 9,5 

(9.2.7) f(a 1 ,...,a n ) = a\\..ai"f il ... in 
zde 

a,j = eidj 

(9-2.8) fi x ...i n =f(e il ,...,e in ) 

u 8Cauhuhu fi 1 ...i n fiejinwmcsi KoopdunamaMu D-3HauHozo KoeapuaHmmo mcH3o- 
pa Had nojieM F . 

,3,OKA3ATEJlL>CTBO. CorjiacHO oirpeflejieniiio 9.2.1 paBeHCTBO (9.2.7) cjie^yeT 
ii3 i^enoHKH paBeHCTB 

f(ai,...,a n ) = f(e il a\ 1 ,...,e iri a' 1 ™) = a^.-.a*™/^, e in ) 

IlycTb e' - flpyrofi 6a3iic. IlycTb 

(9.2.9) e'^ejAi 



9.5 



TeopeMa flOKa3aHa no aH&norHH c TeopeMoft b [3], c. 107, 108 
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npeo6pa30BaHiie, OTo6pajKaioin,ee 6a3iic e b 6a3nc e'. H3 paBeHCTB (9.2.9) h (9.2.8) 
cjie^yeT 

/ii /(^ii > •••> ) 

(9-2.10) =/(e 7l ^,...,^ i ^ : ) 

= 4l...4 : f(e jl ,...,e j J 

- A 31 A J" f. 

H3 paB6HCTBa (9.2.10) cjie^yeT TeiaopHMH 3aKOH npeo6pa30BaHira KOopflimaT no- 
jiHjiHHeflHoro OTo6pa>KeHHH. H3 paBeHCTBa (9.2.10) 11 TeopeMbi 8.2.2 cjiepyei, hto 
3HaneHHe OTo6pa>KeHiiH f(a±, ...,a n ) He 3aBiiCHT ot Bbi6opa 6a3nca. □ 

IlojiHjiHHeiiHoe OTo6pa»ceHHe (9.2.1) CHMMeTpn^HO, ecjm 
f(di,...,d n ) = f(a(di),...,a(d n )) 
pjui jno6oit nepecTanoBKH a MHOJKecTBa {di, d n }. 

TeopeMa 9.2.6. Ecau nojiujiuneuHoe omo6paofceHue f cuMMempuuno, mo 
(9.2.11) fii,...,i„ = fa{i x ),...,a{i n ) 

/],OKA3ATEJlbCTBO. PaBencTBO (9.2.11) cjie,nyeT H3 paBeHCTBa 

a l ■■■ a n i fii—in = /( fl lj ■■■> a n) 

=/(o-(oi), -,o-(a„)) 

=fll 1 —a % n /<r(ii)...<r(i„) 

□ 

IIojiHjiiiHeHHoe OTo6pa»ceHHe (9.2.1) koco CHMMeTpHHHO, ecjra 
f(di,...,d„) = \a\f(a(di),...,a(d n )) 
fljia jiio6oh nepecTaHOBKH a MHOJKecTBa {d\, ...,d n }. 3p,eci> 

{1 nepecTaHOBKa a neTHaa: 
— 1 nepecTaHOBKa a HeneTnaH 

TeopeMa 9.2.7. Ecau nojiuAUHeunoe omo6pacnceHue f koco cuMMempuHHO, mo 
(9-2.12) f ilt ... tin = [a|/ CT(il) ,..., CT(i „) 

,3,0k A3ATEJlbCTBO. PaBeHCTBO (9.2.12) cjie^yeT H3 paBeHCTBa 

«i 1 -.On"/ii...i„ =f(ai,...,a„) 

=\a\f(a(ai), ...,a(a n )) 

=ai 1 ...<™ W\f<r(ii )...<r(i„) 

□ 

TeopeMa 9.2.8. Koopduuamu nojiuJiuneixHozo nad no/ieM F omo6pawceHUJi (9.2.1) 
u ezo KOMnoHenmu omnocumcAWO 6a3uca e ydoejiemeopsiiom paeencmey 

(9.2.13) f jx „. jn =f^--- l "B^ t{ji) Bl\ ii ...B^_ iat{jn) Bll in ei n 
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,HOKA3ATEJibCTBO. B paBeHCTBe (9.2.3) nojiojKHM 

dk = e^df 
Toiyja paBeHCTBO (9.2.3) npiiMeT BHfl 

f(d 1 ,...,d n ) = e iQ a t (d 3 ^e ix )e ix ...o t {d 3 ™e in )e in 

\y- ZAi: >) _ jji jj n fi ...i n R fei oil 

■■■ B iZx^(M B k,iji n 

H3 paBeHCTBa (9.2.7) cjie,nyeT 

(9.2.16) /(«!, ...,a n ) = e p f?_ in a\\..atr 

PaBeHCTBO (9.2.13) cjie^yeT 113 cpaBHemiH paBencTB (9.2.15) h (9.2.7). PaBeHCTBO 
(9.2.14) cjie^yeT H3 cpaBHeHira paBeHCTB (9.2.15) h (9.2.16). □ 



DiaBa 10 



Ajire6pa KBaTepHHOHOB 



10.1. JInHeiiHaH cpyHKijHH KOMnjieKCHoro nojiH 

TeopeMa 10.1.1 (ypaBHemiH KoiHH-PiiMaHa). PaccMompuM noAe komuackchux 
Huce/i C kclk deyMepuyw a,Aze6py nad no/ieM deucmeumeAbHux uuceA. IIoaochcum 

(10.1.1) eco = 1 ec-i = i 

6a,3uc aAze6pu C . Tozda e stuom 6a3uce npou3eedenue uMeem eud 

(10.1.2) e 2 c . x = -ec-o 
u cmpyKmypnue KOHcmanmu UMewm eud 

(10.1.3) BC \° =1 Bch±= 1 

%io —1 Bc-xx =—1 

Mampuua AUHeunou aiynnuuu 

noASi KOMUAeKcnux uuceA Had noAeM deucmeumeA'bHux uuceA ydoeAemeopnem co- 
omHomeHUK) 

(10-1.4) / ° = fl 

(10-1.5) /o 1 = -/° 

^OKA3ATEJlbCTBO. PaBeHCTBa (10.1.2) h (10.1.3) cjieflyiOT 113 paBeHCTBa i 2 = 
— 1. IIojiB3yHCb paBeHCTBOM (9.1.17) nojiynaeM cooTHOineHiia 



(10, 


.1.6) 


/ 


= f k -Bc p k0 Bc° pr 




f f lr B c .l B c ° r = 


r- 


z 11 


(10. 


.1.7) 


/ 


= f^Bc-ioBc-lr 


= f 0r Bco Bcl r 


f f lr B c \ Q B c \ r = 


/ 01 + 


/ 10 


(10. 


.1.8) 


f? 




= f^BclxBc-ir^ 


-f lr B c ° 11 Bc 0r = 


_/01_ 


-f 10 


(10. 


.1.9) 


f 


= f kr Bckl B Cp r 


= f° r Bco\Bc\ r 


+- f lr Bc °iBc o r = 


/ 00 - 


r 



Ha paBencTB (10.1.6) h (10.1.9) cjie^yeT (10.1.4). Hs pa B e H CTB (10.1.7) 11 (10.1.8) 
cjie^yeT (10.1.5). □ 
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10. Ajire6pa kb&tcphhohob 



10.2. Ajire6pa KBaTepHHOHOB 



B SToii CTaTte h paccMaTpiiBaio mhcokcctbo KBaTepHiiOHHbix ajire6p, onpe,u;e- 
jienHbix b [15]. 

Onpe/jejiemie 10.2.1. IlycTb F - nojie. PacnmpeHHe F(i, j, k) nana F Ha3biBaeTCH 
ajire6poii E(F,a,b) KBaTepHHOHOB Ha,n, nojieM F , ecjiH npoH3Be,n,eHHe b 
ajire6pe E onpe^ejieHO corjiacHO npaBiijiaM 





i 


3 


k 


i 


a 


k 


aj 


j 


-k 


b 


-bi 


k 


-aj 


bi 


—ab 



(10.2.1) 



rfle a, b G F, ab ^ 0. 

3jieMeHTbi ajire6pbi E(F, a, b) HMeiOT bh^ 

x = x° + x 1 i + x 2 j + x 3 k 

rpfi x l € F, i = 0, 1, 2, 3. KBaTepmiOH 

— 1 • 2 ■ 3 1 

x = x — xi — x j — x k 
Ha3biBaeTca conpajKeHHBiM KBaTepHHOHy x. Mm onpeflejiiiM HopMy KBaiepHHOHa 

X paBeHCTBOM 

(10.2.2) \x\ 2 =xx = (x ) 2 - aix 1 ) 2 - b(x 2 ) 2 + ab{x 3 ) 2 

IA3 paBencTBa (10.2.2) cjie^yeT, hto E(F, a, b) HBjiaeTCH ajire6poH c ^ejieHHeM tojib- 
ko Korfla a < 0, b < 0. Tor^a mm mojkcm npoHopMiipoBaTt 6a3iic Tax, hto a = — 1, 
6 = -l. 

Mbi 6ya,eM o6o3HaHaTb ciimbojiom E(F) ajire6py E{F, — 1, —1) KBaTepmiOHOB 
c flejieHneM Ha,n nojieM F. npoii3Befleiiiie b ajire6pe E(F) onpeflejieHO corjiacHO 
npaBiijiaM 





i j 


k 


i 


-1 k 


-j 


J 


-k -1 


i 


k 


j -i 


-1 



(10.2.3) 



B ajire6pe E(F) HopMa KBaTepHHOHa HMeeT BHfl 

(10.2.4) \x\ 2 =xx = (x ) 2 + (x 1 ) 2 + (x 2 ) 2 + {x 3 ) 2 

Ilpil 3TOM 06paTHMH SJieMeHT HMeeT BHfl 

(10.2.5) x- 1 = \x\~ 2 x 

Mm 6yp/SM nojiaraTb H = E(R, — 1, — 1). 

BuyTpeHHiiii aBTOMopcpii3M ajire6pbi KBaTepHHOHOB H 10 2 

P -> qpq- 1 

(10.2.6) 

q(ix + jy + kz)q~ 1 = ix' + jy' + kz' 



□ 



1 £1 6yfly cjieflOBaTt onpe,a,ejieHHio H3 [15]. 
10 ' 2 Cm. [16], c. 643. 
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oniiCBiBaeT BpameHiie BeKTopa c KOop/niHaTaMH x, y, z. Ecjih q 3aniicaH b BH,n,e 
cyMMbi CKajiapa n BeKTopa 

q = cos a + (ia + jb + kc) sin a a 2 + b 2 + c 2 = 1 

to (10.2.6) onHCbiBae-T BpameHHe BeKTopa (x, y, z) BOKpyr BGKTopa (a, b, c) Ha yroji 
2a. 

10.3. JlHHeiiHcLH cpyHKU,HH ajire6pti KBaTepHHOHOB 
TeopeMa 10.3.1. IIoaowcum 

(10.3.1) eo = 1 e± = i e2 = j £3 = k 

6a3uc ame6pu KeamepHuonoe H . Tozda e 6a3uce (10.3.1) cmpytcmypHue KOHcman- 
mu UMetom eud 



-°oo — 


1 


B 01 = 


1 


B$ 2 = 


1 


B 03 = 


1 


B lo = 


1 


B?i = 


-1 


Bh = 


1 


B h = 


-1 


B 20 = 


1 


B 21 = 


-1 


B 22 = 


-1 


Bh = 


1 


B 30 = 


1 


B ii = 


1 


B h = 


-1 


B °33 = 


-1 



,Z],OKA3ATEJibCTBO. 3HaHeHiie CTpyKTypHBix KOHCTaHT cjiepyeT H3 Ta6jiiiHbi 
yMHOJKeHHH (10.2.3). □ 

Tax KaK BbiHHCjieHiia b 3tom pa3flejie 3aHiiMaiOT MHoro MecTa, h co6paji b 
o,h,hom MecTe ccbijikh Ha TeopeMbi b stom pa3/i,ejie. 

TeopeMa 10.3.2: onpe^ejieHHe KOopflHHaT jiHHeHHoro OTo6pa:»ceHH5i ajire6- 
pbi KBaTepHHOHOB H ^epes CTaHflapTHbie KOMnoHeHTbi SToro OTo6pa>Ke- 

HHH. 

PaBeHCTBO (10.3.22): MaTpHHHaa cpopMa 3aBHCHMOCTH KOopflimaT juiHeii- 

Horo OTo6pajKeHHH ajire6pbi KBaTepHHOHOB H ot CTaHflapTHbix KOivmo- 

HeHT 3Toro OTo6pa>KeHHH. 
PaBeHCTBO (10.3.23): MaTpHHHaa (popMa 3aBHCHMOCTH CTaHflapTHbix kom- 

noHeiiT jiHHeiiHoro OTo6pa:sceHHH ajire6pbi KBaTepHHOHOB H ot KOop/ninaT 

SToro OTo6pa»ceHHH. 
Theorem 10.3.4: 3aBHCHMOCTb CTaHflapTHbix KOMnoHeHT JiHHeiiHoro oto6- 

pajKeHHH ajire6pbi KBaTepHHOHOB H ot KOop/niHaT SToro OTo6pajKenHa. 

TeopeMa 10.3.2. CmandapmHue KOMnoHenmu JiuneuHou gjyHKi^uu cuize6pu Kea- 
mepHuonoe H omnocumeA'bHO 6a3uca (10.3.1) u Koopdunamu coomeemcmeymuifizo 
jiuHeunozo npeo6pa3oeanuH ydoeAemeopsimm coomnometiUfiM 



;i0.3.2) 



Jo 


=/ 00 


-f 11 


_ f 22 


_ f 33 


fl 


=/ 00 




+ f 22 


+ f 33 


11 


=/ 00 




_ f 22 


+ f 33 


< /3 


=/ 00 




+ f 22 


_ f 33 



J 211 
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(10.3.3) 



(10.3.4) 



/ 


= / 01 


+ / 10 


+ / 23 


~f 32 


/ 


=-/ 01 


-/ 10 


+ / 23 


~f 32 


/ 


=-/ 01 


+ / 10 


-z 23 


~f 32 


/ 


= / 01 


_ f 10 


_ /23 


~f 32 


/ 


= / 02 


-f 13 


+ / 20 


+ / 31 


/ 


= f 02 


-f 13 


-/ 20 


~f 31 


/ 


=-/ 02 


-f 13 


-/ 20 


+ / 31 


/ 


=-/ 02 


-f 13 


+ / 20 


-/ 31 


/ 


= f 03 


+ / 12 


-/ 21 


+ / 30 


/ 


=-/ 03 




-/ 21 


+ / 30 


/ 


= / 03 




-/ 21 


-/ 3 ° 


/ 


=-/ 03 


+ / 12 


-P 1 


~f 30 



(10.3.5) 



^Q,OKA3ATEJibCTBO. IIojib3yHCb paBeHCTBOM (9.1.17) nojiynaeM cooTHOineHHs 

f0_ fkr RP DO 
JO — J D kO D vr 

(10.3.6) = f 00 B° B°, + /"-Bio-^ii + f 22 B 2 B° 2 + f 33 B% B% 3 

= / 00_ / ll_ / 22_ / 33 



(10.3.7) 



(10.3.8) 



(10.3.9) 



(10.3.10) 



£ 1 fkr DP d1 

JO— J a kO°pr 

_ fOlDO pi , flOpl Rl i J-23 p2 pi , i32d3 r1 

— / a oo a o\ + J -Dio-Dio + / -D20-D23 + / -D30-D32 

= / 01 +/ 10 + / 23 "/ 32 

/o 2 = / fcr BL^ 

_ £ 02 rO r2 , J-13D1 r2 , f20 f)2 r2 , f31 d3 r2 

— 7 -^00^02 + / -D10-D13 + / a io a io + J -D30-D31 

= /° 2 " J" + / 2 ° + / 31 



/o 3 = 



f kr B p k0 B* r 

?0 r3 

'oo^o; 
/ 03 + / 12 -/ 21 



£ 03 rO r3 , fl2Rl R 3 , f 21 r2 r3 , f 30 r3 r3 
/ -D00-DQ3 + / ^10^12 + / a iO a i\ + J ^30^30 



£0 £kr r>P rO 

h- J & kl £S pr 

-f 01 -f W + f 23 



_ fOlnl rO 1 flO rO rO 
-/ -#01^11 + J ^ll^OO 



^23 r3 rO 1 f32 r2 rO 
/ ^21-033+/ ^31^22 



r32 
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(10.3.11) 



(10.3.12) 



(10.3.13) 



(10.3.14) 



(10.3.15) 



(10.3.16) 



(10.3.17) 



(10.3.18) 



(10.3.19) 



fb- 



f 



fb 



fl- 



fi- 



fb 



fkr DP nl 
7 B kl U pr 

_ tooui nl i fii do d1 
-/ ^01^10+7 ^n-^oi 

= / 00_ / ll +/ 22 +/ 33 

fkr tdP d2 
7 B kl B pr 

_ j03d1 d2 _l f 12 DO R 2 



-"oi-'-'is 

C03 fl2 



11 -"02 
i J?30 



= -/° 3 - z 12 - / 21 + / 

/?= f kr B p kl B 3 pr 

_ j02d1 R 3 , fl3r>0 r>3 
— / -DOI-D12 + 7 -Dll-Dl 



-'01 JJ 12 
/0 2 _ f 13 _ 



11^03 
20 f31 



f 



fO fkr dP dO 

J 2- J tS k2 U pr 

= f 02 BZ 2 B 2 > 2 +f^B? 2 B° 3 

= _ / 02_ / 13_ / 20 + / 31 



fkr dP nl 
7 B k2 B pr 

_ J-03 o2 nl 1 f 12 r>3 d1 
" 7 ^02-^23 + 7 ^12^32 

= /° 3 -/ 12 -/ 21 -/ 30 



f kr B p k2 B* r 



iOOd2 R 2 
J ^02"20 



f 11 R 3 R 2 
7 ti X2 U 3\ 



= / U ° + / 11 -/ 22 +/ 

7 B k2 B pr 

_ fOl d2 R 3 , j-10 R 3 R 3 
" 7 -002^21 + 7 ^12^30 

= "/ 01 +/ 10 -/ 23 -/ 32 



/ 3 °= f kr B p k3 B° pr 

_ J-03 n3 dO , j-12 R 2 dO 
— 7 -003^33 + 7 ^13^22 

= _ / 03 +/ 12_ / 21_ / 30 



rfcr dP nl 
7 B k3 B pr 

_ J-02 R 3 Dl , fl3n2 R l 
~ 7 -003^32 + 7 ^13^*23 

= -/° 2 -/ 13 +/ 20 -/ 31 



f 22 R 3 nl , J-33 R 2 d1 

7 ^21^32+/ ^ 31 ±? 23 



f2lD3 d2 , f 30 R 2 R 2 
7 ^21-031+7 ^31^20 



f20 R 3 R 3 , i-31 R 2 R 
7 ^21-030+7 ^31^21 



f 21 R R l , f 30 R l Rl 
7 ^22^01 + 7 ^32^10 



f 22 R R 2 , f33 R l R 
7 tS 22 U 02 + 7 B 32 B 



2 

32^13 



f 23 R R 3 
J £> 22 £) 03 



f 32 R l R 3 
7 ^32^12 



f 21 R l R , f 30 R R 
7 ^23-011+7 ^33^00 



f20 R l R l 1 J-31 R R l 
7 ^23-010 + 7 ti 33 t >Q\ 
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10. Ajire6pa KBaTepHHOHOB 



(10.3.20) 



ft- 



fkr tdP r>2 
J B k3 B pr 

_ fO\ r>3 r>2 _i_ fW r>2 d2 



f23 nl d2 , f32 r>0 r> 
J #23^13 + / ^33^1 



p23 



32 



2 

02 



(10.3.21) 



f 00 r>3 E>3 
J ^OS^O 



Ln2 r3 i ^22 E>1 d3 
^13^21 + / t! 23 t >l2 



{ 33 dO r3 



fe3 pr 

= / 00 + / ll + / 22_ /3 3 

YpaBHeHiiH (10.3.6), (10.3.11), (10.3.16), (10.3.21) (popMiipyioT ciiCTeMy jih- 
hchhmx ypaBHCHHii (10.3.2). 

YpaBHenHH (10.3.7), (10.3.10), (10.3.17), (10.3.20) (popMiipyioT CHCTeMy jih- 
hchhmx ypaBHeHHii (10.3.3). 

YpaBHenHH (10.3.8), (10.3.13), (10.3.14), (10.3.19) (popMiipyioT ciiCTeMy jih- 
hciihbix ypaBHCHHii (10.3.4). 

ypaBHeHHH (10.3.9), (10.3.12), (10.3.15), (10.3.18) (popMiipyioT CHCTeMy jih- 

hchhbix ypaBHeHHii (10.3.5). □ 

TeopeMa 10.3.3. PaccMompuM aAze6py KeamepHuonoe H c 6a3ucoM (10.3.1). 
CmandapmHue KOMnoHenmu addumuenou (pyHKV,uu Had noJieM F u Koopdunamu 
3mou QiynK'uuu Had noAeM F ydoenemeopfimm coomHowenusiM 

( fS fi fS / 3 ° \ 

fi ~fo — f\ 

~fi ~fo fi 
fi ~fi ~fo / 



(10.3.22) 



/ 

V / 3 3 



Z 1 


-1 


-1 


-M 




( 




~f 01 


_ f 02 


~f 03 \ 


1 


-1 


1 


i 






f 11 


/ 10 


P 3 


~f 12 


1 


1 


-1 


i 






£22 


_ /23 


f 20 




V i 


1 


1 


-i J 




\ 


f 33 


/3 2 


~f 31 


f 3 ° J 



(10.3.23) 



zde 



( f°° 


-r 1 


_ f 02 




f 03 


\ 












f 11 


/ 10 


f 13 




f 12 














f 22 


_ f 23 


f 20 




P 1 












V z 33 


f 32 


~f 31 




f 30 


) 












( 1 


1 


1 






( 


f 




3 


/ 


f 


fS \ 


L 


-1 


-1 


1 


i 






f 


1 
1 




f 


-fl 


I 


-1 


1 


-1 


i 






f 


2 
2 


-fi 


-fl 


fl 




V -1 


1 


1 - 


i j 




\ 


f 


3 
3 


f 


-fi 


-fl J 



V i 



-1\ 



/ 1 



-1 / 



V -i 



1 1 

-1 1 

1 -1 

1 1 



1 \ 

1 
1 

-1 / 
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,H,OKA3ATEJlt>CTBO. 3annineM ciiCTCMy juraeftHBix ypaBHemifi (10.3.2) b BH^,e 
npoii3Be,n;eHHs MaTpnn, 



(10.3.24) 





) 




( i 


-i 


-l 






( r 




fl 






i 


-i 


i 


i 








fi 






i 


i 


-l 


i 




f 22 




V fi 


J 




^ i 


i 


i 


-i J 




{ f 33 


) 



3anHineM chctgmy jniHeftHtix ypaBHemiH (10.3.3) b Bii^e npoH3Be,n,eHHfl MaTpun, 



(10.3.25) 



/ fl 


\ 


( 


i 


i 


i 






( f 01 


\ 


fl 






-i 


-i 


i 


-i 




/ 10 




fi 






-i 


i 


-i 


-i 




ps 




V fi 


) 


\ 


i 


-i 


-i 


-i J 




{ f 32 


J 



H3 paBGHCTBa (10.3.25) cjie^yeT 



(10.3.26) 



/ 






( 


-i - 


i 




i 


i 


\ 




' f 01 


\ 






/ 








-i - 


i 




i 


-i 






f W 








/ 








-i 


i 




i 


-i 






f 23 








/ 


) 




{ 


-i 


i 




i 


i / 




, f 32 


J 
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-i 




i 








1 


_ f OX 


\ 














i 


-i 




-i 




-i 






f 10 
















i 


i 




i 




-i 






-f 23 














{ 


i 


i 




-i 




i J 




\ 


f 32 


J 






/ 


fx \ 






f 1 




-l 




-i - 


-1 N 




(- 


-./ 


01 








fl 






i 




-l 




i 


1 






./ 


10 








fi 






i 




i 




-i 


1 






-f 23 




V 


fi J 






^ i 




i 




i 


-1 1 




K 


f 32 


) 



3anHineM ciiCTeMy jnmeftHBix ypaBHeniift (10.3.4) b BH^e npoH3BefleHHH MaTpnn, 



(10.3.27) 



( f " \ 


( 


i 


-i 


i 




/ f 02 




fi 




i 


-i 


-i 


-i 


f 13 




fi 




-i 


-i 


-i 


i 


f 20 




\ fl 1 


\ 


-i 


-i 


i 


-i / 


V f 31 


) 
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10. Ajire6pa kb&tcphhohob 



H3 paBencTBa (10.3.27) cjie^yeT 

( ~fo \ ( -1 



"A 3 
ft 

V /3 1 / 



1 -1 -1 \ / /° 2 \ 



1 / 



/ 13 
ft 
V / 31 J 









( 1 


1 


-1 


M 




( 


-ft 2 














1 


1 


1 


-1 






ft 3 
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-1 


-1 


-1 




















V 1 


-1 


1 






\ 


-/ 31 


J 






t 


f 


\ 




( 1 


-1 


-1 


-1 


\ 




(- 


_ f 02 


\ 




f 






1 


-1 


1 


1 






f 


13 






-ft 
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1 


-1 


1 










\ 


-ft 


) 




V 1 
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1 


-1 J 




K - 


-f 31 


/ 



(10.3.28) 



3anHineM ciiCTeMy jiimeftHbix ypaBHeHiiit (10.3.5) b BH/i,e npoH3Be,n,eHHfl MaTpun, 



(10.3.29) 



( /o 3 \ ( 
ft 
ft 

V / 3 ° J 

H3 paBGHCTBa (10.3.29) cjie^yeT 



1 1 \ ( f 03 \ 
ft 2 
f 21 
\ f° J 



-1 1 

-1 -1 

-1 -1 / 



-/o 3 \ 
ft 
-ft 



(- 1 1 

-1 -1 

-1 1 

v -1 1 

/ 1 
1 
1 

V 1 



1 -1 \ / r \ 

-1 1 ft 2 
1 1 f 1 

( - f03 \ 
-ft 2 

ft 1 

\ f 30 J 



1 -M 



1 
1 

-1 / 



/ ft \ / 1 -1 -1 -1 \ 



(10.3.30) 



V 



-ft 
ft 
-ft J 



V 1 



-1 1 1 

1-1 1 

1 1-1/ 



( - /03 \ 

-ft 2 
ft 1 

V f 30 J 



Mm o6i,eAHHHeM paBeHCTBa (10.3.24), (10.3.26), (10.3.28), (10.3.30) b paBeHCTBe 
(10.3.22). □ 

TeopeMa 10.3.4. CmandapmHue KOMnoHenmu AuneuHou (pyHKv,uu a,Aze6pu kbcl- 
mepHuonoe H omnocumeAbHO 6a3uca (10.3.1) u Koopdunamu coomeemcmeymuifizo 
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(10.3.31) 



Auneutiozo npeo6pa3oeaHUH ydoeAemeopsimm coomHowenufiM 

' 4/ 00 =/ + / 1 1 +/| + / 3 3 
4/ u = 
4/ 22 = 
4/ 33 = 

4/°i = 
4/ 32 = 
4/ 23 = 

4/ 20 = 
4/31 = 

4/ 02 = 
4/13= 



(10.3.32) 



~fa ~ fi + /f + /f 

~/o + /i — /f + /f 

~/o + /i + /I — /f 

"/l + /o — /3 + /f 

~/l + /o + — /f 



;•() ;1 f2 _ f 
Jl JO ./3 J2 

/l + /o — /f — 



(10.3.33) 



(10.3.34) 



4/ 30 = 
4/2i = 

4/ 12 = 
4/ 03 = 



— ^2 + + /o — /l 
^2 — + /o — /l 

— /2 — + /o + /l 

_ f O _ f 1 _ f 2 _ f3 
J2 J3 JO Jl 

— /3 — /I + /l + fa 

fO fl fl _ fi 
J3 J2 Jl JO 

~~ fi ~ fl + fo 

~fs + fi ~ fi + fo 



/],OKA3ATEJibCTBO. CiicTeMbi jiHHeftHMx ypaBHeHHH (10.3.31), (10.3.32), (10.3.33), 

(10.3.34) nojiyneHM b pe3yjn>TaTe nepeMHOJKeHHH MaTpun; b paBeHCTBe (10.3.23). 

□ 

TeopeMa 10.3.5. Mu MoatceM omocncdecmeurm> KeamepnuoH 

(10.3.35) a = a + a 1 i + a 2 j 

u Mampwuy 

(10.3.36) J a 



a 3 k 





a 


-a 1 


-a 2 


-a 3 






a 


a 


-a 3 


a 






a 


a 


a 


-a 1 




\ 


a 


-a 2 


a 


a 


) 



^OKA3ATEJlbCTBO. IIpoH3BefleHHe KBaTepHHOHOB (10.3.35) h 
x = x° + x x i + x 2 j + x 3 k 

HMeeT BHfl 

ax = a°x° - a^x 1 - a 2 x 2 - a 3 x 3 + (a ^ 1 + a 1 ^ + a 2 x 3 - a 3 x 2 )i 

,/02, 20, 31 1 3\ • , / O 3 , 30, 12 2 1\ 7 

+ (a x + a x + a x — a x )j + {a x + a x + a x — a x )k 
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CjieflOBaTejibHO, cpyHKipaH f a (x) = ax hmgbt MaTpHny 5Iko6h (10.3.36). CHeBimHO, 
^to f a ° fb = fab- AHajioriraHoe paBencTBO BepHO fljia MaTpun; 
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a -a 1 


-a 2 


-a 3 






/ 6° 


-6 1 


-b 2 


-b 3 \ 






a 1 a 


-a 3 
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6 1 




-b 3 


b 2 






a 2 a 3 
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-a 1 






6 2 
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b° 


-b 1 
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a 3 -a 2 


a 


a 






^ b 3 


-b 2 


b 


b° ) 




/ 


a°6°- 


aH 1 


-aV 




- a 


i b o 


-a°b 2 


+ aH 3 


-a°b 3 - o}b 2 




-a 2 6 2 - 


a 3 b 3 


-a 2 6 3 


■+ 


- a 


3 fc 2 


-a 2 b° 


-a 3 ^ 


+a 


b 1 - a 3 b° 



a°b 1 +a 1 b° 
-a 2 b 3 - a 3 b 2 



a b 
-a 2 b 2 



aH 1 
a 3 b 3 



+a 2 b 1 



a 
a 



a o — a t> 
+a 2 b° + aH 1 



a°b 2 - aH 3 
+a 2 b° + a 3 6 1 



a°b 3 
-aH 1 



aH 2 
a 3 b° 



a°b° - aH 1 
-a 2 b 2 - a 3 b 3 



-a ^ - a x b Q 
-a 2 b 3 - a 3 b 2 



\ 



a°b 3 
-a 2 6 1 



aH 2 
a 3 b° 



-a°b 2 
-a 2 b° 



aH 3 
aH 1 



aH 1 
+a 2 b 3 



aH 
a 3 b 2 



a°b° 
-a 2 b 2 



a 1 ^ 

,3l3 



a 3 b 3 ) 



CjieflOBaTejibHO, mbi mojkcm OTO»c^,ecTBHTi> KBaTepniiOH a h MaTpnny J a . 



□ 



DiaBa 11 



JlnHeHHoe OTo6paxceHHe D-BeKTopHbix npocTpaHCTB 

11.1. JlHHeiiHoe OTo6pcUKeHHe _D-BeKTopH&ix npocTpaHCTB 

IIpil H3yHeHHH JIHHeHHOrO 0TC)6pa>KeHHH D-BeKTOpHMX npocTpaHCTB MM 6yp£M 

paccMaTpiiBaTB Te.no D Kax kohchho MepHyio ajire6py Hafl nojieM F. 

Onpe/i,ejieHHe 11.1.1. HycTb nojie F hbjihctch no^KOjibupM neHTpa Z(D) Tejia 
D. IlycTb V h W - -D-BeKTopHbie npocTpancTBa. Mm 6ya,eM Ha3biBaTb OTo6pa>Ke- 
Hne 

A:V 

Z?-BeKTopHoro npocTpancTBa V b D-BeKTopnoe npocTpaHCTBO W jiHHeimtiM oto6- 
pa^KeHHeM Ha,n nojieM F, ecjin 

A(x + y) = A(x) + A(y) x, y e V 
A(px) = pA(x) p e F 

OSosHamiM C(D; V; W) MHO»cecTBO jniHeftHbix OTo6pajKCHHfi 

A: V -)■ W 

U-BeKTopHoro npocTpancTBa V b _D-BeKTopHoe npocTpaHCTBO W . □ 
OneBHflHO, hto Z3**-jiHHefiHoe OTo6pa>KeHHe, Tax »;e KaK %Z}-jiiiHeHHoe oto6- 

pajKeHHe HBJIHIOTCH JIHHeHHblMII OTo6pa>KeHHflMII. MHOJKeCTBO MOpCpH3MOB _D-BeK- 

TopHoro npocTpaHCTBa niiipe, neivr mhojkcctbo MopcpH3MOB Z?**-BeKTopHoro npo- 
CTpaHCTBa. HTo6bi paccMOTpeTb jiiiHeiiHoe OTo6pajKeHiie bcktophmx npocTpaHCTB, 
Mbi 6yneM cjieflOBaTb MeTO/nixe, npefljiojKeHHOii b pa3,ne.jie 4.4. 

TeopeMa 11.1.2. Ilycmt D - mejio xapaKmepucmuKU 0. JIuneuHoe omo6paotceHue 

A:V -^W 

omHocumeAbHO ** D-6a3uca ey.*e D-eenmopHOM npocmpaHcmee V u ** D-6a3uca 
e\y *6 D-eeKmopnoM npocmpaHcmee W uMeem eud 

(11.1.1) A{v) = e w . 3 ; Aj(v l ) v = e v **v 

zde Ajiv 1 ) AUHeuno 3aeucum om odnou nepeMennou v % u ne 3aeucum om ocmaAt>- 
hux Koopdunam eeKmopa v. 

^OKA3ATEJlbCTBO. CorjiacHO onpeflejieHHio 11.1.1 

(11.1.2) A(v) = A(e v **v) = A^e v .iV* \ =^3(e v .i^) 
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11. JlHHeHHOe OTo6pa5KCHHC D-BCKTOpHBIX IipOCTpaHCTB 



fljia jiK>6oro 3a^,aHHoro i BeKTop A(ey-i v l ) G W HMeeT e,n,HHCTBeHHoe pa3jio?Ke- 



;n.i.3) 



OTHOCHTejibHO **_D-6a3iica ew-*- Ilo^CTaBHB (11.1.3) b (11.1.2), mm nojiy^HM (11.1.1) 

□ 

Onpe/jejiemie 11.1.3. JliraeiiHoe OTo6pa»:eHHe 

A\ : D -> D 

Ha3BiBaeTCH HacTHbiM jumeiiHbiM OTo6pa»ceHHeM nepeMeHHoii v % , □ 

Mbi MOsceM 3anncaTb JiHHeiiHoe OTo6pajKeHHe b BH^e npoii3Be,n,eHiiH Maipim 

(11.1.4) A(v) = (e w .t ... e w . m ) ** 



Onpe,n;ejiHM npoii3Be,i];eHiie MaTpun, 
A\ ... A\ 

(11.1.5) 



,A\ 



A\ 



r^e A = ) - MaTpnn,a nacTHbix jrtmeHHbix OTo6pajKeHiiii. Hcnojib3yfl paBeHCTBO 

(11.1.5) , mm mojkem 3aniicaTb paBeHCTBO (11.1.4) b BH^e 

_'A\ ... Al\ fv v 

(11.1.6) A(v) = (e w .i ... e w .. 



\v r ' 



TeopeMa 11.1.4. Ilycmt D - mejio xapaKtnepucmuKU 0. Jluneunoe omo6paonzeHue 
(11.1.7) A:v eV -^w eW w = A(v) 

omnocumeA&no D-6a3uca ey-*e D-eeKmopnoM npocmpancmee V u ** D-6asuca 
ew * 6 D-eenmopnoM npocmpancmee W UMeem eud 



(11.1.8) 
(11.1.9) 



v = ey* v 
w = ew**w 

= A*(v*) = A s . .i v* A s . v i 



,3,OKA3ATEJibCTBO. CorjiacHO TeopeMe 11.1.2 JiHHeiiHoe OTo6pa»ceHHe A(v) 
mojkho 3anHcaTb b BH/i,e (11.1.1). Tax kb,k fljia 3a,n,aHHbix HHfleKCOB i, j nacTHoe 
jiHHeiiHoe OTo6pa»ceHHe Aj(v l ) jiiihciiho no nepeMeHHoii v l , to corjiacHO (9.1.14) 
BbipajKeHne A\ (v % ) mojkho npe^CTaBHTb b BH,n,e 

(11.1.10) A\{v i )=A s J i v i A s .x.\ 



11-1 KoopflHHaTHaH 3anHCb OTo6pa^:eHH5i (11.1.7) 3aBHCHT ot Bbi6opa 6a3iica. PaBeHCTBa H3MeHHT 
cboh BHfl, ecjiH HanpHMep mbi BBi6epeM %D-6a3iic r* b D-bcktophom npocTpaHCTBe W. 



11.1. JlHHCHHOG OToGpaJKCHHC D-BCKTOpHBIX npocTpaHCTB 



12!) 



Tflfi HHfleKC s HyMepyeT cnaraeMbie. MHOJKecTBO SHaiemifi HHfleKca s 3rbhcht ot 
HH^eKCOB i h j. KoM6HHHpya paBeHCTBa (11.1.2) ii (11.1.10), mm nojryiHM 

(11111 ) Mv) =e w . j A{(v i ) =e w . 3 A s . .l v l A a . v { 

A(y) = e w **Ai(v l ) = e w **{A s . .i v l A a .i.<) 

B paBGHCTBG (11.1.11) mm cyMMHpyeM TaioKe no HH^eKcy i. PaBencTBO (11.1.9) 
cjie^yeT H3 cpaBHemifl paBeHCTB (11.1.8) h (11.1.11). □ 

Onpe^ejieHHe 11.1.5. BbipajKemie A S . P 4 B paBeHCTBe (11.1.3) Ha3MBaeTCH 

KOMnOHeHTOH JIHHeHHOrO OTo6pa>KeHHH A. □ 

TeopeMa 11.1.6. Ilycmb D - meAo xapaKmepucmuKu 0. Ilycmb ey *- ** D-6a3uc e 
D-eeKmopnoM npocmpancmee V, ejj-* - ** D-6a3uc e D-eenmopnoM npocmpancmee 
U, u eyy.*- ** D-6a3uc e D-eenmopnoM npocmpaHcmee W. IIpednoAoatcuM, umo 
mu UMeeM KOMMymamuenyw duazpaMMy omo6paotcenuu 

V ~ 




U 

ede Auneunoe omo6pamcenue A UMeem npedcmaeAenue 

(11.1.12) u = A(v) = eu-jAl(v l ) = •e u . j A aJQ .{ v* A s .i.f 

omnocumeAbno 3adannux 6a3ucoe u Auneunoe omo6paotcenue B UMeem npedcmae- 
Aenue 

(11.1.13) w = B(u) = e w . k B$(u j ) = e w . k B t .^ v? B M * 

omnocumeAbno 3adannux 6a3ucoe. Tozda omo6pacncenue C Auneuno u UMeem nped- 
cmaeAenue 

(11.1.14) w = C(v) = e w . k CHv l ) = e w . k C u .o k i v l CU? 
omnocumeAbno 3adanHux 6a3ucoe, zde 112 



C*V) =B^(A{(v i )) 
(11.1.15) Cu-o-% — Cts-o-i = Bt*o-j ^s-o-l 

f < k f~i k a 3 D k 



^'^HHfleKC U OKa3aJIC5I COCTaBHbIM HHfleKCOM, U = St. O^HaKO He HCKJIIOMeHO, HTO HeKOTOpbie 

cjiaraeivibie b (11.1.15) MoryT 6bitb oSteflHHeHbi BMecTe. 
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11. JlHHeHHOe OTo6pa5KCHHC D-BCKTOpHBIX IipOCTpaHCTB 



^OKA3ATEJlbCTBO. OTo6pa»;eHHe C jiiiHefiHO, Tax KaK 
C(a + b) =B(A{a + b)) 

= B(A(a)+A{b)) 
= B(A(a)) +B(A(b)) 
= C(a) + C(b) 
C(ab) = B(A(ab)) = B(aA(b)) 
= a~B(A(b)) = aC(b) 

a,b€V 
aeF 

PaBencTBO (11.1.14) cjie^yeT H3 noflCTaHOBKH (11.1.12) b (11.1.13). □ 

TeopeMa 11.1.7. fl^jisi AUHeunozo omo6pac>tceHUSi A cyiu,ecmeyem AUHeunoe omo6- 
paotcenue B manoe, umo 

A(axb) = B(x) 

Ih-4 = b A s . v i 
^OKA3ATEJlbCTBO. OTo6pajKeHiie B JiiiHefiHO, t'ak KaK 
B(x + y) = A(a(x + y)b) = A(axb + ayb) = A(axb) + A(ayb) = B(x) + B(y) 
B(cx) = A(acxb) = A(caxb) — cA(axb) — cB(x) 
x,y eV,c e F 
CorjiacHO paBGHCTBy (11.1.9) 

B s .o4 « 4 />\.|.; = A s . .{ (a v* b)A.. x .i = (A s . .j ay (b A^.j) 

□ 

TeopeMa 11.1.8. nycmt D - meAO xapaKmepucmuKU 0. nycmb 

A:V^W 

AUHeunoe omo6pacnceHue D-eeKmopnozo npocmpancmea V e D-eeKmopnoe npo- 
cmpancmeo W . Tozda A{Q) = 0. 

^OKA3ATEJIbCTBO. CjieflCTBlie paBGHCTBa 

A{a + 0) = A(a) + A(0) 



□ 



Onpe/jejiemie 11.1.9. Mhcokcctbo 

kerA = {xeV : A(x) = 0} 
Ha3biBaeTca aflpoM jiHHeimoro OTo6pa»ceHHH 

A: V -^W 

Z?-BeKTopHoro npocTpancTBa V b £>-BeKTopHoe npocTpaHCTBO W . □ 



11.2. riojiHjiHHeflHoe OTo6pa>KeHHe D-BCKTopHoro npocTpaHCTBa 
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Onpe^ejieHHe 11.1.10. JIiiHeiiHoe OTo6pa»ceHHe 

A:V 

D-BeKTopHoro npocTpaHCTBa V b D-BeKTopnoe npocTpancTBO W na3biBaeTca bbi- 
posc,a,eHHbiM, ecjiH 

ker A = V 

□ 

11.2. IIojiHJiHHeiiHoe OTo6pa>KeHHe D-BeKTopHoro npocTpaHCTBa 

Onpe/jejiemie 11.2.1. IlycTb nojie F aBjraeTCH no/DKOjiBHpM HeHTpa Z(D) iejia D 
xapaKTepHCTHKii 0. IlycTb V\, V n , Wi, W m - £>-BeKTopHBie npocTpaHCTBa. 
Mbi 6yn,eM Ha3tiBaTt OTo6pa:sceHHe 

A : Vi X ... X V n -> Wi X ... x W m 
{LL.ZAj _ _ 

Wi X ... X W m = A(Vi, ...,V n ) 

nojiHJiHHefiHBiM OTo6pa>KeHHeM x-D-BeKTopnoro npocTpaHCTBa V\ x ... x V n 
b x-D-BeKTopnoe npocTpaHCTBO W\ x ... x W m , ecjiH 

A(px, ...,fi + qi, ...,p n ) = A(px, ...,pi, ...,p n ) + A(p l7 ...,q i} ...,p n ) 

A(pi i ...,ap i) ...,p n ) = aA(pi,...,pi,...,p n ) 

1 < i < n Pi,Qi G V i a G F 

□ 

Onpe/jejiemie 11.2.2. 06o3HaHHM C(D; V\, V n \ Wi, W m ) mhojkectbo no- 
jiHjiHHefiHBix OTo6pa>KeHHii x-D-BeKTopHoro npocTpaHCTBa Vi x ... x V n b x-D- 
BeKTopHoe npocTpaHCTBO W\ x ... x W m . □ 

TeopeMa 11.2.3. Ylycmt, D - meAO xapaKmepucmuKu 0. /%ah Kacucdozo k G K = 
[l,n] donycmuMev k .* - ** D-6a3uc e D -eenmopnoM npocmpaHcmee Vk u 

Vk = e Vk **v k v k G Vk 

JJjisi Kaotcdogo I, 1 < I < m, donycmuM ew r * - ** D-6a3uc e D-eeKmopnoM npo- 
cmpaHcmee Wi u 

wi = ewi**wi wi G Wi 

IIoAUAUHeuHoe omo6paatceHue (11.2.1) omnocumeAt>no 6a3ucaev l * x ... x ev n -* u 
6a3uca ewi-* X ... X ew m -* uMeem eud 

- A n in A n i n f 7i*» \ An J 

— A e-0-ii,...,i n -l a s\ v i ) ■ a s-l-i lt ...,i n -l — "s\ V 7i I ^•n-ii,. ..,*„•( 

06Aacmb 3nanenuu S undated s 3aeucum om 3nauenuu undcKcoe i\, i n . a s - 
nepecmanoeKa Mnocncecmea nepeMennux {w^ 1 , ...,u* n }. 

^,OKA3ATEJlbCTBO. XaK KaK OTo6pajKeHHe A b x-D-BeKTopHoenpocTpaHCTBO 

Wl X ... X W m MOJKHO paCCMaTpiIBaTB nOKOMnOHeHTHO, TO Mbi MOJKGM OrpaHHHHTbCH 

paccMOTpeniieM OTo6pajKeHHH 

(11.2.3) Ai :Vi x ... xV n -> W t w l = A^, ...,«„) 

Mbi flOKajKeM yTBepjKfleniie HHflyKn,neii no n. 
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11. JlHHeHHOe OTo6pa5KCHHC D-BCKTOpHBIX IipOCTpaHCTB 



Ilpn n = 1 flOKa3biBaeMoe yTBepxcflemie HBjiHeTCH yTBepjKflemieM TeopeMbi 

11.1.4. IIpil 3T0M MBI MCBKfiM OTOJKfleCTBHTb 



Al.p.i — A s .p.i p — 0, 1 



^onycTHM, hto yTBepjK/jeHiie TeopeMbi cnpaBefljiiiBO npii n = k — 1. Toiyja 
OTo6pa»ceHHe (11.2.3) mojkho npeflCTaBHTb b BH^,e 



V x x ... x V k 




Vi x ... x V k -i 

wi = Ai(vt, ...,Vk) = Ci(v k )(vi, ...,v k -i) 
CorjiacHO npeflnojiojKCHHio HimyKniiH nojiiuiiiHeiiHoe OTo6pa»ceHHe Bi HMeeT Biifl 

CorjiacHO nocTpoeHHio B[ = Ci(vk)- CneflOBaTejibHO, Bbipa>KeHHH B t ~\ x t ^\ 

HBJIJHOTCH (pyHKI^HHMIl TJfe . IloCKOJIbKy Cz(zTfc) - JIHHeHHaa (pyHKIXIIH Vk, TO TOJIbKO 

t.p.^ ik 1 .j HBjiHeTCH jiHHeiiHOH (pyHKi^neii TJfe , ii ocTajibHbie 



o,h,ho Bbipa>KeHHe B t . 
BbipajKeHiia -Bj.^.Jj 



, He 3aBHCHT OT Vh- 

L k — 1 ' t 

He Hapyniaa o6ihhocth, iiojiojkhm p = 0. CorjiacHO TeopeMe 11.1.4 

fc-i 



d«-i J _ /-ik J ik rik J 

D t-0-»i,...,t»-i-( ~~ Wr.0-i fc ti,...,t fc _ 1 .J ^fc Wr-l-ifciij.-jih-i-i 



Hojiojkhm s = h onpeflejiHM nepecTanoBity a s corjiacno npaBHjiy 



HojIOJKHM 



a(tr) 



Ak j 

■ rl ■t^•g+^•^k^l|...|»k-l•/ 

4 fc i 
- nL 4r-g-ifcii,...,ik_i-i 

Mm ,n;0Ka3ajiH inar HHflyKiriiH. 



J k-\ 



= B 



fe-i 



3 

ik-i-l 

3 

,...,ik—i-l 



^K-i 1 ) 

9 = 1,... 
9 = 0,1 



fc - 1 



□ 



Onpe^ejieHHe 11.2.4. BbipaaceHiie A™. ptil ^.j b paBeHCTBe (11.2.2) H33biBa- 
eTCH KOMnoHeHToii nojiHJiHHeimoro OTo6pa>KeHHH A. □ 



'B npeflCTaBjieHHH (11.2.2) mm 6y^,eM nojii>30BaTBCH cjie/ryionrHMH npaBiuiaMii. 

• Ecjih o6jiacTb 3HaH6HHii KaKoro-jiH6o HH^eKca - sto mhojksctbo , cocToameG H3 ojthcto 
sjieineHTa, mm 6yscM onycicaTb coc-TBGTCTByiomiiH HHfleKC. 

• Ecjih n = 1, to cr s - to>kjj,gctbghhog npGo6pa30BaHHG. 3to npGo6pa30BaHiiG mojkho hg 

yKa3bIBaTb B BBipa^KGHHH. 



DiaBa 12 



TeH3opHoe nponsBe^emie 

12.1. TeH3opHoe npoH3Be,zi;eHHe KOJieu, 

TeopeMa 12.1.1. Ilycmb G - noAygpynna. Ilycmb M - ceo6odHuu ModyAb c 6a- 
3ucom G Had KOMMymamuenuM KOAbupM F. Tozda na M onpcdcAcna cmpynmypa 
KOAbup, maKUM o6pa30M, umo F jieAJiemcM nodnoAbbfiM v i eHmpa Z(M) KOAbVfl, M . 

^],OKA3ATEJlbCTBO. ripOH3BOJIi>Hi>ie BGKTOpbl a, b, C E M HM6I0T eflHHCTBCH- 

Hoe pa3jiojKeHiie 

a = a l gi b = IP gj c = c k g k 

OTHOCHTejibHO 6a3Hca G. i £ I, j S J, k € K, rp<5 /, </, K - KOHenntie MHOJKecTBa. 
He Hapyniaa o6mHOCTH, mbi MO»ceM nojiojKiiTt i, j,k&IUJUK. 
J\jisi a n b onpeflejiHM nporaBefleHne paBeHCTBOM 

(12.1.1) ab = (a l b r )(g l9j ) 

H3 neno^iKn paBeHCTB 

(a + b)c=((a i + b i )g i )(c^g j ) 

= ((a 1 + &V)(.9^) 
= (a i c?+b i c?)(g i g j ) 

= (a l g i ){c 3 g J ) + {b 1 g l )(c3g J ) 
= ac + bc 

cjie^yeT, hto npefljiojKeHHoe npoH3Be,n,eHHe ^,HCTpn6yTHBHO cnpaBa no OTHOinennio 
k cjio»ceHHio. AHajioniHHO flOKa3biBaeTCH, hto npefljiosceHHoe npon3BefleHne jxac- 
Tpn6yTHBHO cjieBa no OTHonieHHio k cnoxceHHio. H3 nenoHKii paBeHCTB 

(ab)c=((a i g i )(Vg j ))(c k g k ) 

= ((a l V)(g igj ))(c k g k ) 

= ((a*V)c k )((g igj )g k ) 

= {a\b>c k )){ gi {g g k )) 

= {a l 9l ){{Vc k ){g 3 g k )) 

= a(bc) 

cjie^yeT, hto npefljiojKennoe npoH3Be,n,eHHe accoiniaTHBHO. 
IlycTb e G G - e/niHHna nojiyrpynnti G. H3 paBeHCTBa 

ae = (a\g.;)e = a l (g.;e) = a l gi = a 
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12. TeH3opHoc npon3BefleHHe 



cjie^yeT, hto e HBjiaeTCH eflimimeii KOjibna M. 
0To6pa»ceHHe 

/ : p £ F -> pe e M 

HBjiHeTCH roMOMop(J)HbiM Bjio»ceHHeM KOjibna F b KOjibup M, OTKyqa cjie/iyeT, hto 
KOjibnp F co/i,epjKHTCH b neHTpe Z(M) KOjibna M. □ 

nycTb Ri, R n - KOjibna xapaKTepiiCTHKH O. 12,1 HycTb F - MaKCiiMajibHoe 
KOMMyTaTHBHoe KOjibnp, aBjiHiomeecH noflKOjibupM neHTpa Z(Ri) ,h,jih jiio6oro i, i = 
l,...,n. PaccMOTpHM KaTeropHio A o6 r beKTaMH KOTopoii hbjihiotch nojiiijiiineiinbie 
Hafl KOMMyTaTHBHbiM kojibd,om F OTo6pa»ceHHH 

/ : Ri x ... x R„ s- Si g : Ri x ... x R n ^ S 2 

iyje Si, S2 - MOflyjiH Hafl kojibi^om F. Mm onpeflejiiiM Mopcpii3M / — > g k&k jih- 
HeiiHoe Hafl KOMMyTaTHBHbiM kojibhom F OTo6pa»ceHiie h : S\ — > S2, flJia KOToporo 
KOMMyTaTiiBHa /niarpaMMa 

^Si 

Ri x ... x R 




yHHBepcajibHbiit o6-beKT Ri (g) ••■ <8> R n KaTeropim A Ha3biBaeTCH TeH3opHbiM npo- 
H3Be,a;eHHeM KOJien; R n nap, KOMMyTaTHBHbiM KOJibupM F. 

TeopeMa 12.1.2. TeH3opnoe npouseedenue KOAev, cyuificmeyem. 

^OKA3ATEJTbCTBO. IlycTb M - MO^yjib Hafl KOJibn;oM F, noposcflemibiH npo- 
HSBG^eHHGM i?i x ... x R n MyjibTHnjiHKaTHBHbix nojiyrpynn KOJien, Ri, R n . Hht.- 

6KHHH 

i : Ri x ... x R n > M 

onpeflejieHa no npaBHjiy 

(12.1.2) i{di,...,d n ) = {di,...,d n ) 

11 HBjiaeTCH roMOMOpcpii3MOM MyjibTHnjiiiKaTHBHOfi nojiyrpynnbi KOjibna i?i x ... x R n 
Ha 6a3HC MOflyjia M. CjieflOBaTejibHO, npoii3Be,2;eHiie BeKTopoB 6a3iica onpe/jejieiio 

nOKOMnOHeHTHO 

(12.1.3) (d 1 ,...,d n )(ci,...,c n ) = (diCi,...,d n Cn) 
IlycTb N C M - noflMOflyjib, nopojKfleHHbiii ajieMeHraMH Biifla 

(12.1.4) (di,...,di +c h ...,d n ) - (di,...,di,...,d n ) - (di,...,c, 

(12.1.5) (di, ...,adi, ...,d n ) - a(di, ...,d i} ...,d n ) 
r^e di € Ri, a € Ri, a E F. HycTb 

j : M -)• M/N 



■ ■ 1 d> n ) 



121 5I onpeflejiHKi T6H3optioe npoH3Be,o,eHiie Koneu, no aHajiorHH c onpeflejiemieM b [1], c. 456 
458. 



12.1. TeH3opHoc npoii3BCfleHHe Kojiei^ 
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KaHOHH^ecKoe OToGpajKemie na cpaKTopMOflyjib. PaccMOTpHM KOMMyTaTHBHyio jxaa,- 
rpaMMy 

(12.1.6) ^ M / N 

f 

Ri x ... x R 

IIocKOjibKy sjieMeHTH (12.1.4) h (12.1.5) npHHafljiejKaT flflpy jiHHeiiHoro OTo6pa- 
jKemiH j, to ii3 paBeHCTBa (12.1.2) cjiepyei 

(12.1.7) f(di, ...,di + Ci, ...,d„) =f(di, ...,di, ...,d n ) + f(di, ... 1 c l , ...,d n ) 

(12.1.8) f(di,..., adi, d n ) =af(di, d t , d n ) 

H3 paBCHCTB (12.1.7) h (12.1.8) cjie^yeT, hto OTo6pa^KGHiie / nojiHjiHHeftHO Ha,n, 
nojieM F. IIocKOjibKy M - Mopym> c 6a3HCOM R\ x ... xi?„, to corjiacHO TeopeMe [1]-1, 
Ha c. 104 fljia jiio6oro MO^yjM V h jiio6oro nojiHjiHHeiiHoro Ha^ F OTo6pa>KeHHH 

g: Rix ... x R n s- y 

cyinecTByeT e/niHCTBeHHBriS r0M0M0p(pH3M k : M — > V, pjisi KOToporo KOMMyTaTHB- 
Ha cjieflyiomaa flnarpaMMa 

(12.1.9) Ri x ... x R n : ^ M 




Tax Kax g - nojimiimeHHO Hafl F, to ker/c C N. CorjiacHO yTBepjKfleniiio Ha c. [l]-94 
OTo6pa»ceHHe j yHHBepcajibHO b KaTeropHH roMOMopcpii3MOB BeKTopHoro npocTpaH- 
CTBa M, siflpo KOTopbix co^epjKHT N. Cjie^OBaTejibHO, onpeflejieH roMOMopcpH3M 

h : M/N -> V 

rjisi KOToporo KOMMyTaTHBHa flnarpaMMa 

(12.1.10) M/N 




06 r bepfmsiR /niarpaMMM (12.1.6), (12.1.9), (12.1.10), nanyHHM KOMMyTaTHBHyio 
^narpaMMy 

(12.1.11) ^M/N 

f 

Ri x ... x R 
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12. TeH3opHoc npon3BefleHHe 



Tax KaK Im/ nopojKflaeT M/N, to OTo6pa»ceHHe h o,a,H03HaHHO onpeflejieHO. □ 
CoraacHO ,n,OKa3aTejibCTBy TeopeMbi 12.1.2 

Ri ® ...®R„, = M/N 
JXjw di G Ri 6yp£M 3anHCbiBaTb 

(12.1.12) j(di,...,d„) = dx (g> ... (g> d n 
H3 paBGHCTB (12.1.2) h (12.1.12) cjie^yeT 

(12.1.13) f(d u ...,d n ) = di<8 ...<8d„ 
PaBeHCTBa (12.1.7) h (12.1.8) momo 3aniicaTb b BH^e 

di ® ... (8 (di + Cj) ® ... <8 d„ 

(12.1.14) =di (8 ... <8 d* <8 ... <8 d„ + di ® ... (8 Cj ® ... ® d„ 

(12.1.15) di <8 ... (8 (adi) <8 ... ® d„ = a(di <8 ... (8 d l ® ... (8 d„) 

TeopeMa 12.1.3. Tenaopnoe npouaeedenue R\ ® ...®R 
mepucmuKU wad KOAbv,OM F MBAJiemcM KOAbupM. 

^OKA3ATEJlbCTBO. CorjmcHO flOKa3aTejibCTBy TeopeMbi 12.1.2 6a3HC MOflyjia 
M Hafl KOjibu,OM F HBjiaeTCH nojiyrpynnoii. CorjiacHO TeopeMe 12.1.1 b MO/ryne M 
onpe/i,ejieHa CTpyKTypa Kojibna. IIoflMOflyjib N HBjiaeTCH flBycTopoHHiiM HfleajiOM 
KOJibiia M. KaHOHHnecKoe OTo6pajKeHiie Ha (paKTopMO^yjib 

j :M -> M/N 

HBjiaeTCH Taioite KanoHinecKHM roMOMop<pii3MOM b (paKTopKOjibii,o. CjieflOBaTejib- 
ho, b MOflyjie M/N = R± <8 ... ® R n onpe^ejieHa CTpyKTypa KOjibua. H3 paBeHCTBa 
(12.1.3) cjie^yeT 

(12.1.16) (di <8 ... <g> d„)(ci ® ... ® c„) = (dxci) (8 ... <8 (d„c„) 
H3 paBeHCTBa (12.1.14) cjie^yeT 

di ® ... <8 d,- <8 ... ® d n 

=di (8 ... (8 (di + 0) (8) ... (8 d„ 

=di (8 ... <8 d l <8 ... ® d„ + di ® ... (8 (8 ... (8 d„ 

CjieflOBaTejibHO, mm mojkgm OTO»c^,ecTBHTb TeH3op di (8 ... (8 (8 ... (8 d„ c HyjieM 
(8 ... (8 0. B CHjiy ycjiOBHH TeopeMbi npoH3Be,a,eHiie paBHO (8 ... <8 TOjibKO, ecjin 
o^hh ii3 coMHOJKHTejieft paBeH ® ... (8 0. E/pmnneH irpoH3Be,n;eHHH cjiyjKHT TeH3op 
e\ (8 ... (8 e„. □ 

12.2. TeH3opHoe npoH3Be,a,eHHe Teji 

IlycTb D\, D n - Tejia xapaKTepiiCTHKii 0. IlycTb F - nojie, flBjunomeecH 
noflKOjibn;oM ueHTpa Z(Di) pjin jnoGoro i, i = l,...,n. Teraop 

a\ <8 ... (8 a„ G D\ ® ... <8 Ai 

HMeeT o6paTHbiii 

(ai (8 ... <8 a„) _1 = (aj) -1 (8 ... <8 (a„) _1 



12.2. TeH3opHoe npoH3BCflCHHe Teji 
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O^HaKO TeH3opHoe npoH3Be,n,eHHe D\ ® ... ® D n Teji D±, D n , BOo6ine ro- 
Bopa, He HBjiaeTCH TejiOM, Tax KaK mm He MO»ceM CKa3aTb, HBjraeTCH jih o6paTHM 
sjieMeHT 

p(ai ® ... <£> a n ) + q(bi ® ... <g> 6 n ) 
3aMeiaHHe 12.2.1. IlpeflCTaBjieHHe Ten3opa b BH,n;e 

(12.2.1) a s d a .i ® ... ® d s .„ 
HeoflH03HaiHO. Ecjih r € i* 1 , to 

(d x r) ® d 2 = ^i ® (^2) 
Hhcto ajire6paHHecKHMH MeTO^aMH mm MOxeM yBejniHHTb jih6o yMeHbniHTb hhcjio 
cjiaraeMbix. K nncjiy flonycTHMbix npeo6pa30BanHH othochtch 

di ® d 2 + ci <£> c 2 
=c?i <g> (d 2 - c 2 + c 2 ) + ci (8 c 2 
=di <g> (tfe - c 2 ) + di ® c 2 + c\ ® c 2 
=di ® (d 2 - c 2 ) + {d\ + ci) (8 c 2 

□ 

B KanecTBe HjunocTpainiH 3aMeHaHHH 12.2.1 paccMOTpHM cneflyioiiryio TeopeMy. 

TeopeMa 12.2.2. Ecau e mejie D xapaKmepucmuKU cyuificmeymm DAeMewmu 
a, b, c, npouseedenue Komopux He KOMMymamueHO, mo cyuificmeyem Hempueu- 
ajitnasi 3anuct> uyjieeozo meH3opa. 

,3,OKA3ATEJibCTBO. /I,OKa3aTejH>CTBO TeopeMbi cjiepyei H3 nenoHKH paBencTB 

® =a<g>a-a<g>a + b®b-b<g>b 

=(a + c) ® a — c ® a — a® (a — c) — a ® c 

+ (6-c)®6 + c(g>6-6«>(& + c) + 6<g)c 
=(a + c) (g) a — a ® (a — c) + (b — c) ® b 

+ c(g> (b - a) -b(g> (b + c) + (b - a) <g> c 

□ 

Heo^HOSHaHHOCTb npeflCTaBjieHiia Teti3opa npuBO/niT k TOMy, hto mm ^ojckhbi 
Haft™ KaHOHii^iecKoe npeflCTaBjieHHe TeH3opa. Mbi MOxeM Haft™ penieHHe nocTaB- 
jieHHOfi safla^H b cjiy^ae TeH3opHoro npoH3Be,n,eHHH Teji. ^onycTHM Tejio Di hbjih- 
eTCH BeKTopHbiM npocTpaHCTBOM Hafl nojieM F C Z(Di). flonyerHM sto BeKTopHoe 
npocTpaHCTBO HMeeT KOHenHbift 6a3HC ej. Si , Si S Si, \Si\ = rrii. CneflOBaTejibHO, 
jno6oii sjieivieHT fi Tejia Di mojkho npe,n;cTaBHTb b BH/i,e 

fi = &i sifi * 

B 3tom cjiynae TeH3op (12.2.1) mojkho 3anncaTb b BH^e 

(12.2.2) o'(/..f l ^i-x) ® - ® (/4"5-J 
rfle et s , s/* 1 £ i* 1 . Mm mojkem ynpocTHTb BbipajKeHne (12.2.2) 

(12.2.3) a'Ul 1 ...f B .* n ei.. 1 ® ... ® e n . s „ 

IIOJIOJKHM 
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12. TeH3opHoc npon3BefleHHe 



Tor^a paBeHCTBO (12.2.3) npiiMeT bh^ 



(12.2.4) 



r 



*ei. Sl 



BBipajKeHHe (12.2.4) onpeflejieHHO oflH03HaHHO c TOHHOCTbio flo Bbi6opa 6a3iica. Mm 
6yp£M Ha3bmaTb BbipajKBHiie f Sl --- s ™ cTaHflapTHoii KOMnoHeHTofi TeH3opa. 

12.3. TeH3opHoe npoH3Be,n;eHHe Z?»*-BeKTopHBix npocTpaHCTB 

nycTb D\, D n - Tejia xapaKTepiiCTHKH 0. 12 ' 2 IlycTb Vi - Z?«*-BeKTopHoe 
npocTpaHCTBO, i — 1, n. PaccMOTpiiM KaTeropnio A, oGteKTaMH KOTopoii hbjih- 
iotch nojiiijiiiHeiiHbie OTo6pa>KeHiiH 



/ : V x x ... x V n 



Wi 



g : V\ x ... x V„ 



W 2 



Tflfi Wi, W \ - _D*-MO/ryjiH Hafl kojibi^om D\ ® ... ® D n . Mbi onpe^ejiHM MopcpH3M 
/ — > g KaK aftipiTHBHoe OTo6pajKeHHe h : W\ — > W2, flJia KOToporo KOMMyTaTHBHa 
/niarpaMMa 

Wi 



V x x ... x V 




yHHBepcajibHbiH o6i>eKT V\ ® ... ® V n KaTeropHH A Ha3biBaeTca TeH3opHBiM npo- 

H3Be^eHHeM D*-BeKTOpHBIX npocTpaHCTB Vi, V n . 

Teopeivra 12.3.1. TeH3opnoe npouaeedenue D-k-eeKmopnux npocmpancme cyuifi- 
cmeyem. 

^OKA3ATEJTbCTBO. IlycTb F - nojie, sBjiinomeecH noflKOJibHOM neHTpa Z(Di) 
^jih jiio6oro i, i = l,...,n. 

nycTb D - CBo6o,nHoe BeKTopHoe npocTpaHCTBO Hafl KOjibnpM F, nopojKfleHHoe 
npoii3Be,n;eHiieM D\ x ... x D n MyjibTHnjniKaTHBHbix nojiyrpynn Ten D±, D n . 
HHteKiniH 

i' : Di x ... x D n ^ D 

onpeflejieHa no npaBiijiy 

(12.3.1) i\d U ...,d n ) = (di,...,dn) 

h HBjiaeTCH r0M0Mop<pii3M0M MyjibTiinjiHKaTHBHOH nojiyrpynnbi KOjibiia D\ x ... x 
D n Ha 6a3nc MO,ziyjia D. CneflOBaTejibHO, npoii3BefleHHe BeKTopoB 6a3iica onpe^e- 

JieHO nOKOMIIOHGHTHO 

(12.3.2) (d!,...,d„)(ci,...,c„) = (dici, ...,d n c n ) 

CorjiacHO TeopeMe 12.1.1 Ha BeKTopHOM npocTpancTBe D onpeflejieHa CTpyKTypa 
KOjibna. 



51 onpeflejiHKj TeH3opHoe npoH3Be,n,eHiie D**-BeKTopHt>ix npocTpaHCTB no aHajionm c onpe- 
flejieHHeM b [1], c. 456 - 458. 



12.3. TeH3opHoc npoii3Be/];cHHe *-BeKTopHux npocTpaHCTB 
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PaccMOTpiiM npHMoe npoii3BefleHHe F x D nojia: F h KOjn>Ha D. Mm 6y3eM 

OTTOK^eCTBJIHTb SJieMeHT (/, e) C 3J16M6HT0M f £ F VL SJieMCHT (l,d) C SJieMCHTOM 

d e D. 

HycTb M - CBo6oflHMii MO^yjib Hafl kojimjom FxD, nopojKfleHHbift fleKapTOBMM 
npoHSBe^eHHeM V\ x ... x V n . Ecjih v± G V\, v n G V n , to cooTBeTCTByromiiH 
BeKTop H3 M mbi 6ya;eM o6o3Ha x iaTb (v\, ...,v n ). ITycTb 

i : Vi X ... x F„ '-AT 

HHiseKi^HH, onpeflejieHHaa no npaBHjry 

(12.3.3) i(vi, ...,v n ) = (vi, ...,v n ) 

IlycTb N C M - BeKTopHoe no/nipocTpaHCTBO, nopojKfleHHoe sjieMeHTaMii Bii^a 

(12.3.4) (vi, ...,Ui +Wi, ...,¥„) - (vi, ...,Vi, ...v n ) - (ui, ...,u n ) 

(12.3.5) («i,..., aui,...,U„) - a(Ui, ...,Vi, —,v n ) 

(12.3.6) (ai, ...,a n )(i7i, ...,v n ) - (ai«i, ...,a n tJ„) 
r^e U,, W l eV„a6 F, a, G A- HycTb 

J : M -> M/N 

KaiiOHiraecKoe OTo6pa:aceHiie na (paKTopMOflyjib. PaccMOTpHM KOMMyTaTHBHyio jxaa,- 
rpaMMy 



(12.3.7) 




Vi x ... x V n = — M 

i 

IIocKOJibKy ajieMeHTbi (12.3.4) h (12.3.5) npHHafljiexcaT sippy jiiiHefiHoro OTo6pa- 
jKemiH j, to ii3 paBGHCTBa (12.3.3) cjiepyei 

(12.3.8) f(v!, ...,Vi +Wi, ...,v n ) =f{vi, ...,Vi, ...,v n ) + f(vi, w l} ...,v n ) 

(12.3.9) f(v 1 ,...,av i , ...,v n ) =af(vi, ...,v l , ...,v„) 

H3 paBGHCTB (12.3.8) h (12.3.9) cjie^yeT, ^tto OTo6pajKeHHe / nojiHjiHHeiiHO Ha,n, 
nojieM F. IIocKOJibKy M - MO^yjib c 6a3iicoM V\ X ... X V n , to corjiacHO TeopeMe [1]- 
1, Ha c. 104 pjm jiio6oro MO^yjiH V h jiio6oro nojimiiiHeiiHoro Hafl F OTo6pa>KeHHH 

g : V\ X ... X V n 

cymecTByeT e/niHCTBemibiH roMOMopcpii3M k : M —¥ V , fljiH KOToporo KOMMyTaTiiB- 
Ha cjieflyiomaa flnarpaMMa 

(12.3.10) Fix... xV n ^^JI 




V 



TaK KaK g - nojiHjiHHeiiHO Ha,n F, to kerfc C N. CorjiacHO yTBep»c/];eHino Ha c. [1]- 
94 OTo6pa»;eHHe j yHHBepcajibHO b KaTeropnn roMOMopcpH3MOB Mopyjisi M, xppo 
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12. TeH3opHoc npon3BefleHHe 



KOToptix coflepjKHT N. CjieflOBaTejibHO, onpeflejieH roMOMop<pii3M 

h : M/N -> V 



AJih KOToporo KOMMyTaTHBHa flHarpaMMa 



(12.3.11) 



M/N 



M 




h 



V 

OSijeflHHHH fliiarpaMMbi (12.3.7), (12.3.10), (12.3.11), nojiyHHM KOMMyTaTHBHyio 
,n,iiarpaMMy 



V 

TaK KaK Im/ nopojKflaeT M/N, to OTo6pa*;eHHe h 0flHO3HaHH0 onpeflejieHO. □ 
CorjiacHO ,a,OKa3aTejibCTBy TeopeMbi 12.3.1 

Vi (g> ...(g) F„ = M/N 
JJjisi Ui £ Vi 6yn,eM 3anHCbiBaTb 

(12.3.13) vi ® ... <E>v n = j(vi, ...,v n ) 
H3 paBGHCTB (12.3.3) h (12.3.13) cjie^yeT 

(12.3.14) p(v!,...,v n ) = v 1 <S) ...<E>v n 
PaBencTBa (12.3.8) h (12.3.9) mohcho 3anncaTb b Bii,n,e 

vi ® ... ® (vi + ttj) (8 ... ® «„ 

(12.3.15) =Ui ® ... ®T>i <g> ... ® tJ„ + ui ® ... ® Wj <8 ... ®«„ 

(12.3.16) vi (8 ... (g) (aUi) <8> ... <g> v„ = a(«i <g> ... <8> tJj ® ... <8> v n ) 

TeopeMa 12.3.2. TeH3opHoe npou3eedenue V± ® ... ® V„ nejitiemcsi Mody/ieM Had 
meH3opHUM npou3eedeHueM D\ ® ... ® D n . 

^],OKA3ATEJibCTBO. JIjisi flOKa3aTejibCTBa yTBepjKfleHHH TeopeMbi neo6xoflHMO 
flOKaaaTb, hto fleitcTBiie 



(12.3.12) 




M/N 



(di ® ... <8> <8> ... (8> w n ) = (di, ...,d„)(ui (8 ... <g> u„) 



12.4. TeH30pH0C npOH3BCflCHHC .D-BCKTOpHMX npocTpaHCTB 
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KOjit>D,a D\ (8 ... (8 D n Ha Mcmyjie V \ 
H3 nenoneK paBeHCTB 

(di <8 ... 8 (adi) 8 •■• <8 d„)(?7i 8 ■■ 



) V n onpeflejieHO KoppeKTHO. 3to cjie^yeT 

,) = (di, ...,adi, d„)(ui 8 ... ® w„) 
= (di«i) (8 ... (8 {adivi) (g> ... 8 (d n t7„) 
= a(rfi«i) (X> ... ® (d„u„) 
= a((di, ...,d„)(«i ® ...®v n )) 
= a((d\ H ... ® d„)(«i ® ... ® «„)) 
= (a(di (8 ... <8 d„))(wi <8 ... (8 u n ) 



(di ® ... 8 (di + Ci) 8 ... (8 d„)(«i ® ... 8u n ) 
=(di, di + Ci, ...,d n )(vi <g> ... ®U„) 
=(di«i) ® ... (8 ((dj + Ci)vi) 8 ... ® (d„u„) 
=(dizJi) (8 ... (8 (djtJj + CjUi) (8 ••• <8 (d n v n ) 
=(divi) (8 ... (8 (djUj) (8 ... (8 (d n T7„) + (d]Wi) 
=(ditJi) (8 ... (8 (djUi) (8 ... (8 (d„zJ„) + (diwi) 
=(di, ...,di, ...,d n )(vi (8 ... (8 t7 n ) + (di, ...,Ci, .. 
=(di (8 ... 8dj <8 ... <8 d„)(«i (8 ... <8 v n ) + (di 
=((di 8 ... (8 di (8 ... <8 d n ) + (di (8 ... ®c,8 ... 



) ... (8 (CiVi) (8 ... (8 (d„i7 n ) 
) ... (8 (CjFt) (8 ... <8 (d n tJ„) 

, d n )(wi (8 ... <8 u„) 

3 ... (8 Q (8 ... (8 d„)(vi (8 ... ®w„) 

8 d„))(«i (8 ... 8 U n ) 



□ 



12.4. TeH3opHoe npoH3Be,a,eHHe D-BeKTopHwx npocTpaHCTB 

IlycTb D\, D n - Tejia xapaKTepHCTHKH 0. 12 ' 3 IlycTb V , - Di-BeKTopHoe npo- 
CTpancTBO, i = 1, n. PaccMOTpiiM KaTeropHio A o6 r beKTaMii KOTopofi hbjihiotch 

nOJIHJIHHCHHBie 0T06pajKeHHH 



f:ViX...xV T , 



g : Vi x ... x V T 



Wo 



rfle Wi, W2 - MO^yjiH Ha,n, kojibuom Di £* 
/ — > ~g KaK jiHHeiiHoe OTo6pajKGHiie h : Wi 
fluarpaMMa 



Fx x ... x V 



. (8 D n . Mm onpeflejiHM MopcpH3M 

W2, AJIS KOTOpOrO KOMMyTaTHBHa 




yHHBepcajiBHBift 061)6X1 V\ <8 ... (8 V ra KaTeropHH A Ha3BiBaeTca TeH3opHtiM npo- 
H3BefleHHeM D-BeKTOpHBIX npocTpaHCTB Vi, V n . 

TeopeMa 12.4.1. TenaopHoe npouaeedenue D-eeKmopnux npocmpaHcme cyuifi- 
cmeyem. 



12.3 



51 onpeflejiHio T6H3opHOG npoii3BefleHHe D-BeKTopm>ix npocTpaHCTB no aHajioriiH c onpefle- 
J1GHII6M B [1], c. 456 - 458. 
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12. TeH3opHoc npon3BefleHHe 



^I,OKA3ATEJibCTBO. IlycTb F - nojie, HBjiaiomeeca: noflKOjibnpM neHTpa Z(Di) 
pjisi jiio6oro i, i = l,...,rt. 

HycTb D - CBo6o,nHoe BeKTopHoe npocTpaHCTBO Hafl KOjibixpM F, nopojK^eHHoe 
npoH3Be,n;eHHeM D± x ... x D n MyjibTiinjiHKaTHBHbix nojiyrpynn Ten D\, D n . 
HHTjeKinia 

V : Di x ... x D n *- D 

onpeflejieHa no npaBiijiy 

(12.4.1) i'(d u ...,d n ) = (di,...,d„) 

h aBjiaeTCH roMOMOpcpii3MOM MyjibTHnjiiiKaTHBHOH nojiyrpynnbi KOjibna D\ x ... x 
D n Ha 6a3HC MOflyjra D. CjieapBaTejibHO, npoH3Ben;eHHe BeKTopoB 6a3iica onpe,a,e- 
jieHO noKOMnoneiiTHO 

(12.4.2) (d 1 ,...,d n )(ci,...,c n ) = (dic 1 ,...,d n c n ) 

CorjiacHO TeopeMe 12.1.1 Ha BeKTopHOM npocTpaHCTBe D onpe^ejieHa CTpyKTypa 
KOjibna. 

PaccMOTpHM npHMoe npoH3BefleHHe F x D nana F h KOjibna D. Mbi 6y,a;eM 
OTOiK^ecTBjiHTb sjieMeHT (/, e) c sjieMeHTOM / E F h sjieMenr (l,d) c sjieMeHTOM 
d € D. 

IlycTb M - CBo6o,i];HbiH MO/ryjib Hafl kojibh,om FxD, nopojKfleHHbm fleicapTOBbiM 
npoH3BefleHHeM V\ x ... x V n . Ecjih «i £ Vi, ti n £ V n , to cooTBeTCTByroinnii 
BeKTop H3 M mm 6y#eM o6o3HaHaTb (yi , v n ) . IlycTb 

i: Vt x ... x F„ >■ M 

HHteKiniH, onpeflejieHHaa no npaBnjiy 

(12.4.3) ...,u„) = (ui, ...,«„) 

IlycTb N G M - BeKTopHoe no/nipocTpaHCTBO, nopojKfleHHoe sjieMEHTaMH BH,n,a 

(12.4.4) (ui, ...,«„) - (Vl, —,Vi, — V n ) - (tJi, ...,Wi, ...,v n ) 

(12.4.5) (vi, aVi, ...,v n ) - a(vi, ...,Vi, ...,v n ) 

(12.4.6) (ai, ...,a n )(Ui, ...,«„) - (oiui, ...,a„U n ) 

(12.4.7) ...,v n )(ax,...,a n ) - (Eiai, ...,T7„a„) 

r^e Vi,Wi (zVi, a E F, S -D^ IlycTb 

j : M -> M/iV 

KaHOHnnecKoe OTo6pa>KeHHe Ha cpaKTopMO/ryjib. PaccMOTpnM KOMMyTaTHBHyio flna- 
rpaMMy 

(12.4.8) ^M/N 
Vi x ... x y„ — *-~M 

i 

IIocKOjibKy sjieMeHTbi (12.4.4) n (12.4.5) npHHafljiejKaT flflpy jinHefiHoro OTo6pa- 
jKennH j, to H3 paBGHCTBa (12.4.3) cjie^yeT 

(12.4.9) f(vi, ...,Vi +Wi, ...,v n ) =f(vi, ...,Vi, —,v n ) + f(vx, ...,w l7 ...,v n ) 

(12.4.10) /(Ui, ...,avi, ...,v n ) =af(vi, ...,v l} ...,v n ) 




12.4. TeH3opHoe npoH3BCfleHne .D-bcktophmx npocTpaHCTB 
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H3 paBencTB (12.4.9) h (12.4.10) cjie^yeT, hto OTo6pa»ceHHe / nojinjiiiHeifflo Hafl 
nojieM F. IlocKOjibKy M - MO,a,y.nb c 6a3HCOM V\ X ... X V n , to corjiacHO TeopeMe [1]- 
1, Ha c. 104 pjui jiioGoro Mopynn V h jiio6oro nojiHJiHHetooro Hafl F OTo6pa»ceHHa 

g : V\ x ... x V"„ 

cymecTByeT e/niHCTBeHHbiii r0M0M0p(pH3M k : M — > V, p/isi KOToporo KOMMyTaTHB- 
Ha cjieflyioiHafl flnarpaMMa 

(12.4.11) Fix... xV n ; — 




V 



Tax Kax g - nojiHjiHHeiiHO Hafl F, to kcrfc C N. CorjiacHO yTBep>K,u;eHHio Ha c. [1]- 
94 OTo6pa»;eHHe j yHHBepcajiBHO b KaTeropnn roMOMopcpii3MOB MOflyjra M, xppo 
KOTopbix coflepjKHT TV. CjieflOBaTejibHO, onpeflejieH roMOMopcpH3M 

h : M/N -> V 
pjin KOToporo KOMMyTaTHBHa /niarpaMMa 
(12.4.12) M/N 




V 

OS-beflHHHH fliiarpaMMbi (12.4.8), (12.4.11), (12.4.12), nanyHHM KOMMyraTHBHyio 
.zniarpaMMy 



(12.4.13) 




Vi x ... x V n ; — *" M h 




Tax KaK Im/ nopojKflaeT M/N, to OTo6pa*;eHHe h 0flH03HaHH0 onpeflejieHO. □ 
CorjiacHO ,n,OKa3aTejn>CTBy TeopeMbi 12.4.1 

Vx® ...®V n = M/N 
,U,jia Vi £ Vi 6yn,eM 3anHCbiBaTb 

(12.4.14) Ui®... ®v n =~j(vi,...,v n ) 
H3 paBGHCTB (12.4.3) h (12.4.14) cjie^yeT 

(12.4.15) f(vi,...,V n ) = V\ <g> ... ®V n 
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PaBencTBa (12.4.9) h (12.4.10) mojkho 3anHcaTb b BH,n,e 

Vi ® ... ® (TJ, + Wj) ® ... ® u„ 

(12.4.16) =ui <g> ... ®U< <& ... (X) w„ + wi ® ... <8> Wj <& ... ®v n 

(12.4.17) v\ ® ... <g> (aUj) <8> ... ® F n = a(l7i ® ... ® t>i ® ... <g> w„) 

TeopeMa 12.4.2. TeH3opnoe npou3eedenue Vi ® ... $5 Vjj neARemcsi 6uModyAeM 
Had mensopHUM npou3eedeHueM D\ ® ... ® -D n - 

^Q,OKA3ATEJibCTBO. ,ZI,OKa3aTejii>CTBO yTBepjKfleHHH TeopeMti anajiorinHO pp- 
Ka3aTejibCTBy yTBepjK,a,eHHfl TeopeMM 12.3.2. □ 
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)-* *-KBa3HfleTepMHHaHT 23 
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**-o6paTHbiii 3jieMeHT 6nKOJibHa 20 
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**-paHr MaTpnn,bi 65 
**-CTeneHb 19 

* * D- JIHHefiHO 3aBHCHMbie BeKTOpbl 55 



**Z?-aBTOMOp4>H3M B6KTOpHOrO 

npocTpaHCTBa 75 
**Z)-6a3HC b BeKTOpHOM npocTpaHCTBe 55 

* * D-BeKTop 57 

**D-BeKTopHoe npocTpaHCTBO 55 

* * Z?-BeKTOpHOe npOCTpaHCTBO *-CTpOK 57 
**Z)-H30MOpc]3H3M BeKTOpHblX npOCTpaHCTB 

75 

**Z)-JIHHeHHO He3aBHCHMbie BeKTOpbl 55 

* * Z)-JIHH6HHOe OT06pa?KeHHe BeKTOpHblX 

npOCTpaHCTB 59 
**.D-jiHHeHHbiM TV-npe^CTaBJieHne rpynnbi 
77 

_R*-MO/ryjib 51 
r-CTpOKa MaTpHH^bi 16 

_D*-npOH3Be,n;eHHeM * * Z)-jiHHenHoro 
OTo6pa?KeHHH A Ha CKajiap 86 
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BeKTOpHblX npOCTpaHCTB 58 

(5*, *T)-6nMOAyjib 93 
★D-BeKTopHoe npocTpaHCTBO 52 
★/?-MOflyjib 51 

*D-KOMnoHeHTa KOOp^HHaT BeKTOpa r 92 
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rpynna cnMMeTpnn 80 
rpynna CTa6njiH3an,HH 46 

^yajibHoe npocTpaHCTBO k **D- 

B6KTOpHOMy npOCTpaHCTBy 88 
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TeH30pHoe npOHSBefleHne KOJien, Ha^ 

KOMMyTaTHBHbIM KOJIbUOM 134 

TeH30pHoe npOH3BefleHHe Teji 137 
Tim BeKTOpHoro npocTpaHCTBa 53 
TpaH3HTHBHoe npeflCTaBJieHne £7-ajire6pbi 
A 28 

HCHTp KOJibna D 101 

MacTHoe jihh6hho6 OTo6pay*ceHHe 
nepeMeHHoii v % 128 

3i-iflo MOpcJ)H3M npeflCTaBJieHHH ^-ajire6pbi 
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HflpO He3CjxJ)eKTnBHOCTH T*- 

npeflCTaBJieHHH rpynnbi G 46 
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CnenHajibHbie chmbojim h o6o3HaHeHHa 



3 det (A, **). (^)-**-KBa3HfleTepMHHaHT 24 

b A a MHHOp 16 
At mhhop 16 

S A MHHOp 16 
^4[a] MHHOp 16 
A^ft MHHOp 16 
[b] A 

MHHOp 16 
^A MHHOp 16 

A a *-CTpoKa (c-CTpoKa) MaTpHUbi 16 
As-p-l KOMnoHeHTa jiHHeiiHoro 

OT06payK6HH5I A Z)-B6KTOpHOrO 

npocTpaHCTBa 129 
A n * **-CTeneHb sjieMeHTa A GtiKOJibua 20 

A -1 * %-o6paTHi>iH sjieMeHT 6HKOJn>ii,a 20 

A**B **-npoH3BefleHHe MaTpiiu, 18 

3 det (A, **)^ Q )-* *-KBa3n^,eTepMHHaHT 23 

jiyna aBTOMop4)ii3MOB 
npe^CTaBJieHHa / 41 
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det (a,**) * *-KBa3HfleTepMHHaHT 23 

( 1(1 \ 

a = ... * * £>-BeKTop 56 
V / 

/Z(Di; D2) MHOJK6CTBO JIHH6HHbIX 

OTo6pa»ceHHH Tejia D\ b Tejio D2 107 

C{R\, R n \ S) MHCOKeCTBO 

nojinjiHHefiHBix OTo6pa>KeHnii KO-jieu; 

Ri, R n b Mo^yjiB S 112 
*t npaBBiii CflBHr 44 
£* JT6BBIH CflBiir 43 
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